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PEEFACE 


Gooinciiy, which had boon for centuries the most perfect example 
of a deductive Hcicnce, during the creative period of the nineteenth 
century outgrew its old logical forms. The most recent period has 
however brought a clearer understanding of the logical foundations 
of niatliematics and thus has made it possible for the exposition of 
geomc\try to resume tlie puredy deductive form. But tlie treatment 
in the books whicli have hitherto appeared makes the woyk of lay- 
ing the ftaxmlations seem so formidable as cither to require for itself 
a s(‘parate treatise, or to ho passed over without attention to more 
than the outlines. This is partly due to the fact that m giving the 
complete foundation for ordinary real or complex geometry, it is 
lu^cessary to make a study of linear order and continuity, — a study 
whiidi is not only extremely delicate, but whose methods are those 
of the theojy of functions of a real variable rather than of elemeix- 
taiy geometry* 

The present work, which is to consist of two volumes and is in- 
tended to be available as a text in courses offered in American uni- 
vtn‘sitios to upiier-class and graduate students, seeks to avoid this 
difficulty by deferring the study of order and continuity to the sec- 
ond volume. The more elementaiy part of the subject rests on a 
very simple set of assumptions which characterize what may be 
called “general projective geometry.” It will be found that the 
theorems selected on this basis of logical simplicity are also elemen- 
tary in the sense of being easily (iomprohended and often used. 

Even the limited space devoted in this volume to the foundations 
may seem a drawba<ik from the pedagogical point of view of some 
mathematiciians. ''I'o this we can only reply that, in our opinion, 
an adequate knowledge of geometry cannot be obtained without 
attention to the foundations. We believe, moreover, that the 
abstract treatment is peculiarly desirable in projective geometry, 
because it is through the latter that the other geometric disciplines 
are most readily coordmaled* Since it is more natural to derive 
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tlie geometrical disciplines associated with the names of Euclid, 
Descartes, Lobatchewsky, etc., from projective geometry than it 
IS to derive projective geoinotiy from one of them, it is natural to 
take the foundations of projective geometry as the foundations of 
all geometry. 

The deferring of linear order and continuity to the second vol- 
ume has necessitated the deferring of the discussion of the metric 
geometries characterized by certain subgroups of the general pro- 
jective group. Such elementary applications as the metric proper- 
ties of conics will therefore be found in the second volume. This 
will be a disadvantage if the present volume is to be used for a 
short course m which it is desired to include metric applications. 
But the arrangement of the material will make it possible, when 
the second volume is ready, to pass directly from Chapter VIII of 
the first volume to the study of order relations (which may them- 
selves be passed over without detailed discussion, if this is thought 
desirable), and thence to the development of Euclidean metric 
geometry. Wo think that much is to be gained pedagogically as 
well as scientifically by maintaining the sharp distinction between 
the projective and the metric. 

The introduction of analytic methods on a purely synthetic basis 
in Chapter VI brings clearly to light the generality of the set of 
assumptions used in this volume. What we call “ general projective 
geometry is, analytically, the geometry associated with a general 
number field. All the theorems of this volume are valid, not alone 
, ill the ordinary real and the ordinary complex projective spaces, but 
also in the ordinary rational space and in the finite spaces. The 
bearing of this general theory once fully comprehended by the 
student, it is hoped that he will gain a vivid conception of the 
organic unity of mathematics, which recent developments of postu- 
lational methods have so greatly emphasized. 

The form of exposition throughout the book has been condi- 
tioned by the purpose of kceiiing to the fore such general ideas as 
group, configuration, linear dependence, the correspondence he 
tween and the logical interchangeability of analytic and synthetic 
methods, etc. Between two methods of treatment we have choser 
the more conventional in all cases where a new method did nol 
seem to have unquestionable advantages. We have tried also tc 



PREFACE 


V 


avoid in general the introduction of new terminology. The use 
of the word on m connection with duality was suggested by Pro- 
fessor Frank Morley. 

We have included among the exercises many theorems which in 
a larger treatise would naturally have formed part of the text. 
The more important and difficult of these have been accompanied 
by references to other textbooks and to journals, which it is hoped 
will introduce the student to the literature in a natural way. There 
has been no systematic effort, however, to trace theorems to their 
original sources, so that the book may be justly criticized for not 
always giving due credit to geometers whose results have been 
used. 

Our cordial thanks are due to several of our colleagues and stu- 
dents who have given us help and suggestions. Dr. H. H. Mitchell 
has made all the drawings. The proof sheets have been read in whole 
or in part by Professors Birkhoff, Eisenhart, and Wedderburn, of 
Princeton University, and by Dr, R. L. Borger of the University 
of Illinois, E'inally, we desire to express to Gmn and Company our 
sincere appreciation of the courtesies extended to us, 

0. VEBLEN 

j. w. youKa 

August, 1910 


In the second impression we have corrected a number of typo- 
graphical and other errors We have also added (p. 343) two 
pages of “Notes and Corrections” dealing with inaccuracies or 
obscurities which could not be readily dealt with in the text, We 
wish to express our cordial thanks to those readers who have kindly 
called our attention to errors and ambiguities, 

O.V. 

J.W.Y, 


August, 1916 
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PKOJEOTIYE GEOMETEY 


INTRODUCTION 

1. Undefined elements and unproved propositions. Geometry deals 
with the pioperties of figures in space. Every such figure is made up 
of various elements (points, lines, curves, planes, surfaces, etc), and 
these elements bear certain relations to each other (a point lies on a 
line, a line passes through a point, two planes intersect, etc). The 
propositions stating these properties are logically interdependent, and 
it IS the object of geometry to discover such propositions and to 
exhibit their logical interdependence. 

Some of the elements and relations, by virtue of their greater 
simplicity, are chosen as fundamental, and all other elements and 
relations are defined in terms of them. Since any defined element or 
relation must be defined in terms of other elements and relations, 
it is necessary that one or more of the elements and one or more of 
the relations between them remain entirely undefined; otherwise a 
vicious circle is unavoidable. Likewise certain of the piopositions 
are regarded as fundamental, in the sense that all other propositions 
are derivable, as logical consequences, from these fundamental ones. 
But here again it is a logical necessity that one or more of the prop- 
ositions remain entirely unproved ; otherwise a vicious circle is again 
inevitable. 

The starting point of any strictly logical treatment of geometry 
(and indeed of any branch of mathematics) must then be a set of uvr 
defined elements and relations^ and a set of improved propositions 
involving them ; and from these all other propositions (theorems) are 
to be derived by the methods of formal logic. Moreover, since we 
assumed the point of view of formal (i.e symbolic) logic, the unde- 
fined elements are to be regarded as mere symbols devoid of content, 
except as implied by the fundamental propositions. Since it is mani- 
festly absurd to speak of a proposition mvolving these symbols as 
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self-evident, the unproved propositions referred to above must be re- 
garded as mere assumptions. Ifc is customary to refer to these funda- 
mental propositions as axioms or postulates, but we prefer to retain the 
term assumption as more expressive of them real logical character. 

We understand the term a mathematical science to mean niiJ/ set 
of propositions arranged according to a segmnee of logical deduction, 
Trom the point of view developed above such a science is purely 
abstract If any concrete system of things may be regarded a.s sat- 
isfying the fundamental assumptions, this system is a concrete ajh 
plication or representation of the abstract science. Tlie practical 
importance or triviality of such a science depends simply on the 
importance or triviality of its possible applications. These idciis will 
be illustrated and further discussed in the next section, where it will 
appear that an abstract treatment has many advantages quite apart 
from that of logical r^or. 

2. Consistency, categoricalness, independence. Example of a math- 
ematical science. The notion of a class* of objects is fundamental 
in logic and therefore in any mathematical science. The objects 
which make up the class are called the elements of the class. The 
notion of a class, moreover, and the relation of "belonging to a class 
(beiag included m a class, being an element of a class, etc.) are primi- 
tive notions of logic, the meaning of wliich is not here called in 
question.! 

The developments of the preceding section may now be illustrated 
and other important conceptions introduced by considering a simple 
example of a mathematical science. To tins end lot S be a class, the 
elements of which we will denote by A,B,C, . . . Further, let there 
be certain undefined subclasses f of S, any one of which we will call 
an mrolass Concerning the elements of S and the m-classes we now 
make the following 

Assumptions ; 

I. Jf A and B are distinct elements of S, there is at least one 
m-class containing both A and B. 

* Syhonyms for cloas are set, aggregate, assemUage, totalUg} in German, Mrnige; 
tnB^encJi, ensemble. 

t Gf. B. jEnsSell, The Principles of Mathematics, Cambridge, 1008 j and Ii. Cour- 
tnrat, Lea prinojpes dee mathdmatlquee, Paris, 1906, 

t A class S' is said to he a subclass of another class S, if every element of is 
an element of S. 
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11. If A and B are distinct dements of S, theTC is not more than 
one m-dass containing hotli A and B. 

1 II. Any two m-dasses have at least one dcjtlent of S in roinvion. 

IV There exists at hast one m-dass 

V. livery m-dass contains at least three dements of S. 

VI. All the dements of S do not "belong to the same m-dass. 

VIL No m-dass contains more than three elements of S, 

The reader will observe that in this set of assumptions we have 
just two undefined terms, viz , element of S and m-elassy and one 
undefined relation, belonging to a class The undefined terms, more- 
over, are entirely devoid of content except such as is implied in the 
assumptions 

Now the first question to ask regarding a set of assumptions is : 
Are they logically consistent? In the example above, of a set of 
assumptions, the reader will find that the assumptions -are all true 
statements, if the class S is interpreted to mean the digits 0, 1, 2, 3, 
4, 5, 6 and the m-classes to mean the columns in the following table : 

0 1 2 3 4 5 6 

(1) 1 2 3 4 5 6 0 

3 4 6 6 0 1 2 

This interpretation is a concrete representation of our assiimptions. 
Every proposition derived from the assumptions must be true of this 
system of triples. Hence none of the assumptions can be logically 
mconsistent with the rest ; otherwise contradictory statements would 
be true of this system of triples. 

Thus, in general, a set of assumptions is said to be consistent if a 
single concrete representation of the assumptions can be given.^ 

Knowing our assumptions to be consistent, we may proceed to de- 
rive some of the theorems of the mathematical science of which they 
are the basis : 

Any two distinct dements of S determine one and only one m-class 
containing both these elements (Assumptions I, II). 

* It will 1)0 noted, that this test for the consistency of a set of assumptions 
merely shifts the difficulty from one domain to another. It is, however, at present 
the only test known. On the question as to the possibility of an absolute test of 
consistency, cf. Hilbert, Grundlagen der Geometrie, 2d ed., Leipzig (1903), p. 18, and 
Yerhandlungen d, III. intern, math. Kongresses zu Heidelberg, Leipzig (1004), 
p, 174; Padoa, L’Enseignement math4matique, Vol. V (1903), p. 86. 
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Tlie m-class containing the elements A and B may conveniently 
be denoted by the symbol AB 

Any t'wo vi-iiasses have one and only one element of S in common 
(Assumptions II, III). 

There exist three elements of S which cure not all in the same 
m-class (Assumptions IV, V, VI). 

In accordance with the last theorem, let A, B, G be three elements 
of S not in the same m-class. By Assumption V there must be a 
third element in each of the m-classes AB, BG, GA, and by Assump- 
tion II these elements must be distinct from each other and from 
A, B, and G Let the new elements he J>, JSJ, G, so that each of 
the triples ABD, BGE, GAG belongs to the same m-class. By 
Assumption III the m-olasses AB and BG, which are distinct from 
aU the m-classes thus far obtained, have an element of S in common, 
which, by Assumption II, is distinct from those hitherto mentioned ; 
let it be denoted by F, so that each of the triples AJSF and BFG 
belong to the same »i-class. No use has as yet been made of As- 
sumption VII. We have, then, the theorem . 

Any class S subject to Assumptions I— VI contains at least seven 
elements. 

Now, making use of Assumption VII, we find that the m-dasses 
thus far obtained contain only the elements mentioned. The j?i-classes 
GB and AEF have an element in common (by Assumption III) 
which cannot be A or F, and must therefore (by Assumption VII) 
be F. Similarly, AGG and the m-olass DF have the element G in 
common. The seven elements A, B, G, JD, F, F, G have now been 
arranged into m-classes according to the table 



A 

B 

G 

B 

F 

F 

G 

(!') 

B 

G 

B 

F 

F 

G 

A 


B 

F 

F 

G 

A 

B 

C 


itt which the columns denote m-classes The reader may note at once 
that this table is, except for the substitution of letters for digits, 
entirely equivalent to Table (1); indeed (!') is obtained from (l)by 
replacing 0 by A, 1 by B, 2 by 0, etc. We can show, furthermore, 
that S can contain no other elements than A, B, G, B, F, F, G. For 
suppose there were another element, T. Then, by Assumption ni. 
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the m-classes TA and BFG would have an element in coniinoii. Tins 
element cannot be for then ABTD would belong to the same 
7W-class ; it cannot be for then AFTE would all belong to tlie same 
m-class , and it cannot be ff, for then AGTG would all belong to the 
same m-class. These three possibilities all contradict Assumption VII. 
Hence the existence of T would imply the existence of four elements 
in the w 2 ,-class BFG^ which is likewise contrary to Assumption VIL 

The properties of the class S and its m-classes may also be repre- 
sented vividly by the accompanying figure (fig. 1). Here we have 
represented the elements of S by 
points (or spots) in a plane, and 
have joined by a Ime every triple 
of these points which form an m- 
class. It is seen that the points 
may be so chosen that ah but one 
of these lines is a straight line. 

This suggests at once a similarity 
to ordinary plane geometry. Sup- 
pose we interpret the elements of 
S to be the points of a plane, and interpret the m-classes to be the 
straight lines of the plane, and let us reread our assumptions with this 
interpretation Assumption VII is false, but ah the others are tri\e 
with the exception of Assumption III, which is also true except when 
the lines are parallel. How this exception can be removed we wih 
discuss in the next section, so that we may also regard the ordinary 
plane geometry as a representation of Assumptions I-VI. 

Eeturning to our miniature mathematical science of triples, we are 
now in a position to answer another important question • To what ex- 
tent do Assumptions I-VII characterize the class S and the m-classes'^ 
We have just seen that any class S satisfying these assumptions may 
be represented by Table (!') merely by properly labeling the ele- 
ments of S. In other words, if and are two classes S subject 
to these assumptions, every element of may be made to correspond* 
to a unique element of S^, in such a way that every element of Sg 
is the correspondent of a unique element of S^, and that to every 
m-olass of $1 there corresponds an m-olass of Sg, The two classes are 

* The notion of correspondence is another primitive notion which we take over 
without discussion from the general logic of classes. 
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then said to be in one-to-one rec%pTOGal correspondence, or to be simply 
isomorphic.^ Two classes S are then abstractly equivalent ; i e there 
exists essentially only one class S satisfying Assumptions 1-VII 
This leads to the following fundamental notion : 

A set of assimptions is said to be categorical, if there is essentially 
only one system for which the assumptions are valid ; i e. if any two 
such systems may be made simply isomorphic. 

We have just seen that the set of Assumptions I- VII is categor- 
ical. If, however, Assumption VII be omitted, the remaining set of 
six assumptions is not categorical. We have already observed the 
possibility of satisfymg Assumptions I- VI by ordinary plane geom- 
try. Since Assumption III, however, occupies as yet a doubtful posi- 
tion in tins interpretation, we give another, which, by virtue of its 
simplicity, IS peculiarly adapted to make clear the distinction between 
categorical and noncategorical. The reader will find, namely, that 
each of the first six assumptions is satisfied by interpreting the class S 
to consist of the digits 0, 1, 2, • • ,12, arranged according to the fol- 
lowing table of m-classes, every column constituting one m-class : 

0 1 2 3 4 5 6 .7 8 9 10 11 12 

1 2 3 4 6 6 7 8 9 10 11 12 0 

^^3 4 6 6789 10 11 12 0 1 2 

9 10 11 12 012345678 

Hence Assumptions I-VI are not sufficient to characterize completely 
the class S, for it is evident that Systems (1) and (2) cannot be made 
isomorphic. On the other hand, it should be noted that aU theorems 
derivable from Assumptions I~VI are valid for both (1) and (2). 
These two systems are two essentially different concrete representa- 
tions of the same mathematical science. 

This brings us to a third question regarding our assumptions : Are 
they independent ? That is, can any one of them be derived as a log- 
ical consequence of the others ? Table (2) is an example which shows 
that Assumption VII is independent of the others, because it shows 
that they can all be true of a system in which Assumption VII is 
false. Again, if the class S is takto to mean the three letters A, B, G, 

* The isomorphism of Systems (1) and (1') is clearly exhibited in fig. 1, where 
each point is labeled both with a digit and with a letter. This isomorphism may, 
moreover, be established in 7 6 4 different ways. 



§§ 2 , 3 ] 


IDEAL ELEMEISTTS 


7 


and the m-olasses to consist of the pairs AB^ BC^ CA, then it is 
clea-r that Assumptions I, II, III, IV, VI, VII are true of this class 
S, and therefore that any logical consequence of them is true with 
this interpretation. Assumption V, however, is false for this class, 
and cannot, therefore, be a logical consequence of the other assump- 
tions. In like manner, other examples can he constructed to show 
that each of the Assumptions I-VII is independent of the remain- 
ing ones. 

3. Ideal elements in geometry. The mmiature mathematical science 
which we have just been studying suggests what we must do on a 
larger scale in a geometry which describes our ordinary space. We 
must first choose a set of undefined elements and a set of funda- 
mental assumptions Tins choice is in no way prescribed a priori^ 
but, on the contrary, is very arbitrary. It is necessary only that the 
undefined symbols be such that all other elements and relations that 
occur are definable in terms of them ; and the fundamental assump- 
tions must satisfy the prime requirement of logical consistency, and 
be such that all other propositions are derivable from them by formal 
logic. It is desirable, further, that the assumptions be independent^ 
and that certain sets of assumptions be categorical. There is, further, 
the desideratum of utmost symmetry and generality in the whole 
body of theorems. The latter means that the applicabihty of a theo- 
rem shall be as wide as possible. This has relation to the arrange- 
ment of the assumptions, and can be attained by using in the proof 
of each theorem a minimum of assumptions.t 

Symmetry can frequently be obtained by a judicious choice of 
terminology. This is well illustrated by the concept of "points at 
infinity” which is fundamental in any treatment of projective geome- 
try. Let us note first the reciprocal character of the relation expressed 
by the two statements : 

A point lies on a Ime. A line passes through a point. 

To exhibit clearly this reciprocal character, we agree to use the phrases 

A point is on a line ; A line is on a point 

* This is ohyiausly necessary for the precise distinction hetween an assumption 
and a theorem. 

t If the set of assumptions used in the proof of a theorem is not categorical, the 
applicability of the theorem is evidently lyider than in the contrary case. Cf . examr 
ple of preceding section. 
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to express this relation Let us now consider the following two 
propositions : 

1. Any two distinct points of V Any two distinct lines of a 
a plane are on one and only one plane are on one and only one 
line.^ point 

Either of these propositions is obtained from the other by simply 
interchanging the words point and line. The first of these propositions 
we recognize as true without exception m the ordinary Euclidean 
geometry. The second, however, has an exception when the two 
lines are paraUeL In view of the symmetry of these two propositions 
it would clearly add much to the symmetry and generality of all 
propositions derivable from these two, if we could regard them both 
as true without exception. This can be accomplished by attributing 
to two parallel lines a point of intersection. Such a point is not, 
of course, a point in the ordinary sense ; it is to be regarded as an 
ideal pointy which we suppose two parallel Imes to have in common. 
Its introduction amounts merely to a change m the ordinary termi- 
nology. Such an ideal point we call a point at infinity ; and we 
suppose one such point to exist on every line f 

The use of this new term leads to a change in the statement, 
though not in the meaning, of many familiar propositions, and makes 
us modify the way in which we think of points, lines, etc. Two non- 
parallel lines cannot have in common a point at infinity without 
doing violence to propositions 1 and 1' ] and smee each of them has a 
point at mfinity, there must be at least two such points Proposition 
1, then, requires that we attach a meanmg to the notion of a line on 
two points at infinity. Such a line we caU a line at infinity^ and 
think of it as consisting of all the points at infinity in a plane. 
In like manner, if we do not confine ourselves to the pomts of a 
single plane, it is found desirable to introduce the notion of a plane 
through three points at infinity which are not all on the same line 
at infinity. Such a plane we caU a plane at infinity,^ and we think 

* By line throughout we mean straight line. 

+ It should he noted that (since we are taking the point of view of Euclid) we do 
not think of a line as containing more than one point at infinity ; for the supposi- 
tion that a line contains two such points would imply either that two parallels can 
he drawn through a given point to a given line, or that two distinct lines can have 
more-tiian one point in common. 
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of it as consisting of all tlie points at infinity in space. Every ordi- 
nary plane is supposed to contain ]ust one line at infinity , every sys- 
tem of parallel planes in space is supposed to have a line at infinity 
in common with the plane at infinity, etc 

The fact that we have difficulty in presenting to our imagination 
the notions of a point at infinity on a line, the Ime at infinity in a 
plane, and the plane at infinity in space, need not disturb us in this 
connection, provided we can satisfy ourselves that the new termmol- 
ogy IS self-consistent and cannot lead to contradictions The latter 
condition amounts, in the treatment that follows, simply to the con- 
dition that the assumptions on which we build the subsequent theory 
be consistent. That they are consistent will be shown at the tune 
they are introduced. The use of the new terminology may, however, 
be justified on the basis of ordinary analytic geometry. This we 
do in the next section, the developments of which will, moreover, 
be used frequently m the sequel for proving the consistency of the 
assumptions there made. 

4. Consistency of the notion of points, lines, and plane at infinity. 
We will now reduce the question of the consistency of our new ter- 
minology to that of the consistency of an algebraic system For this 
purpose we presuppose a knowledge of the elements of analytic geom- 
etry of three dimensions.^ In this geometry a pomt is equivalent 
to a set of three numbers (x, y, %). The totality of all such sets of 
numbers constitute the analytic space of three dimensions. If the 
numbers are all real numbers, we are deahng with the ordinary "real” 
space ; if they are any complex numbers, we are dealing with the ordi- 
nary " complex ” space of three dimensions. The following discussion 
applies primarily to the real case 

A plane is the set of all points (number triads) which satisfy a 
single linear equation 

ax + hy + cz + d == 0. 

A line is the set of aU pomts which satisfy two linear equations, 

a^x -f \y -h CjZ + 0, 

^ a^x + \y + c^-^d^^ 0 , 

* Such knowledge is not presupposed elsewhere m this hook, except m the case 
of consistency proofs. The elements of analytic geometry are indeed developed 
from the heginniiig (of Chaps. VI, VII) 
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do not hold * 

Now the points {x, y, with the exception, of (0, 0, 0), may also he 
denoted hy the direction cosines of the hne joining the point to the 
origin of coordinates and the distance of the point from the origin ; 
say by 


I, my n, 




where d = and = = The origin itself 

€(/ Clf Cu 


may be denoted by (0, 0, 0, Je), where k is arbitrary. Moreover, any 
four numbers {ss^ x^, x^, x^ {x^ 0), proportioned respectively to 



will serve eq^ually well to represent tbe point {x, y, a). 


provided we agree that {x^, x^, a:,, x^ and (cjCi, cx^, ox^, cx^) represent 
the same point for edl values of e different from 0. For a pomt 
(x, y , «) determines 


J,= , —cly ^ —cm 

, ^ __ c 


where c is arbitrary (c¥= 0), and {x^y x^y x^y determines 


( 1 ) 





provided ^ 0. 

We have not assigned a meaning to (x^, x^, x^y x^ when x^ = 0, but 

it is evident that if the point cm, cn, ^ moves away from the 

origin an unlimited distance on the line whose direction cosines are 
ly rriy Tif its coordinates approach {cl, cm, cn, 0). A little consideration 
will show that as a point moves on any other line with direction 


* It sliould be noted that we are not yet, in this section, supposing ?inything 
known regarding points, lines, etc,, at infinity, but are placing ourselyeji on the 
basis of elementary geometry. 
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cosines Z, so that its distance from the origin increases indefi- 
nitely, its coordinates also approach, {cl, cm, cn, 0) Furthermore, these 
values are approached, no matter in which of the two opposite direc- 
tions the point moves away from the origin. We now define (x^, x^, 
ajg, 0) as a point at infinity or an ideal point We have thus associ- 
ated with every set of four numbers {x^, x^, x^, a point, ordinary 
or ideal, with the exception of the set (0, 0, 0, 0), which we exclude 
entirely from the discussion The ordinary points are those for which 
is not zero ; their ordinary Cartesian coordinates are given by the 
equations (1). The ideal points are those for which x^ = 0. The num- 
bers {x^, x^, x^, we call the homogeneous coordinates of the point. 

We now define a plane to be the set of all points {x^, x^, x^ 

which satisfy a linear homogeneous equation . 


ax^+ ix^+ cx^-^dx^^ 0 . 


It is at once clear from the preceding discussion that as far as all 
ordinary points are concerned, this definition is equivalent to the one 
given at the beginning of this section. However, according to this 
definition all the ideal points constitute a plane x^ = 0. This plane 
we call the plane at infinity In like manner, we define a line to 
consist of all points {x^, a?„, x^, which satisfy two distinct linear 
homogeneous equations : 

^ 2 + 0 , 

a^x^ + \x^ + c^x^ + d.pc^ = 0 . 

Since these expressions are to be distinct, the corresponding coefficients 
throughout must not be proportional According to this definition 
the points common to any plane (not the plane at infinity) and the 
plane 03^= 0 constitute a line Such a line we call a hne at infinity, 
and there is one such in every ordinary plane. Finally, the line de- 
fined above by two equations contains one and only one pouit with 
coordinates {x^, x^, x^, 0) ; that is, an ordmary Ime contains one and only 
one point at infinity. It is readily seen, moreover, that with the above 
definitions two parallel lines have their points at infinity in common. 

Our discussion has now led us to an analytic definition of what 
may be called, for the present, an analytic projective space of three 
dimensions. It may be defined, in a way which allows it to be either 
real or complex, as consistmg of ; 
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Points : All sets of four numbers os^, sxjJ, except the set 

(0, 0, 0, 0), where cx^ is regarded as identical with 

(ajj, ajg, ajg, ajJ, provided c is not zero. 

Planes: All sets of pomts satisfying one linear Ixoraogeneous 
equation. 

Lines : All sets of poiuts satisfying two distinct linear homoge- 
neous equations. 

Such a projective space cannot involve contradictions nnless our 
ordinary system of real or complex algebra is inconsistent. The defi- 
nitions here made of points, lines, and the plane at infinity are, 
however, precisely equivalent to the corresponding notions of the 
preceding section. We may therefore use these notions precisely in 
the same way that we consider ordinary points, lines, and planes. 
Indeed, the fact that no exceptional properties attach, to our ideal 
elements follows at once from the symmetry of the analytic formu- 
lation; the cobrdmate whose vanishmg gives rise to the ideal 
pomts, occupies no exceptional position in the algebra of the homo- 
geneous equations. The ideal points, then, are not to "be regarded 
as different from the ordinary points. 

All the assumptions we shall make in our treatment of projective 
geometry will be found to be satisfied by the above analytic creation, 
which therefore constitutes a proof of the consistency of tlie assump- 
tions in question This the reader will verify later. 

5. Projective and metric geometry. In projective geometry no 
distinction is made between ordinary points and points at infinity, 
and it IS evident by a reference forward that our assviraptions pro- 
vide for no such distmction. We proceed to explain tliis a httle 
more fully, and will at the same time indicate in a general way 
the difference between projective and the ordinary Euclidean metric 
geometry. 

Oonfinmg ourselves first to the plane, let m and be two distinct 
hnes, and P a pomt not on either of the two lines. Then the points 
of m may be made to correspond to the points of as follows : To 
every point A. on m let correspond that pomt A' on in which 
meets the hne joming A to P (fig. 2), In this way every point on 
either line is assigned a unique corresponding point on. the other 
Ime. This type of correspondence is called perspective^ and the points 
on one line are said to be transformed into the points of tire other by 
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a perspective irmisfoo^mation with center T If the points of a line m 
be transformed into the points of a line m' by a perspective transfor- 
mation with center F, and then the points of be transformed into the 
pohits of a third line by a perspective transformation with a new 
center Q ; and if this be contmiied any finite number of times^ ulti- 
mately the points of the line m will have been brought into corre- 
spondence with the points of a line say, in such a way that every 
point of m corresponds to a unique point of A correspondence 
obtained in this way is called projccUve^ and the points of m are said 



I’m 2 


to have been transformed into the points of by a projective 
transformaUon, 

Similarly, in three-dimensional space, if lines are drawn joining 
every point of a plane figure to a fixed point P not in the plane tt 
of the figure, then the points in winch tins totality of lines meets 
another plane tt' will form a new figure, such that to every point of 
TT will correspond a unique point of tt', and to every line of tt will 
correspond a unique line of tt' We say that the figure in tt has been 
transformed into the figure in tt^ by d.pcrspechve tramformatwn with 
center P. If a iilane figure be subjected to a succession of such per- 
spective transformations with different centers, the final figure wiU 
still be such that its points and lines correspond uniquely to the 
points and lines of the original figure. Such a transformation is again 
called a projective transformation. In projective geometry two figures 
that may be made to correspond to each other by means of a projec- 
tive transformation are not regarded as different. In other words, 
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projective geometry is concerned iinth those properties oj Jvg^tres that 
are left unchanged when the figures are subjected to ct ^Tojectwe 
transformation, 

It is evident that no properties that involve essentially tlae notion 
of measurement can have anyplace in projective geometry as stich 
hence the term projective^ to distinguish it from the ordinary geom- 
etry, which is almost exclusively concerned with properties involving 
the idea of measurement. In case of a plane figure, a perspective 
transformation is clearly equivalent to the change brou^lxt about in 
the aspect of a figure by looking at it from a different angle, the 
observer's eye bemg the center of the perspective transformation 
The properties of the aspect of a figure that remain unaltered when 
the observer changes his position will then be properties witli which 
projective geometry concerns itself. For this reason von Rtandb called 
this science Geometrie der Lage 

In regard to the points and lines at mfimty, we can now see why 
they cannot be treated as m any way different from tlie ordinary 
points and lines of a figure. For, in the example given of a per- 
spective transformation between lines, it is clear that to the point at 
infinity on m corresponds in general an ordmary point on m\ and 
conversely. And m the example given of a perspective tx*ansforma- 
tion between planes we see that to the line at infinity in one plane 
corresponds in general an ordinary line m the other. In projective 
geometry, then, there can be no distinction between the ordinary 
and the ideal elements of space. 

* The theorems of metric geometry may however be regarded as special cases 
of projective tlieoiems. 



CHAPTER I 

THEOREMS OF ALIGNMENT AND THE PRINCIPLE OF DUALITY 

6. The assumptions of alignment. In the following treatment of 
projective geometry we have chosen the pomt and the line as unde- 
fined elements We consider a class (ct § 2, p. 2) the elements of 
which we call points^ and certain %%defined classes of points which 
wc call hues Here the words point and line are to be regarded 
as mere symbols devoid of all content except as implied in the as- 
sumptions (presently to be made) concerning them, and which may 
represent any elements for which the latter may he valid propositions. 
In other words, these elements are not to be considered as having 
properties in common with the points and lines of ordinary Euclidean 
geometry, except in so far as such properties are formal logical conse- 
quences of explicitly stated assumptions. 

We shall in the future generally use the capital letters of the 
alphabet, as A, B, C, P, etc., as names for points, and the small let- 
ters, as a, &, c, Z, etc , as names for lines. If A and B denote the same 
point, this wiU be expressed by the relation A^B^ if they repre- 
sent distinct points, by the relation A4^B If -4 = P, it is sometimes 
said that A coincides with P, or that A is coincident with B, The 
same remarks apply to two hues, or indeed to any two elements of 
the same kind. 

AU the relations used are defined in general logical terms, mamly 
by means of the relation of helonging to a class and the notion of one^ 
to-one correspondence. In case a point is an element of one of the 
classes of points which we call lines, we shall express this relation 
by any one of the phrases : the point is on or lies on or is a point of 
the line, or is united with the line ; the line passes through or con- 
tains or is united with the pomt. We shall often find it convenient 
to use also the phrase the line is on the point to express this relation. 
Indeed, all the assumptions and theorems in this chapter will be 
stated consistently in this way. The reader will quickly become ac- 
customed to this on ” language, which is introduced with the purpose 

16 
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of exhibiting in its most elegant form one of the most far-reachmg 
theorems of projective geometry (Theorem 11). Two lines which have 
a point in common are said to intersect m or to meet in that point, or 
to he on a common point Also, if two distinct points lie on the same 
line, the line is said to join the points. Points which are on the 
same Ime are said to be collinear ; points which are not on the same 
line are said to be noncollinear* Lines which are on the same point 
(i.e contain the same point) are said to be copunctal^ or concurrent * 

Concernmg pomts and lines we now make the following assump- 
tions : 

The Assumptions op Alignment, A • 

A.1, If A and B arc distinct points^ there is at least one line on 
both A and B, 

A 2 If A and B are distinct pointSy there is wt more than one 
line on both A and B, 

A3 If Ay By C are points not all on the same linCy and B and 

E {D^ B) are points such that By C, D are on a hne and Gy Ay E 

are on a linCy there is a point E 
such that Ay B, E are on a line 

and also By E, E are on a hne 

(fig 3).t 

It should be noted that this set 
of assumptions is satisfied by the 
triple system (1), p 3, and also 
by the system of quadruples (2), 
p. 6, as well as by the points and lines of ordinary Euchdean geom- 
etry with the notion of “pomts at infinity” (of. § 3, p. 8), and by 



* The object of this paragraph is simply to define the terms in common use in 
terms of the general logical notion of belonging to a class. In later portions of 
this book we may oinib the explicit definition of such common terms when such 
definition is obvious. 

t The figures are to be regarded as a concrete representation of our science, in 
which the undefined “points” and “lines” of the science are represented by 
points and lines of ordinary Euclidean geometry (this requires the notion of ideal 
points , cf, § 8, p. 8). Their function is not merely to exhibit one of the many 
possible concrete representations, but also to help keep m mind the various rela- 
tions in question. In using them, however, great care must be exercised not 
to use any properties of such figures that are not formal logical consequences 
of the assumptions j in other words, care must be taken that all deductions are 
made formally from the assumptions and theorems previously derived from the 
assumptions* 
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the " analytic projective space ” described in § 4. Any one of these 
representations shows that o%t set of Assuniptmis A is consistent^ 

The following three theorems are immediate consequences of the 
first two assumptions. 

Theorem 1 Two d%siinct points are on one and only one hne, 

(Al,A2)t 

The line determmed by the points A, B (A B) will often be 
denoted by the symbol or name AB, 

Theorem 2 If C and D {G^ B) are points on the line AB^ A and 
B are points on the line CD. (Al, A2) 

Theorem 3. Two d%st%nct lines cannot be on more than one common 
point (A 2 ) 

Assumption A3 will be used in the derivation of the next theo- 
rem. It may be noted that under Assumptions Al, A 2 it may be 
stated more conveniently as follows . If A, B, 0 are points not all on 
the same line, the line joinmg any point D on the line BC to any 
point B {D ^ E) on the line CA meets the line AB in a point F. 
Tins IS the form in which this assumption is generally used in the 
sequel. 

7, The plane. Definition, If P, B are three points not on 
the same line, and I is a line joining Q and P, the class of all 
points on the lines joming P to the points of I is called the plane 
determined by P and 1. 

We shall use the small letters of the Greek alphabet, a, /3, 7 , tt, etc, 
as names for planes. It follows at once from the definition that P and 
every point of I are points of the plane determined by P and L 

Theorem ^ If A and B are points on a plane tt, then every point 
on the line AB is on tt. (A) 

Proof Let the plane tt under consideration be determined by the 
point P and the line I 

* In the multiplicity of the possible concrete representations is seen one of the 
great advantages of the formal treatment quite aside from that of logical rigor. It 
is clear that there is a great gam in generality as long as the fundamental assump- 
tions are not categorical (of. p. 6). In the present treatment our assumptions are 
not made categorical until very late, 

t The symbols placed in parentheses after a theorem indicate the assumptions 
needed in its proof. The symbol A will he used to denote the whole set of Assump- 
tions A 1, A2, A8. 
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1 If botli ^ and N are on I, or if the line AB contains p, the 
theorem is immediate. 
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2. Suppose A IS on I, B not on I, and AB does not contain JP (fig. 4). 
Since ^ is a pomt of tt, there is a point B^ on I collinear with JB and P. 

If C be any point on AB, the line 
joining C on AB to P on BB^ 
will have a point T in common 
with AB^ = l (A 3). Hence 0 is a 

point of TT. 

3. Suppose neither A nor B is 
on I and tliat AB does not con- 
tain P (fig 5) Since A and B are 
points of TT, there exist two points 
A and B' on I coUinear with A, P and B, P respectively. The line join- 
ing A on AB to P on PP' has a pomt Q in common with (A 3), 
Hence every point of the line AB^AQ 
IS a point of tt, by the preceding case 
This completes the proof 
If all the points of a line are points 
of a plane, the line is said to be a line of 
the plane, or to lie in or to le %n or to 
Tyc on the plane; the plane is said to 
pct/SS tliTougl}, or to contain the line, 
or wo may also say the plane is on the 
line, T'urther, a point of a plane is said 
to he in or to lie in the plane, and the 
plane is on the point 

8. The &st assumption of extension. The theorems of the pre- 
ceding section were stated and proved on the assumption (explicitly 
stated in each case) that the necessary points and lines exist. The 
aasumptiom of extemion, E, insuring the existence of all the points 
which we consider, will be given presently. The first of these, how- 
ever, it is desirable to introduce at this point. 

An Assumption of Extension : 

E 0. Th&FO u>Te at least thvee points on every Ivae, 

This assumption is needed in the proof of the following 

Theorem 5. Any tw Ivnes on the sanie plane ir are on a cornmton 
pomt. (A, EO) 
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Froof, Let the plane tt he determined hy the point F and the line 
and let a and 6 he two distinct lines of tt. 

1. Suppose a coincides with I (fig 6). If contains P, any point 

B of & (E 0) IS oollinear with P and 
some point of which jjroves the 
theorem when 5 contains P If 5 does 
not contain P, there exist on 5 two 
points A and B not on I (E 0), and 
since they are points of tt, they are 
oollinear with P and two points 
and B^ of I respectively. The line 
joining A on A'P to B on PP' has a 
point R in common with A'P' (A 3)^ 
i.e. l=^a and S have a point in common. Hence every line in the plane 
TT has a point m common with I 
2 Let a and b both he distinct 
from I (i) Let a contain P (fig. 7) 

The line joining P to any point 
P of J (E 0) has a point P' in com- 
mon with I (Case 1 of this proof) 

Also the lines a and b have points ^ 

A' and P respectively in common 
with I (Case 1). Now the line 
A^F^ a contains the points A' of 
PP' and P of P'P, and hence has a point A in common with PP = &. 

Hence eve^^y line of tt has a point 
in common with any line of tt 
through P. (li) Let neither a nor 
b contain P (fig. 8). As before, 
a and b meet I in two points Q 
and P respectively. Let P' he a 
point of I distinct from Q and P 
(E 0). The line PP' then meets 
a and & in two points A and P 
respectively (Case 2, (i)). If 
A ^ By the theorem is proved. If A ^ P, the line b has the point 
P in common with QB! and the point P in common with P'A, and 
hence has a point in common with AQ^ a (A 3). 




20 THEOEEMS OP ALIGNMENT AND DUALITY [Chap. I 


Theoeem 6 The plane a determined by a line I and a point P is 
identical imth the plane ^ determined hj a line m and a point Q, 
provided in and Q are on a (A, E 0) 

Proof. An y point P of is collinear with Q and a point A of ot 


(fig. 9) A and Q are both pomts of a, and hence every point of the 

line AQ 18 a point of a (Theorem 4). 

i Hence every point of is a point 

^ ^ Q of a. Conversely, let B be any point 



of a. The line BQ meets m in a 
point (Theorem 5). Hence every 
point of a is also a point of 

COEOLLAEY. There is one and only 
one plane determined by three non- 
collinear points, or by a line and a 
point not on the line, or by two inter- 
secting lines. (A, E 0) 


The data of the corollary are all equivalent by virtue of E 0. We 
will denote by ABO the plane determined by the pomts A, B, 0] 
by aA the plane determmed by the line a and the point A, etc. 


Theoeem 7. Two distinct planes which are on two common points 
A,B {A^ B) are on all the points of the line AB, and on no other com- 
mon points. (A, E 0) , 

Proof. By Theorem 4 the line AP lies in each of the two planes, 
which proves the first part of the proposition. Suppose 0, not on AB, 
were a point common to the two pianos. Then the plane determined by 
A, P, 0 would be identical with each of the given planes (Theorem 6), 
which contradicts the hypothesis that the planes are distinct. 


CoEOLLAsy. Two distinct planes cannot be on more than one com- 
mon line. (A, E 0) 

9. The three-space. Definition. If P, Q, B, T axe four points 
not in the same plane, and if tt is a plane containing Q, B, and T, 
the class S, of aU. points on the lines joining P to the points of rr is 
called the spaee of three dimensions, or the three-space determined 
by P and tt. 

If a point belongs to a three-space or is a point of a three-space, it 
is said to be in or to lie in or to be on the three-space. If aU the points 
of a line or plane are points of a three-space the line or plane is said 
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to lie in or to he in or to he on the Also the three-space is said to 
he on the jwnnt, line, or plane. It is clear froni the definition that and 
eveiy point of tt are points of the three-space determined by P and tt. 

Tiikorkm 8 If J mid B are dishnct 'points on a three-space Sg, 
every point on the line AB is o'n (A) 



Proof. Let Sg be determined by 
a plane tt and a point P. 

1. If A and B are both in tt, the 
theorem is an immediate conse- 
quence of Theorem 4. 

2 If the line AB contains P, 
the theorem is obvious, 

3 Suppose A is in tt, B not in 
TT, and AB does not contain P 
(fig. 10) There then exists a point 
B^ A) of TT collinear with B 

and P (def ). The line joining any point M on AB to P on BB' has 
a point Jf' in common with B^A (A 3). But PP is a point of tt, since 


it is a point of AP'. Hence M is a point of Sg (del). 


4. Let neither A nor B he in tt, and let AB not contain P (fig. 11). 


The lines PA and PB meet ir in 
two points A' and P' respectively. 
But the line joining A on A'P to 
P on PP' has a point C in common 
with P'A' (7 is a point of tt, which 
reduces the proof to Case 3 

It may be noted that in this 
proof no use has been made of E 0. 

In discussing Case 4 we have 
proved incidentally, in connection 
with E 0 and Theorem 4, the fol- 
lowing corollary: 
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Corollary 1 Sg is a three-space determined hy a point P and a 
plane tt, then tt and any line on Sg hut not on rr are on one and only 
one common point (A, E 0) 

Corollary 2 Every point on any plane determined hy three non- 
collinear points on a three-space Sg is on Sg. (A) 
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3 * 00 / As before, let the three-space be determmed by and P, 
and let the three noncollinear points be J, B, 0, Every point of the 
line BC IS a point of S 3 (Theorem 8 ), and every point of tho plane 
ABC^ IS collinear with A and some point of BC 

Corollary Z If a three-space Sg is determined &?/ a point P and 
a plane tt, then tt and any plane on Sg distinct from tt are on one 
and only one common line (A, E 0) 

Proof Any plane contains at least three lines not passing through 
the same point (del, A 1). Two of these lines must meet tt iu two 
distmet points, winch are also 
pomts of the plane of the lines 
(Cor. 1 ). The result then follows 
from Theorem 7. 

Theorem ^ If a plane a and 
a lim a not on a are on the same 
three-space Sg, then a and a are 
on one and only one common point, 

(A, EO) 

Proof Let Sg be determined by 
che plane tt and the point P, 

L If coincides with TT, the theo- 
rem reduces to Cor. 1 of Theorem 8 . 

% If a; is distinct from tt, it has 
a line I in common with tt (Theorem 8 , Cor 3 ). Let A be any point 
on or not on I (EO) (fig. 12 ) The plane, oiA, determmed by A and a, 
meets tt in a line m ^ ^ (Theorem 8 , Cor. 3). The lines I, m have 
a point B in common (Theorem 5) The line AB in aA meets a in 
a point Q (Theorem 5), which is on a, since AB is on a. That a 
and a have no other point m common follows from Theorem 4 . 

Corollary 1. Any two distinct planes on a three-space are on one 
and only one common hne, (A, E 0 ) 

The proof is similar to that of Theorem 8 , Cor. 3, and is left as an 
exercise. 

Corollary 2 Conversely 3 if two planes are on a common linCy there 
emsts a three-space on loth (A, E 0 ) 

, ^ proof can evidently l^e so worded as not to imply Theorem 0. 
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Proof If the planes a and yS are distinct and have a line I in 
common, any point P of y 8 not on I will determine with a a three- 
space containing I and F and hence containing yS (Theorem 8 , Cor 2) 
Corollary 3. Three planes on a threG-spaee which arc not on a 
common line are on one and only one common point (A, E 0) 

Proof This follows without difficulty from the theorem and Cor. 1. 
Two planes are said to determine the line which they have in com- 
mon, and to intersect or meet in that line. Likewise if three planes 
have a point in common, they are said to intersect or meet in the point. 
Corollary 4. If a, are three distinct planes on the same Sg 
hut not on the same hne^ and %f a line I is on each of two planes /a, v 
which are on the lines ySy and respectively, then %t %s on a plane X 
which is on the hne (A, E 0) 

Proof By Cor. 3 the planes a, 
yS, 7 have a pomt P in common, 
so that the lines y 87 , (^a, all 
contain P. The Ime I, being com- 
mon to planes through /37 and 
must pass through P, and the 
lines I and ayS therefore intersect 
in P and hence determme a plane 
X (Theorem 6 , Cor,). 

Theorem 10. The three-space 
Sg determined hy a plane tt and 
a point P is identical with the three-space S' determined hy a plane 
tt' and a point P', provided tt' and P' are on Sg, (A, E 0) 

Proof Any point A of S^ (fig 13) is collinear with P' and some 
point A' of tt'; but P' and A' are both points of Sg and hence .4 is a 
point of Sg (Theorem 8 ). Hence every point of S^ is a point of Sg. 
Conversely, if A is any point of Sg, the line AP' meets tt' in a point 
(Theorem 9). Hence every point of Sg is also a point of S^. 

Corollary. There is one and only one three-space on four given 
points not on the same plane, or a plane and a point not on the plane, 
or two Thonintersecting lines, (A, E 0) . 

The last part of the corollary follows from the fact that two 
noni?iterseoting lines are equivalent to four points not in the same 
plane (E 0 ^. 

i • 1 

U . 
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It IS convenient to use the term cojplanar to describe points in the 
same plane. And we shall use the term shew lines for lines that have 
no point in common. Four noncoplanar points or two skew lines 
are said to determine the three-space in which they lie. 

10. The remaining assumptions of extension for a space of three 
dimensions. In § 8 we gave a first assumption of extension We will 
now add the assumptions which insure the existence of a space of 
three dimensions, and will exclude from our consideration spaces of 
higher dimensionality. 

Assumptions of Extension, E : 

E 1. There exists at least one line. 

E2. All joints are not on the same line 
E 3. All jpoints are not on the same plane. 

E 3'. If is a three-space^ every point is on Sg, 

The last may be called an assumption of closure.^ 

The last assumption might be replaced by any one of several equiv- 
alent propositions, such as for example : 

Every set of five points lie on the same three-space ; or 
Any two distinct planes have a line in common (Of. Oor. 2, Theo- 
rem 9) 

There is no logical difi&culty, moreover, in replacing the assumption 
(E3') of closure given above by an assumption that all the points 
are not on the same three-space, and then to define a " four-space ’’ 
in a manner entirely analogous to the definitions of the plane and 
to the three-space already given. And indeed a meanmg can be given 
to the words point and line such that this last assumption is satisfied 
as well as those that precede it (excepting E3' of course). We 
could thus proceed step by step to define the notion of a linear 
space of any number of dimensions and derive the fundamental 
properties of alignment for such a space. But that is aside from our 
present purpose. The derivation of these properties for a four-space 
will furnish an excellent exercise, however, in the formal reasoning 
here emphasized (cf Ex. 4, p. 25). The treatment for the Tirdimensional 
case win be found in § 12, p. 29. 

# The terms extension and cZoswre m this connection were suggested by N. J, Lennes. 
It will be observed that the notation has been so chosen that Ei insures the exist- 
ence of a space of i dimensions, the line and the plane being regarded as spaces of 
one and two dimensions respectively. 
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The following corollaries of extension are readily derived from the 
assumptions just made The proofs are left as exercises 

CoEOLLAKY 1 At least three coplanar lines are on every point 

OoEOLLAEY 2 At least three distinct planes are on every line. 

CoEOLLAEY 3. All planes are not on the same line. 

CoKOLLAEY 4 All planes are not on the same point. 

CoEOLLAEY 5. If 8^ is a three-space^ every plane is on 8^. 

EXERCISES 

1 Prove that through a given point P not on either of two skew lines I 
and I' there is one and only one line meeting both the lines I, 

2 Prove that any two lines, each of which meets thiee given skew lines, 
are skew to each other. 

3 Our assumptions do not as yet determine whether the number of points 
on a line is finite or infinite Assuming that the number of points on one line 
is finite and equal to n + 1, prove that 

i. the number of points on every line is n + 1; 

ii. the number of points on every plane is + n + 1; 

iii. the number of points on eveiy three-space is n® + n® + n + 1; 

iv. the number of lines on a three-space is (n® + 1) + n + 1); 

V. the number of lines meeting any two skew lines on a three-space is 

(n + l)S 

VI the number of lines on a point or on a plane is 4. 4. i. 

4 Using the definition below, prove the following theorems of alignment for 
a four-space on the basis of Assumptions A and E 0 . 

Definition. If P, Q, P, T are five points not on the same three-space, 
and Sg is a three-space on Q, P, St T, the class S4 of all points on the 
lines joining P to the points of Sg is called the four-space determined by 
P and Sg. 

i. If A and B are distinct points on a four-space, every point on the line AB 
is on the four-space, 

11. Every line on a four-space PQRST which is not on the three-space 
QllST has one and only one point in common with the three-space 

iii Every point on any plane determined by thiee noncoUinear points on 
a four-space is on the four-space, 

IV. Evejy point on a three-space determined by four noncoplanar points 
of a four-space is on the four-space. 

V. Every plane of a four-space determined by a point P and a three-space 
Sg has one and only one line in common with Sg, provided the plane is not on Sg. 

VI. Every three-space on a four-space determined by a point P and a three- 
space Sg has one and only one plane in common with Sg, provided it does 
not coincide with Sg* 
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vii If a three-space Sg and a plane a not on Sg aie on the same four-space, 
Sg and a have one and only one line in common. 

* vui If a three-space Sg and a line I not on Sg aie on the same four-space, 
Sg and I have one and only one ]ioint in common 

IX Two planes on the same foui -space but not on the same tluee-space 
have one and only one point in common 

X. Any two distinct three-spaces on the same four-space have one and only 
one plane in common 

XI If two three-spaces have a plane in common, they lie in the same four-space 

xii The four-space S^ deteimined by a three-space Sg and a point P is 
identical with the four-space deteimined by a three-space S^ and a point P', 
provided Sg and P' aie on S^, 

5 On the assumption that a line contains -t- 1 points, extend the lesults 
of Ex 3 to a foul -space. 

11. The principle of duality. It is in order to exhibit the theorem 
of duality as clearly as possible that we have introduced the sym- 
metrical, if not always elegant, terminology : 

A point is on a Ime. A line is on a point. 

A pomt is on a plane A plane is on a point. 

A Ime is on a plane, A plane is on a line. 

A point is on a three-space. A three-space is on a point. 

A line is on a three-space. A three-space is on a line. 

A plane is on a three-space. A three-space is on a plane. 

The theorem in question rests on the foEowing observation: If any 
one of the precedmg assumptions, theorems, or corollaries is expressed 
by means of this “on*' terminology and then a new proposition is 
formed by simply interchanging the words point and plane^ then 
this new proposition will be vahd, i e wdl be a logical consequence 
of the Assumptions A and E. We give below, on the left, a complete 
Hst of the assumptions thus far made, expressed in the " on '' termi- 
biology? and have placed on the right, opposite each, the corresponding 
proposition obtained by interchanging the words point and plane 
together with the reference to the place where the latter proposition 
occurs in the preceding sections : 

Assumptions A 1, A 2. If A and Theorem 9, Cor, 1. If a;and^ 
B are distinct pomts, there is one are distinct planes, there is one and 
and only one hne on A and B. only one line on a and yS.* 

* By virtue of Assumption E 8" it is not necessary to impose the condition that the 
elements to he considered are in the same three-space This observation should empha- 
size, howevei, that the assumption of closure is essential in the theorem to he proved. 
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Assumption A 3. If A, E, (7 are 
points not all on the same line, and 
D and E E) are points such 
that C, JD are on a line and C, 
A, E are on a hue, then there is a 
point E such that A, F are on a 
line and also D, E, F are on a line. 

Assumption EO, There are at 
least three points on every line 

Assumption El Tliere exists 
at least one line. 

Assumption E 2 All points are 
not on the same line. 

Assumption E 3 All points are 
not on the same plane. 

Assumption E3'. If Sg is a 
three-space, every point is on Sg. 


Theorem 9, Coil 4. If a, j3, j 
are planes not all on the same line, 
and and are planes such 

that /S, % are on a line and y, a, v 
are on a line, then there is a plan e X 
such that a, yS, X are on a line and 
also /^, V, X are on a line. 

CoR. 2, p. 25. There are at 
least three planes on eveiy line. 

Assumption E 1. There exists 
at least one line. 

Cor 3, p. 25. All planes are 
not on the same line 

Cor. 4, p. 25. All planes are 
not on the same point. 

Cor. 5, p. 25. If Sg is a three- 
space, every plane is on Sg 


In all these propositions it is to be noted that a line is a class 
of points whose properties are determined by the assumptions, while 
a plane is a class of points specified by a definition This definition 
in the '^on” language is given below on the left, together with a 
definition obtained from it by the interchange of ;point and ;plane. 
Two statements in tins relation to one another are referred to as 
(space) d%bah of one another 


If P, Q, E are points not on 
the same line, and Z is a line on 
Q and P, the class Sg of all 
points such that every point of 
Sg is on a Ime with P and some 
point on I is called the plane 
determined by P and I 


If X, /i, V are planes not on the 
same line, and Z is a Ime on fi 
and z', the class Bg of all planes 
such that every plane of is on 
a line with X and some plane on 
Z is called the bnndle determined 
by X and Z. 


Now it is evident that, since X, /4, v and Z all pass through a point 0, 
the bundle determined by X and Z is simply the class of all planes on 
the point 0. In like manner, it is evident that the dual of the defini- 
tion of a three-space is simply a definition of the class of all planes on 
a three-space. Moreover, dual to the class of all planes on a line we 
have the class of all points on a line, te. the hue itself, and conversely. 
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With the aid of these observations we are now ready to establish 
the so-called principle of duality , 

Theorem 11 The theorem oe duality eor a space of three 
DIMENSIONS. Any proposition deducihle from Assumptions A and E 
concerning points^ hnes^ and planes of a three-space remains valid, if 
stated in the ^^on'^ terminology, when the words ^^poinV and plane'' 
are interchanged (A, E) 

Proof Any proposition deducible from Assumptions A and E is 
obtained from the assumptions given above on the left by a certain 
sequence of formal logical inferences Clearly the same sequence of 
logical inferences may be applied to the corresponding propositions 
given above on the right. They wOl, of course, refer to the class of 
all planes on a line when the origmal argument refers to the class of 
all points on a line, i,e. to a line, and to a bundle of planes when the 
origmal argument refers to a plane. The steps of the original argu- 
ment lead to a conclusion necessarily stated in terms of some or all 
of the twelve types of " on ” statements enumerated at the beginning 
of this section The derived argument leads in the same way to a 
conclusion which, whenever the original states that a point P is on a 
line I, says that a plane tt' is one of the class of planes on a line V, 
i.e. that tt' is on V , or winch, whenever the original argument states 
that a plane rr is on a point P, says that a bundle of planes on a 
point P' contains a plane tt', i e that P' is on tt'. Applying similar 
considerations to each of the twelve types of "on” statements in 
succession, we see that to each statement in the conclusion arrived 
at by the original argument corresponds a statement arrived at by 
the derived argument in which the words point and pla^ie in the 
original statement have been simply interchanged. 

Any proposition obtained in accordance with the principle of dual- 
ity just proved is called the space dual of the original proposition. 
The point and plane are said to be dual elements ; the line is self- 
d%ial. We may derive from the above similar theorems on duality in 
a plane and at a point. For, consider a plane tt and a point P not on 
TT, together with all the lines joining P with every point of tt. Then 
to every point of tt will correspond a line through P, and to every 
line of TT will correspond a plane through P Hence every proposi- 
tion concerning the points and lines of tt is also valid for the corre- 
sponding lines and planes through P. The space dual of the latter 
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proposition is a new proposition concerning lines and points on a 
plane, which could have been obtained directly by interchanging 
the words point and line in the original proposition, supposing the 
latter to be expressed in the “ on ” language. This gives 

Theorem 12. The theorem of duality in a plane. Any prop- 
osition deducille from Assumptions A and E concerning the points 
and lines of a plane remains valid^ if stated in the “ on ” terminology, 
when the words point'' and *^line" are interchanged. (A, E) 

The space dual of this theorem then gives 
Theorem 13. The theorem of duality at a point Any prop- 
osition deducille from Assumptions A and E concerning the planes 
and lines through a point remains valid, if stated in the on ” termi- 
nology, when the words plane" and “ line" are interchanged (A, E) 

The piinciple of duality was first stated explicitly by Gergonne (1826), but 
was led up to by the writings of Poncelet and others duiing the first quarter 
of the nineteenth century It should be noted that this principle was for 
several years after its publication the subject of much discussion and often 
acrimonious dispute, and the treatment of this principle in many standard 
texts is far from convincing. The method of formal infeience from explicitly 
stated assumptions makes the theoiems appear almost self-evident This may 
well be regarded as one of the important advantages of this method 

It is highly desirable that the reader gain proficiency in foiming the duals 
of given propositions. It is therefore suggested as an exercise that he state 
the duals of each of the theorems and coiollaiies in this chapter. Pie should 
in this case state both the original and the dual proposition in the ordinary 
terminology in order to gain facility in dualizing propositions without first 
stating them in the often cumbersome ‘<on** language. It is also desirable 
that he dualize several of the proofs by writing out in order the duals of each 
proposition used in the pi oofs in question. 

EXERCISE 

Prove the theorem of duality for a space of four dimensions * Any propo- 
sition derivable from the assumptions of alignment and extension and closure 
for a space of four dimensions concerning points, lines, planes, and three- 
spaces lemains valid when stated in the on ” terminology, if the words 
point and three-space and the words line and plane be interchanged. 

* 12. The theorems of alignment for a space of n dimensions. We 
have already called attention to the fact that Assumption E3^, 
whereby we limited ourselves to the consideration of a space of only 

• This section may be omitted on a first reading. 

*-;b B-/ore 5221 
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three dimensions, is entirely arbitrary. This section, is devoted to the 
discussion of the theorems of alignment, i e. theorems derivable from 
Assumptions A and EO, for a space of any number of dimensions. 
In this section, then, we make use of Assumptions A and E 0 only. 

Definition If JJ, ij, i^, • • , are n + 1 points not on the same 
(n — l)-space, and is an {n — l)-space on ij, 2^, - • *, the class 

S„ of all points on the lines joining 2^ to the points of is called 

the n-space determined by ^ and S„_i. 

As a three-space has already been defined, this definition clearly 
determines the meaning of ^^n-space” for every positive integral value 
of w. We shall use as a symbol for an 9^-space, calling a plane a 
2-space, a line a 1-space, and a point a O-space, when this is convenient. 
Sq is then a symbol for a point. 

Definition. An is on an and an is on an S, (r < t), pro- 
vided that every point of S, is a point of S^. 

Definition. 7c points arc said to be independent ^ if there is no 
which contains them all 

Correspondmg to the theorems of §§ 6-9 we shall now establish 
the propositions contained in the* following Theorems S,^l, S„2, 
S^3, As these propositions have all been proved for the case n = 3, 
it is sufficient to prove them on the hypothesis that they have already 
been proved for the cases ^^ = 8, 4, — 1; ie we assume that the 

propositions contained in Theorem a, 6, c, d, c, f have been 

proved, and derive Theorem S„l, a, * , / from them. By the prin- 
ciple of mathematical induction this establishes the theorem for any n. 

Theorem S^l Let the n-spaee ie defined by ilhc point Rq and the 
(n^\yspace 

a There is an n-space on any n + 1 independent points, 

i. Any line on two points of S„ has one point in common with 
and is on 

c. Any S^(r< ?^) on r + 1 independent points of is on S„. 

d. Any S^(T<n)onr + l independent points of has an in 

common with provided the r + 1 points are not all on 

e. Any line I on two.points of has one point in common with 

/. If \ and T„_^ (T, not on are any point and any 

{n — V)-spaoe respectively of the n-space determined hy R^ and R„_i, 
the latter n-space is (he same as that determined by Tq and 
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Proof, a. Let tlie n + 1 independent points be jfj, Pj, • • , Then 
the points ij, Pg, • • are independent; for, otherwise, there would 
exist an containing them all (definition), and this with 
would determine an contaming all the points ij, con- 

trary to the hypothesis that they are independent. Hence, by Theorem 
S^_^l a, there is an on the points ij, and this 

with determines an ^i-space which is on the points ij, • * • , 

h. If the line I is on or R„„i, the proposition is evident from the 
definition of S„. If I is not on R^ or let A and P be the given 
points of I which are on The lines RqA and R^P then meet 
m two points A' and P' respectively. The line I tlien meets the two 
lines P'Rq, hence, by Assumption A3, it must meet the 

line A'P' in a point P which is on R„_i by Theorem 1 6 To 
show that every point of I is on S^, consider the points A, A^, P. Any 
line joining an arbitrary point Q of ^ to Rq, meets the two lines PA 
and AA^, and hence, by Assumption A3, meets the third line A'P. 
But every point of A'P is on R„^i (Theorem 6), and hence Q 
IS, by definition, a point of S„ 

c. This may be proved by induction with respect to r. For r = 1 it 
reduces to Theorem S^l h If the proposition is true for r^Jc — 1, all 
the pomts of an on 7c + 1 independent points of are, by definition 
and Theorem on Imes joining one of these points to the points 
of the determined by the remaining h pomts. But under the 
hypothesis of the induction this is on S^, and hence, by Theorem 
S„1 6, all points of are on S„. 

d. Let r + 1 independent points of be ij, ij, • • • , i? and let J? be 

not on Each of the lines (/c = 1, • • , r) has a point Qj, in 
common with (by S„l&). The points Q^, are inde- 

pendent; for if not, they would all be on the same S, _ 2 , which, 
together with ij, would determine an containmg all the pc^-^ts 
Ph (by &). Hence, by S, a, there is an on Q^, Qz>- • ^>Qr 
which, by c, is on both S, and S„. 

e. We will suppose, first, that one of the given pomts is R^ Let 
the other be A. By definition I then meets R„_i in a point A', and, by 

in only one such point If Rq is on no proof is required 
for this case. Suppose, then, that Rp is not on and let 0 be any 
pomt of The line RqO meets R„^i in a point <7' (by definition). 
By d, has in common with an {r, — 2)"Space, and, by 
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Theorem S„_il6, this has m cjommon with the line A'C' at least 
one point D'. All points of the Ime PG axe then on S„_i, by S„_il h. 
Now the line I meets the two Lines CP and CC-, hence it meets the 
hne CP (Assumption A 3 ), and has at least one point on S^_^. 

We will now suppose, secondly, that both of the given points are 
distinct from Rq. Let them be denoted by A and B, and suppose that 
R„ IS not on S„_i. By the case just considered, the lines and 
RjB meet S„_i m two points A' and B' respectively. The line I, which 
meets RjA' and R„B' must then meet A'B' in a point which, by 
Theorem is on S„_i 

Suppose,, finally, that Rj is on still under the hypothesis that I 
18 not on R,. By d, S„_j meets R„_i in an (« — 2 )-space Q„_2, and 
the plane R^^ meets R„_i in a hne I'. By Theorem S„_^l e, I' and 
Q„_2 have m common at least one pomt P. Now the hnes I and R„P 
are on the plane R„Z, and hence have in common a point Q (by Theorem 
Sj,l e = Theorem 5 ). By S„_il b the pomt Q is common to and 1 . 

f. Let the w-space determmed by and be denoted by T„. 
Any pomt of T„ is on a hne joimng T„ with some point of T„_j. 
Hence, by 6, every point of is on S„ Let P be any point of S„ 
distinct from T,. The hne T^P meets T„_i in a point, by e. Hence 
every pomt of S„ is a point of T„. 

OOEOLLAKY. On%+l independent points there is one and but one S„. 

This is a consequence of Theorem S„1 a and S„l/, The formal 
proof is left as an exercise 

Theorem S„2 An S, and an having in common an S^,, but 
not an are on a common and are not both on the same 

Sn. *7 w < »• + * — P 

Proof. If A s=p, IS on S,.. If A >p, let ij be a point on S* not 
on Sp Then J? and S, determine an j, and and S,, an Sp ,.1, 
such that Sp^.1 is contained in and S^. If >p + 1, let be a 
point of S;,, not on S.^x. Then and S,.^j determine an vfhile 

^ and Sp,,.! determme an Sp,,.^, which is on and S,,. This process 
can be continued until there results an containing all the points 
of S*. By Theorem S^l, Cor , we have i = h—p. At this stage in the 
process we obtain an which contains both and S*. 

The argument just made shows that JJ, . . • , J»_p, together with 
any set Q^, Q^, • • •, ^,.,.1, of r + 1 independent points of S,., constitute 
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a set of r + Tc—p + l independent points, each of which is eithei’ in 
S, or If S,. and S;^ were both on an S„, where n<r + h —p, these 
could not be independent. 

Theoeem S„3. An S, and an contained in an S„ arc both, on the 
same 

Proof, If there were less than, r 4* 7c — ^ + 1 independent points 
common to and say r+k’-^n points, they would, by Theorem S„ 2 , 
determine an where g' = 7 * + 7c — (r + 7c — — 1) = + 1. 

Theorems 8,^2 and 8,^3 can be remembered and applied very easily 
by means of a diagram in which 8 „ is represented by ?^ + 1 points. 
Thus, if 71 = 3, we have a set of four points That any two 82 ’s have 
an 8 ^ m common corresponds to the fact that any two sets of three 
must have at least two pomts in common. In the general case a set 
of r + 1 pomts and a set of 7c + 1 selected from the same set of + 1 
have in common at least r + 7c — + 1 points, and this corresponds 
to the last theorem. This diagram is what onr assumptions would 
describe directly, if Assumption E 0 were replaced by the assumption : 

Every Ime eontaim two and only two 'points. 

If one wishes to confine one’s attention to the geometry in a space 
of a given number of dimensions, Assumptions E 2, E 3, and E3' may 
be replaced by the following : 

En. Not all po%7its are on the same 8 ^, ifhc. 71 . 

En' If S IS ail 8 ,^, all points are on 8 . 

Eor every 8 „ there is a principle of duality analogous to that which 
we have discussed for 71 = 3. In 8 ^ the duality is between Sj^ and 8 ^ _ 1 
(counting a point as an Sq), for all 7c’s from 0 to — 1 If is odd, 
there is a self-dual space in 8 ^; if is even, 8 ,^ contains no self-dual 
space. 

EXERCISES 

1. state and prove the theorems of duality in Sg, in S„. 

2. If m + 1 IS the number of pomts on a line, how many aie there in 
an S„? 

* 3. State the assumptions of extension by which to replace Assumption En 
and En' for spaces of an infinite number of dimensions. Make use of the 
transfinite numbers. 


# Exercises marked # are of a more advanced or difficult character. 



CHAPTER II 


PROJECTION, SECTION, PERSPECTIVITY. ELEMENTARY 
CONFIGURATIONS 

13. Projection, section, perspectivity. The point, line, and plane 
are the svnijple elements of space we have seen in the preceding 
chapter that the relation expressed by the word on is a reciprocal 
relation that may exist between any two of these simple elements. 
In the sequel we shall have little occasion to return to the notion of 
a hue as bemg a class of points, or to the definition of a plane ; but 
shall regard these elements simply as entities for which the relation 
« on has been defined. The theorems of the preceding chapter are to 
be regarded as expressing the fimdamental properties of this relation.! 
We proceed now to the study of certain sets of these elements, and 
begin with a series of definitions. 

Definition. A figure is any set of points, lines, and planes m space. 
A ;plam figure is any set of points and hues on the same plane. A 
;point figu/re is any set of planes and lines on the same point. 

It should be observed that the notion of a point figure is the space 
dual of the notion of a plane figure. In the future we shall fre- 
quently place dual definitions and theorems side by side. By virtue 
of the principle of duality it will be necessary to give the proof of 
only one of two dual theorems. 

Definition. Given a figure F Definition. Given a figure F 
and a point P, every point of F and a plane tt; every plane of F 
distmct from P determines with distinct from tt deternoines with 
P a line, and every hne of F not tt a line, and every line of F not 
on P determmes with P a plane, on tt determines with tt a point; 
the set of these lines and planes the set of these lines and points 
through P is called the projection on tt is called the section ! of F 

* The word space is used in place of the three-space in which are all the elements 
considered. 

t We shall not in future, however, confine ourselves to the “on” terminology, 
but sliall also use the more common expressions 

t A section by a plane is often called a plane section* 



§ 13 ] 


PROJECTION, SECTION, PERSPECTIVITY 


36 


of F from P. The individual lines by tt. The individual lines and 
and planes of the projection are points of the section are also 
also called the projeotors of the called the traces of the respective 
respective points and lines of F. planes and lines of F 


If F is a plane figure and the point P is in the plane of the figure, the 
definition of the projection of F from P has the following plane dual : 

Definition. Given a plane figure F and a line I in the plane of F; 
the set of points in which the lines of F distmct from I meet I is 
called the seGt%on of F by Z The Ime I is called a transversal, and 
the pomts are called the traces of the respective hues of F. 

As examples of these definitions we mention the following: The 
projection of three mutually mtersecting nonconcurrent lines from a 
point P not on the plane of the lines consists of three planes through P; 
the hues of intersection of these planes are part of the projection only 
if the points of intersection of the hues are thought of as part of the 
projected figure The section of a set of planes all on the same hne 
by a plane not on this line consists of a set of concurrent lines, the 
traces of the planes The section of this set of concurrent lines in a 
plane by a line in the plane not on their common point consists of 
a set of points on the transversal, the pomts being the traces of the 
respective Imes. 

Definition. Two figures F^, F^ are said to be in (1, 1) correspond- 
ence or to correspond m a one-to-one rec%procal way, if every element 
of F^ corresponds (cf. footnote, p 5) to a unique element of in such 
a way that every element of Fg is the correspondent of a unique ele- 
ment of F^. A figure is in (1, 1) correspondence with itself, if every 
element of the figure corresponds to a unique element of the same 
figure in such a way that every element of the figure is the corre- 
,spondent of a unique element. Two elements that are associated in 
this way are said to be corresponding or homologous elements. 

A correspondence of fundamental importance is described in the 
following definitions: 


Definition. If any two homol- 
ogous elements of two corre- 
sponding figures have the same 
projector from a fixed point 0, 
such that all the projectors are 


Definition. If any two homol- 
ogous elements of two corre- 
sponding figures have the same 
trace in a fixed plane a>, such 
that all the traces of either 
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distinct, the figures are said to 
be perspective from 0. The point 
0 IS called the center of perspeo^ 
Uvity, 


figure are distinct, the figures are 
said to be perspecUve from to. 
The plane g> is called the plane 


Definition. If any two homologous hues in two corresponding 
figures in the same plane have the same trace on a line Z, such 
that all the traces of either figure are distinct, the figures are said 
to be perspective from L The line Z is called the axis of per spectivity. 

Additional definitions of i:>erspective figures wiU be given in the 
next chapter (p 56). These are sufficient for our present purpose. 

Definition. To project a figure in a plane a from a point 0 onto a 
plane a^, distinct from a, is to form the section by of the projection 
of the given figure from 0. To project a set of points of a line I from 
a point 0 onto a line V, distinct from Z but in tlie same plane with Z 
and 0, is to form the section by Z' of the projection of the set of points 
from 0 

Clearly in either case the two figures are perspective from 0, pro- 
vided 0 IS not on either of the planes a, a' or the lines Z, V. 


EXERCISE 

What is the dual of the process described in the last definition? 

The notions of projection and section and perspectivity are fun- 
damental in all that follows.* They will be made use of almost 
immediately in deriving one of the most important theorems of pro- 
jective geometry. We proceed first, however, to define an important 
class of figures 

14, The complete n-point, etc. Definition. A complete n-pomt in 
space or a complete space ru-point is the figure formed by n points, no 
four of which lie in the same plane, together with the — 1)/2 
lines joining every pair of the points and the 2)/6 planes 

joining every set of three of the points. The points, lines, and planes 
of this figure are called the vertices^ edges, and faces respectively of 
the complete ^point. 

* The use of these notions in deriving geometrical theorems goes back to early 
times, Thus, e.g., B. Pascal (1028-1662) made use of them in deriving the theorem 
on a hexagon inscribed in a conic which bears his name. The systematic treatment 
of these notions is^ due to Ponoelet ; of. his Traits des propriStds projectives des 
figures, Paris, 1822. 
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The simplest complete 9^-pomt in space is the complete space 
four-point. It consists of four vertices, six edges, and four faces, 
and is called a tetrahedron It is a self-dual figure. 

EXERCISE 

Define the complete n~plane in space by dualizing the last definition. The 
planes, lines, and points of the complete n-plane are also called the face^, 
edges, and veiiices of the n-plane 

Definition. A complete n-point in a plane or a complete plane 
n-point IS the figure formed by n points of a plane, no three of 
which are collmear, together with the n(n--l)/2 Imes joining eA^ery 
pair of the points. The pomts are called the vertices and the lines 
are called the sides of the 7t-pomt. The plane dual of a complete 
plane 9 i-point is called a complete plane n-hne. It has n sides and 
— 1)/2 vertices. The simplest complete plane n-point consists of 
three vertices and three sides and is called a ir%angle. 

Deiunition. a simple space npointi^s.^eitoi 01 • ,i^ 
tal{:cn in a certain order, in which no four consecutive points are 
coplanar, together with the n lines P^P^, • • , J? joining suc- 
cessive points and the n planes P^PA > determined by 

successive hues. The points, hues, and planes are called the leidices, 
edges, and faces respectively of the figure The space dual of a simple 
space ^i-point is a simple space n-plane 

Definition A simple plane n-point is a set of n pomts ij, • * JJ 
of a plane tahen in a certain order m which no three consecutn-e points 
are collinear, together with the n Imes PA suc- 

cessive points. The points and Imes are called the vertices and sides 
respectively of the figure The plane dual of a simple plane 7 ^-pomt is 
called a simple plane ndine. 

Evidently the simple space TZr-point and the simple space 7i.-plane are 
identical figures, as likewise the simple plane 7i-point and the simple 
plane airline. Two sides of a simple 7 ^-line which meet in one of ^ its 
vertices are adjacent Two vertices are adjacent if in the dual relation. 
Two vertices of a simple Ti-point P,, even) are opposite if, m 

the order iji? • • • as uiany vertices follow one and precede the other 
as precede the one and follow the other. If n is odd, a vertex and a 
side are opposite if, in the order ^ as many vertices follow the 
side and precede the vertex as follow the vertex and precede the side. 
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The space duals of the complete plane ^vpoint and the complete plane 
^?.-lme are the complete n-plane on a point and the complete n4ine on 
point respectively. They are the projections from a point, of the ])lane 
?i-hne and the plane n-point respectively 

15. Configurations. The figures defined in the preceding section 
are examples of a more general class of figures of which we will now 
give a general definition 

Definition. A figure is called a confignTcution^ if it consists of a 
finite number of points, lines, and planes, with the property that each 
point is on the same number of lines and also on the same num- 
ber a^g of planes ; each line is on the same number of points and the 
same number of planes , and each plane is on the same number 
of points and the same number of Imes. 

A configuration may conveniently be described by a square matrix : 



1 

2 

3 


point 

line 

plane 

1 point 

%i 


«18 

2 line 

«21 

^22 

^23 

3 plane 

® 8 l 

^S 2 

^88 


In this notation, if we call a point an element of the first kind, a 
line an element of the second kind, and a plane one of the third kind, 
the number (i j) gives the number of elements of the jth. kind 
on every element of the ith kind. The numbers ^gg give the 

total number of points, lines, and planes respectively. Such a square 
matrix is called the symbol of the configuration. 

A tetrahedron, for example, is a figure consisting of four points, 
six lines, and four planes ; on every line of the figure are two points 
of the figure, on every plane are three points, tlirough every point 
pass three lines and also three planes, every plane contams three lines, 
and through every line pass two planes A tetraliedron is therefore 
a configuration of the symbol 


4 3 3 
2 6 2 
3 3 4 
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The symmetry shown in this symbol is due to the fact that the figure 
in question is self-dual. A triangle evidently has the symbol 

3 2 
2 3 


Since all the numbers referring to planes are of no importance in 
case of a plane figure, they are omitted from the symbol for a plane 
configuration. 

In general, a complete plane Ti-point is of the symbol 

n n — 1 
2 

and a complete space 7i-pomt of the symbol 

n w — 1 ^ 1) 0^ 2) 

2 |n(n--“l) n — 2 

3 3 ^ « (n — 1) (n — 2) 


Further examples of configurations are figs 14 and 15, regarded as 
plane figures. 


EXERCISE 

Prove that the nunibeis in a configuration symbol must satisfy the condition 

(1,7 =1, 2, 3) 


16. The Desargues configuration. A very important configuration 
is obtained by taking the plane section of a complete space five-point. 
The five-point is clearly a configuration with the symbol 


5 4 6 

2 

3 I 3 10 

' I 

and it is clear that the section by a plane not on any of the vertices 
is a configuration whose symbol may be obtained from the one just 
given by removing the first column and the first row This is due 
to the fact that every line of the space figure gives rise to a point in 
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the plane, and every plane gives rise to a line. The configuration in 
tlie plane has then the symbol 


10 3 
3 10 

We proceed to study m detail the properties of the configuration just 
obtained. It is known as the configiircition of Desargnes. 

We may consider the vertices of the complete space five-point as con- 
sisting of the vertices of a triangle 0 and of two points 0^, 0^ 



not coplanar with any two vertices of the triangle (fig 14). The sec- 
tion by a plane cc not passing through any of the vertices will then 
consist of the following : 

A triangle the projection of the triangle ABC from 0^ on or. 

A triangle the projection of the triangle ABO from 0^ on ct. 

The trace 0 of the line 0^0^. 

The traces B^^ of the lines BC, OA, AB respectively. 

The trace of the plane ABC, which contains the points B^, C^. 

The traces of the three planes AOf)^, which contain 

respectively the triples of points OA^A^, OB^^, OCf}^, 

The configuration may then be considered (m ten ways) as consist- 
ing of two triangles A^BfC^ and A^BfC^, perspective from a point 0 and 
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having homologous sides meeting in three collinear points Jg, C^. 
These considerations lead to the following fundamental theorem: 

Thjsohem 1. The Tiieokem of Desaegues * If two triangles in the 
same 'plam are perspective from a point, the three pairs of homologous 
sides meet in collinear points, ie the triangles are perspective from 
a line (A, E) 

Proof Let the two triangles be AfB^G^ and (fig. 14), the 

lines A^A^, ^ 1^2 ^ the pomt 0 Let B^A^ mter- 

sect in the pomt A^C^, A^G^ in B^\ BfJ^, BfG^ m Ay It is required 
to prove that A^ B^ are coUmear Consider any hne through 0 
which IS not in the plane of the triangles, and denote by 0^, 0^ any 
two distinct points on this Ime other than 0 Since the Imes AfO^ 
and A^Oj^ he m the plane (A^A^, ^ 1 ^ 2 ) * they intersect in a pomt A. 
Similarly, B^Oj^ and intersect m a point B, and hkewise G^O^^ and 
GgOg 111 a point G. Thus ABGOf)^ together with the lines and planes 
determmed by them, form a complete five-point in space of which the 
perspective triangles form a part of a plane section. The theorem 
IS proved by completmg the plane section Since AB lies m a plane 
with AfB^, and also m a plane with A^B^, the lines AfB^, A^B^ and 
AB meet in G^ So also A^G^, A^^C^ and AC meet in B^, and B^O^, 
B^C^, and BC meet 111 A^ Since Ay By G^ lie m the plane ABC and 
also ill the plane of the triangles Af3^C^ and AJBfJy they are collmear. 

Theorem 1' If two triangles in the same plane are perspective 
from a line, the lines joining pairs of homologous vertices are con- 
current; ie the triangles are perspective from a point (A, E) 

This, the converse of Theorem 1, is also its plane dual, and hence 
requires no further proof. 

Corollary If two triangles not in the same plane are perspective 
from a point, the pairs of homologous sides intersect m collinear 
points; and conversely, (A, E) 

A more symmetrical and for many purposes more convenient nota- 
tion for the Desargues configuration may be obtamed as follows: 
Let the vertices of the space five-point be denoted by ij, By JJ, P^ 
(fig. 15) The trace of the line in the plane section is then 
naturally denoted by — in general, the trace of the line by 
(i, j = 1, 2, 3, 4, 6, i =#=y). Likewise the trace of the plane 
* Girard Desargues, 1593-1662. 
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be denoted by {% j, h = 1, 2, 3, 4, 5). This notation makes it pos- 
sible to teU at a glance which lines and points are united. Clearly a 
pomt is on a line of the configuration if and only if the suffixes of 
the point are both among the suffixes of the line Also tlie third 
pomt on the Ime joining and is point ; two points are 
on the same line if and only if they have a suffix in common, etc. 



EXERCISES 

1. Prove Theorem 1' without making use of the principle of duality. 

2. If two complete n-points in different planes are perspective from a point, 
the pairs of homologous sides intersect m collinear points. What is the dual 
theorem? What is the corresponding theorem concerning any two plane figures 
in different planes ? 

3. State and prove the converse of the theorems in Ex. 2. 

4. If two complete n-points in the same plane correspond in such a way 
that homologous sides intersect in points of a straight line, the lines joining 
homologous vertices are concurrent; i.e. the two n-points are perspective from 
a point. Dualize. 

5. What is the figure formed by two complete n-points in the same plane 
when they are perspective from a point? Consider particularly the cases n == 4 and 
n = 5. Show that the figure corresponding to the general case is a plane section 
of a complete space (n + 2) -point. Give the configuration symbol and dualize. 

6. If three triangles are perspective from the same point, the three axes of 
perspectivity of the three pairs of triangles are concurrent ; and conversely. 
Dualize, and compare the configuration of the dual theorem with the case n w 4 
of Ex. 5 (of. fig. 15, regarded as a plane figure). 
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17. Perspective tetrahedra. As an application of the coroUaiy of 
the last theorem we may now derive a theorem in space analogous to 
the theorem of Desargues in the plane. 

Theorem 2. If two tetrahedra are perspective from a point, the six 
pairs of homologous edges irdersect in coplanar points, and the foier 
pairs of homologous faces intersect in coplanar lines; i.e. the teira- 
hedra are perspective from a plane. (A, E) 




Proof. Let the two tetrahedra be and and let 

the lines FlPj meet in the center of perspectmty 0. 

Two homologous edges J^Pj and then clearly intersect ; call the 
point of intersection The points •^2> "^8 lie on the same line, 

since the triangles and J^'Pjll' are perspective from 0 (The- 
orem 1, Cor.). By similar reasonmg applied to the other pairs of 
perspective triangles we find that the following triples of points are 
coUinear: 


^i> •?4j 


The first two triples have the point F^ in common, and hence 
determine a plane; each of Ihe other two triples has a point in 
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common with each of the first two Hence all the points 7?, lie in 
the same plane. The lines of the four triples ]iist given are the lines 
of intersection of the pairs of homologous faces of the tetrahedra 
The theorem is therefore proved. 

Theorem 2' If two tetrahedra are perspeetivc /rom a plane, the 
lines joining pairs of homologons vertices arc conenrrent, as likewise 
the planes determined ly pairs of homologous edges ; ie. the tetrahedra 
are perspective from a point (A, E) 

This IS the space dual and the converse of Theorem 2. 

EXERCISE 

Write the symbols for the configurations of the last two theoiems. 

18. The quadrangle-quadrilateral configuration. 

Definition. A complete plane Definition. A complete plane 
four-point is called a complete four-line is called a complete 
guadrangle. It consists of four guadrilaicral It consists of four 
vertices and six sides Two sides sides and six vertices Two ver- 
not on the same vertex are called tices not on the same side are 
opposite The intersection of two called opposite. The line joining 
opposite sides is called a diag^ two opposite vertices is called a 
onal point If the three diagonal diagonal line. If the three diag- 
points are not collinear, the tri- onal lines are not concurrent, the 
angle formed by them is called triangle formed by them is called 
the diagonal triangle of the the diagonal triangle of the 
quadrangle * quadrilateral * 

The assumptions A and E on which all our reasoning is based do 
not suffice to prove that there are more than three points on any line. 
In fact, they are all satisfied by the tripde system (1), p. 3 (cf. fig. 17) 
In a case like this the diagonal points of a complete quadrangle are 
colhnear and the diagonal lines of a Gompleto quadrilateral concur- 
rent, as may readily be verified Two perspective triangles cannot 
exist in such a plane, and hence the Desargues theorem becomes 

* In general, the intersection of two sides of a complete plane la-point which do 
not have a vertex m common is called a diagonal point of the ?i-point, and the line 
joining two vertices of a complete plane ii-lino which do not ho on the same side 
is called a diagonal hne of the n-line. A complete plane n-pomt (n-lmo) then has 
u(n — 1) (71 — 2) (n - 3)/8 diagonal points (lines). Diagonal points and lines are 
sometimes called /aise vertwea md false sides respectively. 
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trivial. Later on we shall add an assumption^ which excludes all 
such cases as this, and, m fact, provides for the existence of an in- 
finite number of points on a line. A part of what is contained in 
this assumption is the following. 

Assumption Hq. The diagonal 
poi7hts of a eomiflcte guadrangle 
are noncollinear. 

Many of the important theorems 
of geometry, however, require the 
existence of no more than a finite 
number of points We shall there- 
fore proceed without the use of 
further assumptions than A and E, 
understanding that in order to give our theorems meanmg there omist 
he postulated the existence of the points specified %n thevr hypotheses 
In most cases the existence of a sufficient number of points is 
insured by Assumption H^, and the reader who is taking up the 
subject for the first time may well take it as having been added 
to A and E. It is to be used in the solution of problems 

We return now to a further study of the Desargues configuiation. 
A complete space five-point may evidently be regarded (m five ways) 
as a tetrahedron and a complete four-line at a pomt A plane section 
of a four-line is a quadrangle and the plane section of a tetrahedron 
is a quadrilateral. It follows that (in five ways) the Desargues con- 
figuration may be regarded as a quadrangle and a quadrilateral. 
Moreover, it is clear that the six sides of the quadrangle pass through 
the SIX vertices of the quadrilateral In the notation described on 
page 41 one such quadrangle is ija? corresponding 

quadrilateral is 1^^, /ggg, l^is 

The question now naturally arises as to placing the figures thus ob- 
tained in special relations. As an application of the theorem of De- 
sargues we will show how to construct f a quadnlateral which has the 
same diagonal triangle as a given quadrangle. We will assume in our 
discussion that the diagonal points of any quadrangle form a triangle. 

* Merely saying that theie are more than three points on a line does not insure 
that the diagonal points of a quadrangle are noncollinear Cases where the diagonal 
points are collinear occur whenever the number of points on a line is 2» -|- 1 

t To construct a figure is to determine its elements in terms of certain given 
elements. 
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Let ij, ij, be the vertices of the given complete quadrangle, 
and let Djg, be the vertices of the diagonal triangle, being 

on the side on the side and on the side (fig. 18). 

We observe first that the diagonal triangle %s pers;pective with each of the 
four triangles formed ly a set of three of the vertices of the guadrangle, 
the center of perspectivity being in each case the fourth vertex. This 
gives rise to four axes of perspectivity (Theorem 1), one corresponding 
to each vertex of the quadrangle.^ These four lines clearly form the 
sides of a complete quadrilateral whose diagonal triangle is 



It may readily be verified, by selecting two perspective triangles, 
that the figure just formed is, indeed, a Desargues configuration. This 
special case of the Desargues configuration is called the quadrangle^ 
quadrilateral configuration,^ 


EXERCISES 

1, If p 18 the polar of P with regard to the triangle ABC^ then P is the 
pole of p with regard to the same triangle , that is, P is obtained from -p by 
a construction dual to that used in deriving p from P, Fioin this theorem it 
follows that the relation between the quadrangle and quadii lateral in this 

* The line thus uniquely associated with a vertex is called the polar of the point 
with respect to the triangle formed by the remaining three vertices The plane dual 
process leads to a point associated with any line. This point is called the pole of the 
Ime with respect to the triangle. 

t A further discussion of this configuration and its generalizations will he found 
in the thesis of H. E. HcNeish. Some of the results m this paper are indicated in 
the exercises 
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configuration is mutual, that is, if eithei is given, the other is determined. 
For a leason which will be evident latei, eithei is called a covariaiit of the 
other. 

2 Show that the configuration consisting of two peispeotive tetrahedia, 
their center and plane of perspectivity, and the pi ejectors and tiaces may be 
regarded in six ways as consisting of a complete 6-j)onit P^, P^, Pig, Pig 
and a complete 5-idane TTg^gg, ’^ 2040 * notation being 

analogous to that used on page 41 foi the Desargues configuration. Show 
that the edges of the 5-plane are on the faces of the 5-point. 

3. If Pj, Pg, Pg, P 4 , Pg, are veitices of a complete space 5-point, the ten 
points Py, in which an edge jd,/ meets a face P;;.P;P,„ (/, j, /•:, I, m all distinct), 
are called diagonal pointb. The tetrahedia PgPgP^Pg and PujPigPi^Pic are per- 
spective with as center Their plane of perspectivity, Tj, is called the polar 
of Pj with regard to the four veitices. In like mannei, the points Pg, Pg, P 4 , Pg 
deteimine their polar planes TTg, Xg, tt^, Piove that the 5-pomt and the jiolai 
5-plane form the configuration of two perspective tetrahedra ; that the plane 
section of the 5-point by any of the five planes is a quadrangle-quadrilateral 
configuiation ; and that the dual of the above construction applied to the 5-plane 
detei mines the original 5-point. 

4. If P is the pole of tt with regard to the tetrahedron then is tt 

the polax of P with regaid to the same tetrahedion? 

19. The fundamental theorem on quadrangular sets. 

Theorem 3 If two complete gimdrangles and 

correspond — to ^ to etc. — in such a way that five of the 

pairs of homologous sides intersect in points of a hne ly then the sixth 
pair of homologous sides will intersect m a point of 1. (A, E) 

Tliis tlieorem holds whether the quadrangles are in the same or 
m different planes. 

Proof. Suppose, first, that none of the vertices or sides of one of 
the q^uadrangles coincide with any vertex or side of the other. Let 
ijij, JJiJ, P^P^ be the five sides which, by hypothesis, 
meet their homologous sides in points 

of I (fig. 19) We must show that P^F^ and meet in a point 
of 1. The triangles and are, by hypothesis, perspec- 
tive from Z; as also the triangles and Each pair is 

therefore (Theorem 1') perspective from a point, and this point is in 
each case the intersection 0 of the lines and P^I^. Hence the 
triangles and are perspective from 0 and their pairs 

of homologous sides intersect m the points of a line, which is evi- 
dently Z, since it contains two points of Z. But ijij and I^^Pf are 
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two homologous sides of these last two triangles. Hence tliey inter- 
sect in a pomt of the hne I 

If a vertex or side of one quadrangle coincides with a vertex or 
side of the other, the proof is made by considermg a third quadrangle* 
whose vertices and sides are distinct from those of both of the others, 
and which has five of its sides passing through tho five given points 


a 


of mtersection of homologous sides of the two given quadrangles. By 
the argument above, its sixth side will meet the sixth side respectively 
of each of the two given quadrangles in the same point of 1. This 
completes the proof of the theorem. 

Note 1 It should be noted that the theorem is still valid if the line I con- 
tains one or moi e of the diagonal points of the quadrangles. The ease in which 
I contams two diagonal points is of particular importance and will be discussed 
in Chap. IV", § 31. 

Note 2. It is of importance to note in how far the quadrangle 
is determined when the quadiangle PiPaPjP^ and the line I ai-e given It may- 
be readily -veiifled that in such a case it is possible to choose any point Pj -to 
correspond to any one of the vertices Pi, Pj, Pg, Pg, say P‘ 1 ; and that if m is 
any hne of the plane IP{ (not passing through Pi) which meets one of the sides, 
say a, of P^P^P^ (not passing through P^ in a point of I, then, m may be 
chosen as the side homologous to a. But then the remainder of the figure is 
uniquely determined. 

e This evidently exists whenever the theorem is not -trivially obvious. 



§ 10 ] 


QUADRANGULAR SETS 


49 


Theorem 3' If two complete qiiadrilatercih and a[a^^ala[ 

correspond — to a[, to a^,, etc — in sitch a way that five of the hnes 
joining homologous vertices pass through a point P, the line pining the 
sixth pair of homologous vertices will also pass throiogh P (A, E) 

This IS the plane dual of Theorem 3 regarded as a plane theorem. 

Definition A set of points in which the sides of a complete quad- 
rangle meet a line I is called a quadrangular set of points. 

Any three sides of a quadrangle either form a triangle or meet in 
a vertex ; in the former case they are said to form a triangle triple, 
in the latter a point triple of lines In a quadrangular set of pomts 
on a line I any three pomts in which the lines of a triangle triple meet I 
is called a triangle triple of points in the set ; three points in which 
the lines of a point triple meet I are called a point triple of points, 
A quadrangular set of points will be denoted by 

Q(APa, DEF), 

where ABQ is a pomt triple and BEF is a triangle triple, and 
where A and B, B and E, and C and F are respectively the inter- 
sections with the hne of the set of the pairs of opposite sides of 
the quadrangle. 

The notion of a quadrangular set is of gi’eat importance in much 
that follows It should be noted again in this connection that one 
or two * of the pairs A, B or B, E qv G, F may consist of comcident 
points ; tins occurs when the line of the set passes through one or 
two of the diagonal points f 

We have just seen (Theorem 3) that if we have a quadrangular 
set of points obtained from a given quadrangle, there exist other 
quadrangles that give rise to the same quadrangular set In the 
quadrangles mentioned in Theorem 3 there corresponded to every 
triangle triple of one a triangle triple of the other. 

Definition When two quadrangles giving nse to the same 
quadrangular set are so related with reference to the set that to a 
triangle triple of one corresponds a triangle triple of the other, the 

^ All three may consist of coincident points m a apace in which the diagonal pomts 
of a complete quadrangle are collmear, 

t It should he kept in mind that similar remarks and a similar definition may he 
made to the effect that the lines joining the vertices of a quadrilateral to a point P 
form a quadrangular set of lines, etc. (cf, § 30, Chap IV), 
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quadrangles are said to be similarly placed (fig 20); if a point triple 
of one corresponds to a triangle triple of tlie other, they are said to 
he oppositely placed (fig 21) 

It will be shown later (Chap. IV) that quadrangles oppositely 
placed with respect to a quadrangular set are indeed possible. 




With the notation for quadrangular sets defined above, the last 
theorem leads to the following 

Corollary. If all but one of the points of a quadrangular set Q { ABC ^ 
DBF) are given, the remaining one is uniquely determined. (A, E) 
For two quadrangles giving rise to the same quadrangular set 
with the same notation must be similarly placed, and xnust hence 
be in correspondence as described in the theorem. 


§§ 19, 20] 


DESARGUES COIJTFIGURATION 


61 


The quadrangular set which is the section by a l-space of a complete 4-point 
in a 2-space, the Desargues configuration which is the section by a 2-spaco of 
a complete 5-point in a 3-space, the configiuation of two peispective tetra- 
hedra which may be considered as the section by a 3-space of a complete G- 2 )oint 
in a 4-space aie all special cases of the section by an «-«pace of a comjilete 
(n -f 3)-pomt 111 an (n + l)-space The theorems which we have develoiied foi 
the thiee cases here consideied are not wholly jparallel. The leader will find 
it an entertaining and far fioin trivial exeicise to develop the analogy in full 


EXERCISES 

1 A necessary and sufficient condition that three lines containing the ver- 
tices of a tiiangle shall be concuirent is that their intei sections P, Q, B. with 
a line I form, with intersections E, P, G of corresponding sides of the tiiangle 
with /, a quadrangular set Q(PQB, EFG) 

2 If on a given transveisal line two quadrangles determine the same quad- 
1 angular set and are similarly placed, their diagonal triangles aie perspective 
from the center of peispectivity of the two quadrangles 

3 The polars of a point P on a line I with legard to all tiiangles which 
meet I in three fixed points pass tlirough a common point P' on I 

4. In a plane tt let there be given a quadrilateral a^, Ug, and a point 0 
not on any of these lines Let A^, A^ be any tetrahedron whose four 

faces pass through the lines respectively. The polar planes of 0 

with respect to all such tetiahedra pass through the same line of tt. 

20 . Additional remarks concerning the Desargues configuration. 
The ten edges of a complete space five-point may be regarded (in 
six ways) as the edges of two simple space five-points. Two such 
five-points are, for example, and Corresponding 

thereto, the Desargues configuration may be regarded in six ways 
as a pair of simple plane pentagons (five-points). In our previous 
notation the two corresponding to the two simple space five-points 
just given are and Every vertex of each 

of these pentagons is on a side of the other. 

Every point, ijg for instance, has associated with it a unique Ime 
of the configuration, viz ^845 in the example given, whose notation 
does not contain the suffixes occurring in the notation of the point 
The line may be called the polar of the pomt in the configuration, 
and the point the pole of the line. It is then readily seen that the 
polar of any point is the axis of perspectivity of two triangles 
whose center of perspectivity is the point. In case we regard the 
configuration as consisting of a complete quadrangle and complete 



52 


PEOJECTION, SECTION, PEESPECTIVITY [Chap, ii 

q[uadrilateral, it is found that a pole and polar are lioiuologous vertex 
and side of the quadrilateral and quadrauglo. If we consider the 
configuration as consisting of two simide pentagons, a polo and polar 
are a vertex and its opposite side, e g. and /J, 

The Desargues configuration is one of a class of configurations 
having similar properties. These configurations have been studied 
hy a number of writers * Some of the theorems contained in these 
memoirs appear m the exercises below 


EXESCISES 

In discussing these exercises the existence should he assumed of a siifficient number 
of points on each line so tliai the flqmes m question do not degenerate. In some eases 
it may cdso he assumed that the diagonal j^oints of a eompfete quadrangle aie not 
colhnear Without these assumptions om theoiems are true, indeed, hut trumil 

1 What IS the peculiarity of the Desargues configuration ohiaiued as the 
section of a complete space five-point by a plane which coutaiua the point of 
intersection of an edge of the five-point with the face not coutaiiung this edge* ? 
also by a plane containing two or thiee such points? 

2 Given a simple pentagon in a plane, construct another l>entagon in the 
same plane, whose veitices lie on the sides of the first and wlio«o sides con- 
tain. the veitices of the fiist (cf p 51) Is Ihg second uiuiiuely deteinnined 
when the fiist and one side of the second are given ? 

3 If two sets of thiee points A, B,C and A', B', C' on two coplanar lines 
I and V lespectively are so related that the lines A A', BB', CC' are concurrent, 
then the points of intersection of the paiis of lines AB' and BA', BC' and 
CA' and A C* are collineai with the point IV , The line thus dciorinincd as called 

polar of the point {A A', BB') with respect to I and V, Duahsje 

4 Using the theorem of Ex. 3, give a constructioii for a lino joining any 
given point in the plane of two lines I, V to the point of iiiierHectimi of I, V 
without making use of the latter point 

6. Using the definition m Ex S, show that if the point P' is on the polar p 
of a point P with lespect to two lines /, V, then the point P is on the polar/ 
of P' with respect to /, V 

6, If the vertices A^, A^, A^, A^ oi a simple plane quadrangle are respec- 
tively on the sides a^, Og, Ug, of a simiile plane quadrilateral, and if the inter- 
section of the pair of opposite sides A^A^, A^A^ is on the line joining the pair 
of opposite points remaining pair of ojjposite sides of the quad- 

rangle will meet on the line joining the remaining pair of opposite vertices of 
the quadrilateral. Dualize, 


.. t Works, Vol. I (1846), p. 317. G. Veronese, Mathema- 
tische Annalen, Vol XIX (1882) Further references will be found in a paper by 
^634 Trausaotions of the American Mathematical Society, Vob VI (1905), 
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7. If two complete piano w-points -Ig, • , ^4^ and • • , A, "I am 

so related that the side and the leinaining 2 (n — 2) hides passing throng li 

and ^2 coiresjionding sides of the other ?i~point in points of a lino /, 

the remaining pairs of homologous sides of the two n-points meet on I and the 
two w-points aie peispective fioin a point. EualiKe. 

8. If five sides of a complete quadrangle J^A^A^A^ pass thioiigli five 
vertices of a complete quadrilatei al a^aQa^a^ in such a way that A^A^ is on 

on a^a^, etc., then the sixth side of the quadrangle passes through 
the sixth vertex of the quadrilatei al. Dualize. 

9. If on each of three concuri ent lines a, c two points are given, — A^ , A g 

on a; ^2 ^2 — there can be formed four pairs of triangles 

A^BjCj^ (i,j, k = l, 2) and the pairs of corresponding sides meet in six points 
which are the vertices of a complete quadiilateral (Veronese, Atti dei Lincei, 
1876-1877, p 649). 

10 With nine points situated in sets of thiee on three concurrent lines 
aie foimed 36 sets of thiee peispective triangles For each set of three dis- 
tinct triangles the axes of perspectivity meet in a point; and the 36 points 
thus obtained from the 36 sets of triangles lie in sets of four on 27 lines, 


giving a configuiatiou 


36 8 

4 27 


(Veronese, loc. cit ). 


11, A plane section of a 6-point in space can be considered as 3 triangles 
perspective in pairs from 3 collmear points with coriesponding sides meeting 
m 3 collmear points 

12. A plane section of a 6-pomt m space can be considered as 2 perspective 

complete quadi angles with corresponding sides meeting in the vertices of a 
complete quadrilateral. ^ ^ 

13 A ifiane section of an w-pomt m space gives the configuration * 


which maybe considered (in ways) as a set of (n —k) ^-points peispective 


in pairs from which form a configuration 


M— 

3 


u - 1, - 2 


and 


the points of intersection of corresponding sides form a configuration 

14. A plane section of a 7-point in sjiace can be considered (in 120 ways) 
as composed of three simple heptagons (7-points) cyclically circmnsoribing 
each other. 

15 A plane section of an 11-point in space can be considered (in [0 ways) 
as composed of five 11-pomts cyclically circumscribing each other. 

16 A plane section of an n-point in space for n prime can be considered 

71—1 

(m |n — 2 ways) as - simple n-points cyclically circumscribing each other. 

A 


3 1^3 


* The symbol ^Or is used to denote the number of combinations of n things 
taken r at a time* 
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17 A plane section of a 6 -point in space gives (m six ways) a 5-point whose 


sides pass tliiough the points of a configuiation 


10 

3 


3 

10 


18, A plane section of an ?i-pomt in space gives a complete (?? — 1) -point 


whose sides pass thioiigh the points of a configuiation 


K-i^a 


* 19 The n-space section of an ??^-point (wi ^ + 2) in an (n + l)-space can be 
considered in th e n-space as (m— 1’) A’-points (m ^ ways) perspective in pan s 
from the vertices of the n-space section of one (ni — A)-point, the r-spaces of 
the fc-point figures meet in (r — 1)-S]iace8 (r = 1, 2, , n — 1) which foim the 

n-space section of a A;-point. 

*20. The figure of two peispective (n + 1) -points in an n-space separates 
(in n + 3 ways) into two dual figures, respectively an (n -f 2)-point cixcum- 
scribing the figure of (n + 2) (n — l)-apace3. 

*21. The section by a 3 -space of an n-iioint in 4-space is a configuration 


n 2 n-2^2 

^ 7lCg fi> 3 , 

6 4 


The plane section of this configuration is 


4 nC, 

22. Let there be three iioints on each of two concuiTent lines The 

nine lines joining points of one set of three to points of the other determine 
six triangles whose vertices are not on or Zg. The point of intersection of 
and Zg has the same polar with regard to all six of these triangles. 

23. If two triangles are perspective, then are perspective also the two 
triangles whose vertices are points of intei section of each side of the given 
triangles with a line joining a fixed point of the axis of peispectivity to the 
opposite vertex. 

*24. Show that the configuration of the two perspective tetrahedra of 
Theorem 2 can be obtained as the section by a S-space of a complete 6-point 
in a 4-space. 

* 25. If two 6-points in a 4-space are perspective from a point, the corre- 
sponding edges meet in the vertices, the coiresponding plane faces meet in the 
lines, and the oorrespondmg 3-space faces in the planes of a complete 5-plane 
in a 3-space. 

* j86. If two (n + 1) -points in an n-spaoe are perspective from a point, 
their corresponding r-spaoes meet in (r — l)-spaces which lie in the same 
(n — l)-space (r = 1, 2 • « • , n — 1) and form a complete configuration of 
(n + 1) (n — 2^-spaoes in (n — l)-space. 
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PROJECTIVITIES OF THE PRIMITIVE GEOMETRIC FORMS OF 
ORE, TWO, AND THREE DIMENSIONS 

21. The nine primitiye geometric forms. 

Definition A pencil of points Definition. A pencil of planes 
or a range is the figure formed by or an axial pencil is the figure 
the set of all points on the same formed by the set of all planes on 
line. The line is called the axis the same Ime. The line is called 
of the pencil. the asds of the pencil. 

As mdicated, the pencil of points is the space dual of the pencil 
of planes. 

Definition. A pencil of lines or a flat pencil is the figure formed 
by the set of all lines which are at once on the same point and the 
same plane ; the point is called the vertex or center of the pencil 

The pencil of lines is clearly self-dual m space, while it is the 
plane dual of the pencil of points The pencil of points, the pencil 
of lines, and the pencil of planes are called the pr%mitiv6 geometric 
forms of the first grade or of one dimension. 

Definition The following are known as the primitive geometric 
forms of the second grade or of two dimensions : 

The set of all points on a plane The set of all planes on a point 
is called a plane of points, Tlie is called a hundle of planes. The 
set of all lines on a plane is called set of all lines on a point is called 
a plane of lines The plane is a bundle of lines. The point is 
called the base of the two forms, called the center of the bundles. 
The figure composed of a plane The figure composed of a bundle 
of points and a plane of Imes of lines and a bundle of planes 
with the same base is called a with the same center is called 
planar field. simply a bundle. 

Definition. The set of all planes in space and the set of all points 
in space are called the primitive geometric forms of the third grade 
or of three dimensions, 

* The pencil of planes is also called by some writers a shectf, 

66 
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There are then, all told, nine primitive geometric forms in a space 
of three dimensions ^ 

22. Perspectivity and projectivity. In Chap. II, § 18, wo gave a 
definition of perspectivity This definition we will now apply to the 
case of two primitive forms and will complete it where needed. We 
note first that, according to the definition referred to, two pencils of 
points m the same plane are perspective provided every two homol- 
ogous points of the pencils are on a line of a flat pencil, for they 
then have the same projection from a point. Two planes of points 
(lines) are perspective, if every two homologous elements are on a 
hne (plane) of a bundle of lines (planes) Two pencils of lines in the 
same plane are perspective, if every two homologous lines intersect 
in a point of the same pencil of pomts. Two pencils of planes are 
perspective, if every two homologous planes are on a point of a pencil 
of points (they then have the same section by a line). Two bundles of 
lines (planes) are perspective, if every two homologous hues (planes) 
are on a point (hne) of a plane of points (lines) (they then have the 
same section by a plane), etc. Our previous definition does not, how- 
ever, cover all possible cases In the first place, it does not allow for 
the possibihty of two forms of different kmds being perspective, such 
as a pencil of pomts and a pencil of lines, a plane of pomts and a 
bundle of Imes, etc. This lack of completeness is removed for the 
case of one-dimensional forms by the following definition It should 
be clearly noted that it is in complete agreement with the previous 
definition of perspectivity ; as far as one-dimensional forms are con- 
cerned it IS wider in its apphcation 

Definition. Two one-dimensional primitive forms of different kinds, 
not having a common axis, are perspective, if and only if they corre- 
spond in such a (1, 1) way that each element of one is on its homol- 
ogous element in the other ; two one-dimensional primitive forms of 
the same kind are perspective, if and only if every two homologous 
elements are on an element of a third one-dimensional form not 
having an axis in common with one of the given forms. If the third 
form is a pencil of lines with vertex F, the perspectivity is said to be 

* Some writers enumerate only six, by defining tbe set of all points and lines on 
a plane as a single form, and by regarding tbe set of all planes and lines at a point 
and tbe set of all points and planes in space each as a single form. We have fol- 
lowed tbe usage of Enriques, Yorlesungen fiber Projektive Geometrie. 
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central with center P; if the third form is a pencil of points or a pencil 
of planes with axis I, the perspectivitj^ is said to be au%al with axis I 

As examples of this definition we mention the following; Two 
pencils of points on skew lines are perspective, if every two lioinol- 
ogous elements are on a plane of a pencil of planes ; two pencils of 
lines in different planes are perspective, if every two hoiuolugoiis 
Imes are on a point of a pencil of points or a plane of a pencil of 
planes (either of the latter conditions is a consequence of tlie othei*); 
two pencils of planes arc peispective, if every two homologous planes 
are on a point of a pencil of pomts or a line of a pencil of lines (in 
the latter case the axes of the pencils of planes are coplanar) A pen- 
cil of pomts and a j)encil of lines are perspective, if every point is on 
its homologous line, etc 

It IS of great importance to note that our definitions of persjieciive 
primitive forms are dual throughout; i.e. that if two forms are per- 
spective, the dual figure will consist of perspective forms Hence any 
theorem proved concerning perspectivities can at once be dualized ; in 
particular, any theorem concerning the perspectivity of two forms of 
the same kind is true of any other two forms of the some kind. 

We use the notation [P] to denote a class of elements of any kind 
and denote individuals of the class hy P alone or with an index or 
subscript. Thus two ranges of points may be denoted by [P] and [<3]. 
To indicate a perspective correspondence between them we write 

The same symbol, is also used to indicate a perspectivity between 
any two one-dimensional forms. If the two forms are of the same 
kind, it implies that there exists a third form such that every pair 
of homologous elements of the first two forms is on an element of 
the third form The third form may also be exhibited in the notation 
by placing a symbol representing the third form immediately over 
the sign of perspectivity, 

Thus the symbols 

[illwixMsW 

deaote that the range [P] is perspective by means of the center A with 
the range [??], that each ^ is on a line r of the flat penoU [r], and 
that the pencil [r] is perspective hy the axis a with the flat pencil [«]. 
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A class of elements containing a finite number of elements can 
be indicated by the symbols for the several elements. "Wlien this 
notation is used, the symbol of perspectivity indicates that elements 
appearing m corresponding places in the two sequences of symbols 
are homologous. Thus 

1 2 3 4. = ABC D 
A 

imphes that 1 and A, 2 and B, 3 and G, 4 and D are homologous 

Definition.* Two one-dimensional primitive forms [o-] and [o-'] (of 
the same or different kmds) are said to be projective, provided there 
exists a sequence of forms [t], [t'], • • •, such that 

The correspondence thus established between [a-] and [o*^] as called 
a projective correspondence or pro^ectivity^ or also a projective trans- 
formation, Any element a- is said to be projected into its homologous 
element by the sequence of perspectivities. 

Thus a projectivity is the resultant of a sequence of perspectivities 
It is evident that [a*] and [a-'] may be the same form, in which case 
the projectivity effects a permutation of the elements of the form. 
For example, it is proved later in this chapter that any four points 
A, J5, (7, D of a line can be projected into B, A, D, C respectively. 

A projectivity establishes a one-to-one correspondence between the 
elements of two one-dimensional forms, which correspondence we may 
consider abstractly without direct reference to the sequence of perspec- 
tivities by which it is defined. Such a correspondence we denote by 

Projectivities we wiU, in general, denote by letters of the Greek 
alphabet, such as tt. If a projectivity tt makes an element cr of a 
form homologous with an element o-' of another or the same form, 
we will sometimes denote this by the relation 7r(o’) = a''. In this 
case we may say the projectivity transforms o- into Here the 
symbol 7r( ) is used as a functional symbol f acting on the variable f 
<r, which represents any one of the elements of a given form. 

* This is Poncelet’s definition of a projectivity. 

t Just like sin (a), log(!»), etc, 

t The definition of variable is a symbol x which represents any one of a class 
of elements [x] ” It is m this sense that we speak of “ a variable point.’* 
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23. The projectivity of one-dimensional primitive forms. The 
projectivity of one-dimensional primitive forms will be discussed 
with reference to the projectivity of pencils of points. The corre- 
sponding properties for the other one-dimensional primitive forms 
will then follow immediately by the theorems of duality (Theorems 
11-13, Chap. I). 

Theorem 1. If A^B,G are three points of a line I and A\ C' 
%ree points of another line V, then A can he projected into A^, B into 
B\ and 0 into C' hy means of two centers of perspectivity, (The lines 
may be in the same or in different planes.) (A, E) 

Proof If the points in any one of the pairs AA\ BB\ or CC^ are 
coincident, one center is sufficient, viz, the intersection of the lines 
determined by the other 
two pairs. If each of these 
pairs consists of distinct 
points, let S be any point 
of the Ime AA\ distmct 
from A and A! (fig 22). 

From S project -4, B^ 0 
on any line Z" distinct 
from I and l\ but con- 
tainmg A! and a point 
of 1. If B^\ (7" are the 
points of Z" correspond- 
ing to Bf G respectively, 
the point of intersection of the lines B^B^^ and C7'(7" is the second 
center of perspectivity. This argument holds without modification, 
if one of the points A, E, G coincides with one of the points A', B\ C* 
other than its corresponding point. 

Corollary 1. If A, B^G and A\ B\ G^ are on the same line^ three 
centers of perspectivity are sufficient to project A, B, G into A\ B\ O 
respectively, (A, E) 

Corollary 2. Any three distvmt elements of a one-dimensional 
primitive form are projective with any three distinct elements of 
(mother or the same one-dimenswnal primitive form. (A, E) 

For, when the two forms are of the same kind, the result is ob- 
tained from the theorem and the first corollary directly from the 




60 


PRIMITIVE GEOMETRIC FORMS 


[CHAr. Ill 


theorems of duality (Theorems 11—13, Chap. I). If they are of differ- 
ent kinds, a projection or section is sufficient to reduce them to the 
same kind 

Theorem 2 The jprojectmty AB CD ADC holds for any four 
distinct points A, B, Cy D of a line. (A, E) 

Proof From a point 8, not on the line I =AB, project ABCD into 
AB^C^D^ on a line V through A and distinct from I (fig 23). From D 
project AB^C^D^ on the line SB. The last four points will then project 
mto BADC by means of the center CK In fig. 23 we have 

8 D C^ 

AB CD ~ AR' (7'i)' = BB^ = BAD C. 

AAA 

It IS to be noted that a geometrical ordei of the points ABCD has no bearing 
on the theorem. In fact, the notion of such order has not yet been introduced 

into our geometry and, indeed, cannot 
be introduced on the basis of the 
present assumptions alone The theo- 
rem meiely states that the con e^^pond- 
ence obtained by interchanging any two 
of four collinear points and also inter- 
changing the remaining two is projective 
The notion of order is, however, im- 
plied in our notation of projectivity 
and perspectivity. Thus, for example, 
we introduce the following definition . 

Definition. Two ordered pairs of elements of any one-dimensional 
form are called a throw; if the pairs are ABy CDy this is denoted by 
T {ABy CD) Two throws are said to be equals provided they are 
projective j in symbols, T (ABy CD) ^ T (A^B'y C^D), provided we have 
ABCDjA^B^CD^. 

The last theorem then states the equahty of throws ; 

T(ABy CD) = T(BAy DC)^T(CDy AB)=^T(DG, BA). 

The results of the last two theorems may be stated in the follow- 
ing form : 

Theorem 1'. If 1,^^ 3 are elements of any one-dimensional prim- 
itive formy there emst projective transformations which will effect any 
-one of the six permutations of these three elements. 



A BCD 


Fig 23 
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Theorem 2'. If I, <?, arc any four distinct elements of a onC'- 
dimensional primitive form^ there exist projective transformations 
which will transform 1B34 into any one of the following permuta- 
tions of itself: 1234, 2143, 341^> 43^1^ 

A projective transformation has been defined ns the resultant of any 
sequence of perspectivities. We proceed now to the proof of a chain 
of theorems, which lead to the fundamental result that any projective 
transformation between two distinct one-dimensional primitive forms 
of the same kind can be obtained as the resultant of two perspectivities. 
Theorem 3 If [P], [P'], [P"] are pencils of points on three distimt' 

3 r / 

conciorrent lines I, V, Z" respectively, such that [P] = [P^] and [P'] = 

[P"], then likewise [P] = [I^^% <^nd the three centers of perspectivity 
S, /S' /S" are collinear, (A, E) 
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Proof , Let 0 be the common point of the lines I, V, Z". If 
are three points of [P], and and the corresponding 

points of [P'], [P"] (fig. 24), it is dear that the triangles 
I^P^P^', P^Pfli" are perspective from 0* By Desargues’s theorem 
(Theorem 1, Chap II) homologous sides of any pair of these three 
triangles meet in colhnear points. The conclusion of the theorem then 
follows readily from the hypotheses 

* If the points in each of these sets of three are collmear, the theorem is obvions 
and the three centers (A perspec^avity coincide. 
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Corollary, If n concwrrent ‘lines l^, are connected by 

perspectimties [ij] = [J^] = [J°] = [.^], and if \ and l„ 

are distinct lines^ then we have [-5] = [j^] (A, E) 

Proof, This follows almost immediately from tlie theorem, except 
when it happens that a set of four successive Imes of the set 
are such that the first and third coincide and likewise the second and 
fourth. That this case forms no exception to the corollary may he 
shown as follows : Consider the perspectivities connecting the pencils 
of points on the lines Zg, Zg, Z^ on the hypothesis that Z^= Zg, 

(fig. 25.) Let Z^, Zg meet in 0, and let the line meet Z^ in 



I’m. 26 


and Zg in Ag) let and be the corresponding points of Zg and 

Z^ respectively. Further, let B^, B^, B^ and 0^, C^, be any 

other two sequences of corresponding points in the perspectivities?. 
Let be determined as the intersection of tlie lines A^A^ and B^B^, 
The two quadrangles l^ave five pairs of 

homologous sides meeting Z^—Zg in the points OA^B^B^G^, Hence 
the’ side meets \ in (Theorem 3, Chap. II). 

Theorem 4. If [j^], [ij], [P] are pencils of points on distmet 

S S 

Imes Zj, Zg, Z respectively, such that [Jf] = [P] [J^], and if [P'] is 

the pencil of points on any line V containing the intersection of Zj, Z 
and also a point of Zg, hut not containing S^, then there emsts a point 

81 on S,8„ such that [F,] | [F'] 5 (A, E) 
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Proof. Clearly we have 

S. , S. 

ra=[j’]=[^']xra- 

But by the preceding theorem and the conditions on V we have 

81 

[■^i] [-^jj where S[ is a pomt of 8^8^ Hence we have 

SI , S. 

K]=[-p']=ra. 


This theorem leads readily to the next theorem, which is the result 
toward which we have been workmg We prove first the following 
lemmas : 


Lemma 1. Any axial peTs;pectivity 'behoeen the ^points of two shew 
lines is equivalent to {and may he replaced hy) two central perspectivihcs 
(A,E) 

For let [P], [P'] be the pencils of points on the skew lines. Then 
if 8 and 8^ are any two points on the axis 5 of the axial perspectivity, 
the pencils of lines ^^[P], /S"[P']* are so related that pairs of homol- 
ogous lines intersect in points of the line common to the planes of the 
two pencils 8[F] and aS"[P'], since each pair of homologous lines lie, 
by hypothesis, in a plane of the axial pencil s[P]= 5 [P']. 

Lemma 2. Any projectivity between pencils of points may be defined 
by a seqvLence of central perspeetivities. 

For any noncentral perspectivities occurrmg in the sequence definmg 
a projectivity may, in consequence of Lemma l,be replaced by sequences 
of central perspectivities, 

Theoeem 6. If two pencils of points [P] and [P'] on distinct Vines 
are projective, there exists a pencil of points [^?] and two points 8, 8^ 
S 8^ 

such that we have [P] = [Q] = [P'], (A, E) 


Proof By hypothesis and the two preceding lemmas we have a 
sequence of perspectivities 


8 , & & 8 , 8 , , 

[■PlTKlTKlTraT-'-Ttn 


^ Given a class of elements [P]j the symbol S[P] is used to denote the class 
of elements SF determined by a given element 8 and any element of [P]. Hence, 
if [P] is a pencil of points and 8 a point not in [P], 8 [P] is a pencil of lines with 
center jS ; if s is a line not on any P, s [P] is a pencil of planes with axis s. 
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We assume the number of these perspectivities to be greater than two, 
smce otherwise the theorem is proved By applymg the coroUary of 
Theorem 3, when necessary, tliis sequence of perspectivities may be 
so modified that no three successive axes are concurrent. We may 
also assume that no two of the axes Z, ^g, * * » ^ af the pencils 
K]' coincident; for Theorem 4 may evidently 

be used to replace any I,) by a line 0* Now let be the 
Ime joimng the pomts and and let us suppose that it does not 
contain the center (fig 26). If then [.^'] is the pencil of points 
on we may (by Theorem 4) replace the given sequence of per- 
spectivities by [P] = [P/] = K] = K] • • • aiid this sequence 



may m turn be replaced by 
K , S' S, 

(Theorem 3). If is on the line 
joining and we may I’eplace 
by any line through the inter- 
section of which meets I and 
does not contain the point /S^ (The- 
orem 4). The line ]oimng to 
ZZ" does not contain the pomt which replaces S^, For, since is 
on the hne joining ZgZg to the points ZgZ^ and are homologous 
points of the pencils [Pg] and [P] ; and if were on the hne join- 
hig hh point ZgZg would also be homologous to ZZ('. We 

may then proceed as before. By repeated application of this process 
we can reduce the number of perspectivities one by one, until finally 
we obtam the pencil of points [Q] and the perspectivities 


S /S' , 


As a consequence we have the important theorem : 

Theorem 6. Any two projective pencils of points on shew lines are 
axially perspective (A, E) 

Proof The axis of the perspectivity is the line /S/S' of the last 
theorem, 

84. General theory of correspondence. Symbolic treatment. In 
" preparation for a more detailed study of projective (and other) corre- 
spondenoes, we will now develop certain general ideas applicable to 
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all one-to-one reciprocal correspondences as defined in Chap. II, § 13, 
p. 35, and show in particular how these ideas may be conveniently 
represented in symbolic form ^ As previously indicated (p. 58), we 
will represent such correspondences m general by the letters of the 
Greek alphabet, as A, B, F, * *. The totality of elements affected 
by the correspondences under consideration forms a system which we 
may denote by S. If, as a result of replacing every element of a system 
Sj by the element homologous to it in a correspondence A, the sys- 
tem is transformed into a system S^, we express this by the relation 
A(Sj) = $2 In particular, the element homologous with a given ele- 
ment P IS represented by A (P). 

I. If two correspondences A, B are applied successively to a sys- 
tem Sj, so that we have A(Sj) = and B (Sg) = Sg, the single corre- 
spondence r which transforms into Sg is called the resultant or 
product of A by B; in symbols Sg = B (Sg) = B (A(S^)) 5= BA (S^), or, 
more briefly, BA = F Similarly, for a succession of more than two 
correspondences. 

II Two successions of correspondences A„A^_i • • • A^ and 
B^B^_i • • have the same resultant, or their products are eqioal, 
provided they transform S into the same S'; in symbols, from the 
relation 

A,(S) = B,B,_, .B,(S) 

foUows KK-I ■ Ai=B,B,_i... B,. 

III. The correspondence which makes every element of the sys- 
tem correspond to itself is called the identical correspondence or simply 
the identity^ and is denoted by the symbol 1. It is then readily seen 
that for any correspondence A we have the relations 

Al = lAs=A. 

IV. If a correspondence A transforms a system into Sg, the corre- 
spondence which transforms Sg into S^ is called the inverse of A and is 
represented by A’^ i.e. if we have A (S^) == Sg, then also A“^ (Sg) == S^^. 
The inverse of the inverse of A is then clearly A, and we evidently 
have also the relations 

AA-^^A-^A-l 

^ In this section we have followed to a considerahle extent the treatment given 
hy H. Wiener*, ^eriohte der K s&chsischen Gesellschaft der Wissenschaften, Leipzig, 
Vol, XLII (1890), pp. 249-2^2. 
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Conversely, if A, A' are two correspondences such, that we have 
AA' == 1, then A' is the inverse of A. Evidently the identity is its 
own inverse. 

V. The product of three correspondences A, B, V always satisfies 
the relation (FB) A == P (BA) {the associative law). For from the 
relations A(S^)=S 2 , B(Sg)=Sg, r(S8)=S^ follows at once BA{Sj)==S^, 
whence r(BA) (S^) = Sj and also rB(S 2 ) = S^, md hence (FB) A (S J 
= which proves the relation in question. More generally, in any 
product of correspondences any set of successive correspondences may 
be inclosed in parentheses (provided their order be left unchanged), 
or any pair of parentheses may be removed; in other words, in a 
product of correspondences any set of successive correspondences may 
be replaced by their resultant, or any correspondence may be replaced 
by a succession of which the given correspondence is the resultant. 

VI. In particular, we may conclude from the above that the inverse 

of the product M • BA is A“^B"*’' • • • smce we evidently have 
the relation M • • BAA^^B”^ • • • = l (of. IV). 

VII. Further, it is easy to show that from two relations A = B and 
F = A follows AF = BA and FA = AB, In particular, the relation 
A = B may also be written AB’'^= 1, B”^A = 1, BA“^ == 1, or A“^B = 1. 

VIII. Two correspondences A and B are said to be commutative 
if they satisfy the relation BA = AB. 

IX. If a correspondence A is repeated n times, the resultant is writ- 
ten AAA • • = A". A correspondence A is said to be of period n, if n 
is the smallest positive integer for which the relation A” == 1 is satisfied. 
When no such integer exists, the correspondence has no period ; when 
it does exist, the correspondence is said to be periodic or cyclic, 

X. The case = 2 is of particular importance. A correspondence 
of period two is called involutoric or reflexive, 

85. The notion of a group. At this point it seems desirable to 
introduce the notion of a group of correspondences, which is funda- 
mental in any system of geometry. We will give the general abstract 
definition of a group as follows : ^ 

Definition. A class G of elements, which we denote by a, 6, 
c, • • is said to form a group with respect to an operation or law of 

* We hare used here substantially the definition of a group given by L. E. Dickson, 
Definitions of a Group and a Field by Independent Postulates, Transactions of the 
American Mathematical Society, Vol. VI (1906), p. 109. 
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comlination o, acting on pairs of elements of G, provided the fol- 
lowing postulates are satisfied : 

G 1. For every pair of {equal or distinct) elements a, h of G, the 
result a oh of acting with the operation o on the pair in the order 
given ^ is a uniquely determined element of G. 

G 2. The relation {aoh)oc==ao(boc) holds for any three {equal or 
distinct) elements a, 5, c of G, 

G 3 There occurs in G an element % such that the relation aoi^a 
holds for every element a of G 

G4. For every element a in G there exists an element a' satisfying 
the relation a o a^ = i. 

From the above set of postulates follow, as theorems, the following * 

The relations aod =^i and aoi^a imply respectively the relations 
a ^ 0 a =^i and io a = a 

An element i of G is called an identity element, and an element a' 
satisfying the relation a o = i is called an inverse element of a. 

There is only one identity element in G. 

For every element a of (a there is only one inverse. 

We omit the proofs of these theorems. 

Definition A group which satisfies further the following postulate 
is said to be commutative (or ahelian) : 

G 5. The relation a oh =^h o a is satisfied for every pair of ele- 
ments a, h in G. 

26, Groups of correspondences. Invariant elements and figures. 
The developments of the last two sections lead now immediately 
to the theorem: 

A set of correspondences forms a group provided the set contains 
the inverse of any correspondence in the set and provided the resultant 
of any two correspondences is in the set 

Here the law of combination o of the preceding section is simjjly 
the formation of the resultant of two successive correspondences 

Definition. If a correspondence A transforms every element of a 
given figure F into an element of the same figure, the figure F is said 
to be invariant under A, or to be left invariant by A In particular, 

* I e aoh and 6o a are not necessarily identical. The operation o simply defines 
a corrmpoiidencei whereby to every pair of elements a, 6 in G m a given order corre- 
sponds a unique element; this element is denoted by ao&. 
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an element whieh is transformed into itself by A is said to be an 
vmar%ant element of A, the latter is also sometimes called a doulle 
element or a fixed element (pomt, line, j)lane, etc ). 

We now call attention to the following general principle : 

The set of all correspondences in a group G which learn a given 
figure invariant forms a group 

This follows at once from the fact that if each of two corre- 
spondences of G leaves the figure invariant, their product and their 
inverses will lil^ewise leave it invariant , and these are all in G, since, 
by hypothesis, G is a group. It may happen, of course, that a group 
defined in this way consists of the identity only 

These notions are illustrated m the following section ; 

27. Group properties of projectivities. From the definition of a pro- 
jectivity between one-dimensional forms follows at once 

Theobem 7 The inverse of any projectivity and the resultant of 
any two projectiv%t'ies are projectivities. 

On the other hand, we notice that the resultant of two perspec- 
tivities IS not, m general, a perspectivity ; if, however, two perspec- 
tivities connect three concurrent Hues, as m Theorem 3, their resultant 
is a perspectivity. A perspectivity is its own inverse, and is therefore 
reflexive. As an example of the general principle of § 26, we have 
the important result : 

Theorem 8, Tlu set of all projectivities leaving a given pencil of 
points invariant form a group. 

If the number of pomts in such a pencil is unlimited, this group con- 
tains an unlimited number of projectivities. It is called the general 
projective group on the line likewise, the set of all projectivities on a 
line leavmg the figure formed by three distinct points invariant forms a 
subgroup of the general group on the line. If we assume that each per- 
mutation (cf. Theorem 1') of the three points gives rise to only a single 
projectivity (the proof of which requires an additional assumption), 
this subgroup consists of six projectivities (including, of course, the 
identity). Again, the set of all projectivities on a line leaving each of two 
given distinct points invariant forms a subgroup of the general gi'oup. 

We wiU close this section with two examples illustrative of the 
principles now under discussion, in which the projectivities in ques- 
tion are given by explicit constructions. 
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Example 1. A group of projectwities leaving each of two given 
points invariant Lei Ji) N be two distinct points on a line I, and 
let m, n be any two lines through M, JH respectively and coplanar 
with I (fig. 27). On m let there be an arbitrary given point S, If 
is any other point on m and not on I or n, the points S, together 
with the line n define a projectivity tt^ on I as follows : The point 
homologous to any point ^ of Z is obtained by the two 

S s. 

perspectivities [A] = [A^] [A], where [A^] is the pencil of points 

on n Every point then, if not on I or n, defines a unique pro- 
jectivity TT^; we are to show that the set of all these projectivities tt^ 
forms a group. We show first that the product 



constiucted. The point giving directly from by a similar con- 
struction is then uniquely determined as the mtersection of the hues 
m. Let B be any other point of I distinct from i/, iV, and let 
vr^{B) and B^^^ ^fB^) be constructed ; we must show that we have 
B^^^Tr^{B). We recognize the quadrangular set Q{MBA\ NA'B^') as 
defined by the quadrangle SS^B^A^ But of this quadrangular set all 
points except are also obtamed from the quadrangle S^S^BAii 
whence the line S^B^ determines the point J?" (Theorem 3, Chap II) 
It is necessary further to show that the inverse of any projectivity in 
the set is in the set For this purpose we need simply determine 
as the intersection of the hue AA^ with m and repeat the former argu- 
ment. This is left as an exercise Finally, the identity is in the set, 
since it is tt^, when 
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It is to be noted that in tliis example the points M and N are 
dovile points of each projectivity m the group; and also that if F, F’ 
and Q, Q' are any two pairs of homologous points of a projectivity 
we have Q.(MFQ, NQ'F'). Moreover, it is clear that any projectivity 
of the gronp is iimquely determined by a pair of homologous elements, 
and that there exists a projectivity which 
will transform any point A oil into any 
other pomt B of I, provided only that 
A and B are distinct from 
M and N By virtue of 
the latter property the 
group is said 
to be transitive. 



Example 2. Oomnmtatwe projectivities. Let JIf be a point of a 
line I, and let m, m' be any two hues through M distinct from I, but 
in the same plane with I (fig. 28.) Let /S be a given point of m, and 
let a projectivity ttj be defined by another pomt /S, of m which deter- 

s s 

miBes the perspectivities = [ul'j, where [A^] is the pencil 

of points on tti'. Any two projectivities defined %% this way hy points 
are commutative Let tt^ he another such projectivity, and construct 
the points A^ir^{A)i and A[^Tr^{A), The quadrangle 

SS^A^A^ gives Q,{MAA\ MA”A!j)\ and the quadrangular set determined 
on I hy the quadrangle jSjS^A^A^ has the first five points of the former 
in the same positions in the symbols. Hence we have Tr^lAl) = A, and 
therefore = Tr^-Tr^. 


EXERCISES 

1. Show that the set of all projectivities 7 r< of Example 2 above forma a 
group, which is then a cpmmuiaiive group, 

2. Show that the projectivity of Example 1 above is identical with the 
projectivity obtained by choosing any other two points of m as centers of 
perspectivity, provided only that the two projectivities have one homologous 
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pair (distinct fi oin M oi iV') in common Investigate the general question as 
to how far the constiuction may be modified so as still to preserve the propo- 
sition that the projectivities aie determined by the double points il/, N and 
one pair of homologous elements 

3 Discuss the same general question for the projectivities of Example 2. 

4, Apply the method of Example 2 to the piojectmties of Example, 1. 
Why does it fail to show that any two of the lattei aie commutative? State 
the space and plane duals of the two examples. 

5 ABCD is a tetrahedron and a, jS, y, S the faces not containing A,B,C,D 
respectively, and I is any line not meeting an edge. The planes (lA, IB^ IC, ID) 
are projective with the points (la, IJ3, ly, IB), 

6 On each of the ten sides of a complete 6-point in a plane there are three 
diagonal points and two veiiiices. Write down the piojectivities among these 
ten sets of five points each 

28. Projective transformations of two-dimensional forms. 

Definition. A projective traTisformation between the elements of 
two two-dimensional or two three-dimensional forms is any one-to- 
one reciprocal correspondence between the elements of the two forms, 
such that to every one-dimensional form of one there corresponds 
a projective one-dimensional form of the other. 

Definition. A collmeation is any (1, 1) correspondence between 
two two-dimensional or two three-dimensional forms in which to every 
element of one of the forms corresponds an element of the same kind 
in the other form, and in which to every one-dimensional form of one 
corresponds a one-dimensional form of the other. A. projective colhne- 
ahon is one in which tliis correspondence is projective. Unless other- 
wise specified, the term collineation will, in the future, always denote 
a projective collineation.* 

In the present chapter we shall confine ourselves to the discus- 
sion of some of the fundamental properties of coUineations In this 
section we discuss the coUineations between two-dimensional forms, 
and shall take the plane (planar field) as typical; the corresponding 
theorems for the other two-dimensional forms will then follow from 
duality. 

The simplest correspondence between the elements of two distinct 
planes tt, tt' is a perspective correspondence, whereby any two homol- 
ogous elements are on the same element of a bundle whose center 0 
IS on neither of the planes tt, tt'. The simplest collineation in a plane, 

* In how far a collmeation must be projective will appear later. 
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i.e. which transforms every element of a plane into an element of the 
same plane, is the following ; 

Definition. A jpersjpective colUneation in a plane is a projective 
collineation leaving invariant every point on a given line o and every 
line on a given point 0. The line o and the point 0 are called the 
axis and center respectively of the perspective collineation. If the 
center and axis are not united, the collineation is called a planar 
homology; if they are united, 2 , planar elahon. 

A perspective collineation in a plane tt may be constructed as 
follows : Let any line 0 and any point 0 of tt be chosen as axis and 
center respectively, and let tt^ be any plane through 0 distinct from tt. 
Let Oj, O 2 be any two points collmear with 0 and in neither of the 
planes tt, tt^. The perspective coUmeation is then obtained by the 

two perspectivities [P] = [P^] = [P'], where P is any point of tt and 

ij, P' are points of tt^ and tt respectively. Every point of the line 0 
and every line through the point 0 clearly remain fixed by the trans- 
foirmation, so that the conditions of the definition are satisfied, if 
only the transformation is projective. But it is readily seen that 
every pencil of points is transformed by this process mto a perspec- 
tive pencil of points, the center of perspectivity being the point 0; 
and every pencil of lines is transformed into a perspective pencil, the 
axis of perspectivity being 0 . The above discussion applies whether 
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or not the point 0 is on the line o, 

Theohem 9. A perspective col- 
lineation in a plane is uniguely 
defined if the center ^ axis^ and any 
two homologous points {not on the 
axis or center) are given^ with the 
single restriction that the homol- 
ogous pomts must he oollinear 
with 0. (A, E) 


Proof. Let 0, 0 be the center and axis respectively (fig. 29). It is 
clear from the definition that any two homologous points must be 
coUinear with 0, since every line through 0 is invariant ; similarly 
(dually) any two homologous lines must be concurrent with 0 . Let 
A, be the given pair of homologous points coUinear with 0. The 
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point homologous to any point B of the plane is then determmed. 
We may assume B to be distinct from 0, A and not to be on o. 

is on the line OB, and if the Ime AB meets o in C, then, since G 
is mvariant by definition, the line AB^AQ is transformed into A^ G, 
B^ is then determmed as the intersection of the lines OB and A'G, 
This apphes unless B is on the line AA^\ in this case we determine 
as above a pair of homologous pomts not on AA\ and then use the 
two points thus determined to construct This shows that there 
can be no more than one perspective coUineation in the plane with 
the given elements 

To show that there is one we may proceed as follows : Let tt^ be 
any plane through o distmct from tt, the plane of the perspectivity, 
and let 0^ be any point on neither of the planes tt, tt^ If the hne AO^ 
meets in A^, the line A^A^ meets 00^ ia a point 0^, The perspec- 
tive colhneation determined by the two centers of perspectivity O^ 
and the plane tt^ then has 0, o as center and axis respectively and A, A^ 
as a pair of homologous pomts. 

Corollary 1. A perspective coUineation in a plane transforms every 
one-dimensional form into a perspective one-dimens%onal form. (A, E) 
Corollary 2. A perspective coUineation with center 0 and aosis o 
transforms any triangle none of whose vertices or sides are on o or 0 
into a perspective triangle, the center of perspectivity of the triangles 
leing the center of the coUineation and the axis of perspectivity being 
the axis of the coUineation (A, E) 

Corollary 3. The only planar collineations (whether reguired to 
be projective or not) which leave invariant the points of a line o and 
the lines through a point 0 are homologies if 0 is not on o, and 
elations if 0 is on o, (A, E) 

Proof This will be evident on observing that in the first paragraph 
of the proof of the theorem no use is made of the hypothesis that the 
coUineation is projective. 

Corollary 4 H is a perspective coUineation such that H(0) = C?, 
H(o) = 0 , B[(^) ^A\ H(jB)== J?' where A, A\ B, B^ are collinear with 
a point K of o, then we have Q(OAB, KBA^). (A, E) 

Proof If 0 is any point not on AA^ and = the lines AG 
and AG^ meet in a point L of o, and BG and B^G^ meet in a point M 
of o\ and the required quadrangle is GG^LM (cf fiig. 32, p. 77). 
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Theokem 10. Any complete quadrangle of a plane can he trans- 
formed into any complete quadrangle of the same or a different plane 
hy a projective colhneation which, if the quadrangles are in the same 
plane, is the resultant of a finite number of perspective collineations, 
(A.E) 

Proof. Let the quadrangles be iu the same plane and let their ver- 
tices be A, B, 0, D and A', B', C, D' respectively. We show first that 
there exists a collineation leaving any three vertices, say A', B', C, of 



the quadrangle A'B'G'JD' invariant and transforming into the fourth, 
2)', any other point Dj not on a side of the triangle A'B'C'{&g. 30). Let 
J5 be the intersection of A'B^, B'D' and consider the homology with 
center A' and axis B'O’ transforming D, into S. Next consider the 
homology with center B' and axis C'A’ transforming S into !>'. BoUi 
these homologies exist by Theorem 9. The resultant of these two 
homologies is a collineation leavmg fixed A', B', O' and transforming 
i), into J)'. (It should be noticed that one or both of the homologies 
may be the identity.) 

Let 0^ be any point on the line containing A and A' and let o^ be 
any line not passmg through A or A'. By Theorem 9 there exists a 
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perspective colliueation tt^ transforimiig A to and having 0^^ and 
as center and axis. Let i>i be points such that 

In like manner, let be any line through not containing or 

and let 0^ be any point on the line B^BL Let tt^ be the perspec- 
tive collineation with axis center and transforming B^ to i?'. 
Let (72= '^ 2 (^ 1 ) ^ 2 (A) 

IsTow let (5a be any point on the line and let ir^ be the per- 
spective collineation which has AlB^^o^ for axis, 0^ for center, and 
transforms to OK The existence of TTg follows from Theorem 9 as 
soon as we observe that (7' is not on the line A'/?', by hypothesis, 
and IS not on A^B^] because if so, would be on A^B^ and there- 
fore 0 would be on AB, Let 7r3(752) = Z> 3 . It follows that 

The point Dg caimot be on a side of the triangle A'B^C^ because 
then i>a would be on a side of A^B^C^, and hence on a side of 
A^Bj^C^f and, finally, i5 on a side of ABC, Hence, by the first para- 
graph of this proof, there exists a projectivity such that 

TT^ (A^B'C'I),) = A'B'CBK 

The resultant of these four collmeations clearly transforms 

A, B, Gy D into Aly BK OK respectively If the quadrangles are in 
different planes, we need only add a perspective transformation between 
the two planes. 

Corollary There exist projective collincations in a plane which 
will effect any one of the possihle 2^ permutations of the vertices of 
a complete guadrangle in the plane, (A, E) 

29, Projective collineations of three-dimensional forms. Projective 
collmeations in a three-dimensional form have been defined at the 
begmnmg of § 28. 

Definition. A projective collineation in space which leaves inva- 
riant every point of a plane © and every plane on a point 0 is called a 
perspective collineation. The plane © is called the plane of perspeetivity} 
the point 0 is called the center. If 0 is on ©, the collineation is said 
to be an elation in space ; otherwise, a homology in space. 
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Theoeem 11. If 0 is any point and co any plane, iliere exists one 
and only one perspective collineation vn space Ivaving O, eo center 
and plane of perspectinty respectively, which transfoTins point A 

{distinct from 0 and not on <o) into any other point A' {distinct from 0 
and not on oj) collinear with AO. (A> E) 

JVoo/. We show first that there cannot be more than, one per- 
spective collineation satisfying the conditions of the theorem, by 
showing that the point JB' homologous to any point JS is titdquely 


/ 

Eio 31 



deternuned by the given conditions. We may assume JB not on a 
and distmet from 0 and A. Suppose first that B is not oji the lino 
AO (fig. 31). Smee BO is an invariant line, B’ is on JBO; and if 
the hne AB meets a in i, the line AB == AL is transforinod into 
the line A’Z. Hence B' is determined as the intersection of BO 
and A'Z. There remams the case where U is on AL O and distinct 
from A and 0 (fig 32). Let C, C be any pair of homologous points 
not on AO, and let AG and BO meet to xa. Z and JB[ respectively. 
The line MB — MG is transformed into MG’, and the point JB' is tlien 
determined as the mtersection of the lines BO and 3IC'. That this 
point is independent of the choice of the pair C, O’ now follows 
from the fact that the quadrangle JUZCG' gives tho quadrangular 
set Q (BAA', OB’B), where K is the point in whicli A O meets o> 
(X may coincide with 0 without affecting the argument). The point 
B' is then uniquely determined by the five points Q, JFC, A, A', B. 

The correspondence defined by the construction in. the piaragraph 
above has been proved to he one-to-one throughout. On th.e line AO 
it is projective because of the perspectivities (fig. 32) 
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On OB, any other line through 0, it is projective beicause of the per- 
spectivitLes (fig. 31) A A' 

That any pencil of points not through 0 is transformed into a 
perspective pencil, the center of perspectivity being 0, is now easily 
seen and is left as an exercise for the reader Trom this it follows 
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that any one-dimensional form is transformed into a projective form, 
so that the correspondence which has been constructed satisfies the 
definition of a projective collineation. 

Theorem 12. Any complete fim-jpoint in space can he transformed 
into any other complete five-point in space hy a projective colhncation 
which is the remltant of a fim/iie nnmher of perspective collineations, (A,E) 

Proof Let the five-points be ABCDPJ and A^B^G^JD^JS^ respectively. 
We will show first that there exists a collineation leavmg 
invariant and transforming into J?' any point not coplanar with 
three of the points A'B^C^I)^. Consider a homology having A^B^C^ as 
plane of perspectivity and as center. Any such homology trans- 
forms into a point on the line Similarly, a homology with 

plane A^B^D^ and center C' transforms B^ into a point on the line B^CL 
If BqI>' and B'G^ intersect in a point B^, the resultant of two homol- 
ogies of the kind described, of which the first transforms B^ into B^ 
and the second transforms B^ into leaves A^B'C^B^ mvariant and 
transforms B^ into B^, If the lines B^B^ and B'C' are skew, there 
is a Hne through B^ meeting the hues B^^B^ and B^C^ respectively 
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in two points JE^ and The resultant of the three homologies, of 
which the first has the plane and center Z)' and transforms 

jEq to of which the second has the plane and center 

and transforms to E^, and of which the tlnrd has the plane A^B^B^ 
and center (7' and transforms to E\ is a collineation leaving A'B'C'B' 
invariant and transforming E^^ to E^. The remainder of the proof is 
now entirely analogous to the proof of Theorem 10. The details are 
left as an exercise. 

Corollary There exist projective collineations which will effect 
any one of the possible 1^0 permutations of the vertices of a complete 
fiverpoint in space, (A, E) 

EXERCISES 

1 Prove the existence of perspective collineations in a plane without 
making use of any points outside the plane 

2 Discuss the figure formed by two triangles which aio lioinologous 
undei an elation. Plow is this special form of the Desargues configuration 
obtained as a section of a complete five-point in space? 

3 Given an elation in a plane with center 0 and axis o and two homol- 
ogous pairs Af A^ and B, B' on any line through O, show tliat wo always 
have Q(OAA% OB'B), 

4 What permutations of the vertices of a complete quadrangle leave a 
given diagonal point invariant? every diagonal point? 

5. Wiite down the permutations of the six sides of a complete quadrangle 
brought about by all possible permutations of the vortices. 

6. The set of all homologies (elations) in a plane with the same oeni.or 
and axis form a group. 

7. Prove that two elations in a jilane having a common axis and center 
are commutative. Will this method apply to prove that two homologies with 
common axis and center are commutative ? 

8. Prove that two elations in a piano having a common axis are commu- 
tative, Dualize. Prove the corresponding theorem in space. 

9. Prove that the resultant of two elations having a common axis is an 
elation. Dualize. Prove the corresponding theorem in space. What groups 
of elations are defined by these theorems? 

10. Discuss the effect of a perspective collineation of space on j (1) a pencil 
of lines) (2) amy plane) (8) any bundle of lines) (4) a teteabadron) (5) a 
complete fi-ve^point in space, 

11. The pet of all collineations in space (in a plane) form a group. 

12. The set of all projective collineations in space (in a jilane) form a group, 

, 13 Show that under certain conditions the configuration of two perspeotive 

tetcahedra is left invariant by 120 oollineations (cf. Ex. 8, p. ^7), ^ 
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HARMOinC CONSTRUCTIONS AND THE FUNDAMENTAL THEOREM 
OF PROJECTIVE GEOMETRY 


30. The projectivity of quadrangular sets. We return now to a 
more detailed discussion of the notion of quadrangular seta introduced 
at the end of Chap. 11. We there defined a q%tadrangulaT set of points 
as the section by a transversal of the sides of a oonqfiete quadrangle ; 
the plane dual of this figure we call a qxuadrangular set of lines;* 
it consists of the projection of the vertices of a complete quadrilateral 
from a point which is in the plane of the quadrilateral, but not on 
any of its sides ; the space dual of a quadrangular set of points we 
call a quadrangular set of planes; it is the figure formed by the 


projection from a point of the 
figure of a quadrangular set 
of lines. We may now prove 
the following im- 
portant theorem: 

Theorem 1. ^ 

The section ly a 
transversal of a 
quadrangular 
set of Urns is a 
quadrangular 
set of points. 

(A,E) 


/ N ' ‘ 


\ \ ' 
N ' 


N vM / 
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Proof By Theorem 3', Chap. II, p. 49, and the dual of Note 2, on 
p 48, we may take the transversal I to he one of the sides of a com- 
plete quadrilateral the projection of whose vertices from a point P 
forms the set of lines in question (fig. 33). Let the remaining three 
sides of such a quadrilateral be a, S, c. Let the points ho, ca, and ah 


* It ■would be more natural at this stage to call such a set a quadrilateral set of 
lines j the next theorem, however, Justifies the term we have chosen^ which has the 
advantage of uniformity. 
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be denoted by A, B, and C respectively. The sides of the quadrangle 
PABG meet I in the same pomts as the Imes of the quadrangular set 
of Imes. 

CoEOLLAKY. A set of coUineor points which is projectvoe with a 
guadrangular set %s a quadrangular set (A, E) 

Theoeem 1'. The projection from a point of a quadrangular set of 
points is a quadrangular set of lines, (A, E) 

This IS the plane dual of the preceding ; the space dual is : 

Theorem V. The section hy a plane of a quadrangular set of planes 
is a quadrangular set of lines. (A, E) 

Corollary. If a set of elements of a primitive onedimenswnal form 
is projective with a quadrangular set, it is itself a quadrangular set. 
(A,E) 

31. Harmonic sets. Definition. A quadrangular set Q (123, 124) 
is called a harmonic set and is denoted by H (12, 34). The elements 
3, 4 are called harmonic conjugates with respect to the elements 1, 2 ; 
and 3 (or 4) is called the harmome conjugate of 4 {or 3) with respect 
to 1 and 2. 

From this definition we see that in a harmonic set of points 
W{AC, BD), the points A and 0 are diagonal points of a complete 




quadrangle, while the points B and I> are the mterseotions of the 
remaining two opposite sides of the quadrangle with the line AC 
(fig, 34). likewise, in a harmonic set of lines H {ac, M), the lines a 
and c are two diagonal lines of a complete quadrilateral, while ih.e 
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lines I and d are the lines joining the remaining pair of opposite 
vertices of the quadrilateral to the point of intersection ac of the 
lines a and c (fig. 35). A harmonic set of planes is the space dual 
of a harmonic set of points, and is therefore the projection from a 
point of a harmonic set of lines. 

In case the diagonal points of a complete quadrangle are colhnear, any 
three jpoints of a line foim a harmonic set and any point is its own harmonic 
conjugate with regaid to any two points colhnear with it Theorems on hai- 
monic sets aie therefoie tiivial in those spaces for which Assumption is 
not tiue. We shall therefoie base oiu leasonmg, in this and the following 
two sections, on Assumption though most of the theorems are obviously 
true also in case is false. This is why some of the theoiems aie labeled as 
dependent on Assumptions A and E, whereas the proofs given involve also. 

The corollary of Theorem 3, Chap. II, when applied to harmonic 
sets yields the following: 

Theorem 2 The harmonie conjugate of an element with respect to 
two other elements of a one-dimensional primitive form is a unique 
element of the form (A, E) 

Theorem 1 applied to the special case of harmonic sets gives 

Theorem 3. Any section or projection of a harmonie set is a 
harmonic set, (A, E) 

Corollary. If a set of four elements of any one-dimensional prim- 
itive form is projective with a hai^monic set, it is itself a harmonic set, 
(A.E) 

Theorem 4:, If 1 and 2 are harmonic conjugates with respect to 
3 and 4, 3 and 4 are harmonic conjugates with respect to 1 and 2. 
(A, E, Ho) 

Proof, By Theorem 2, Chap III, there exists a projectivity 

12347 ^ 3412 . 

But by hypothesis we have H(34, 12). Hence by the coroUary of 
Theorem 3 we have H (12, 34). 

By virtue of this theorem the pairs 1, 2 and 3, 4 in the expression 
H (12, 34) play the same r6le and may be interchanged.*'^ 

* The corresponding theorem for the more general expression Q (128, 466) 
cannot be derived without the use of an additional assumption (cf. Theorem 24, 
Chap. IV). 



82 THE FUNDAMENTAL THEOREM! [Chaf-IV 

Theobem 5. Given two harmonic sets H (12, 34) and H (1'2', 3'4'), 
there exists a projectivity such that 1234 1'2^3^4^ (A, E) 

Proof. Any projectmty 123 7 ^ 1'2'3' (Theorem 1, Chap. Ill) musl 
transform 4 into 4' by virtue of Theorem 3, Cor., and tlie fact that 
the harmomc conjugate of 3 with respect to 1 and 2 is unique (Theo- 
rem 2). This is the converse of Theorem 3, Oor. 

COEOLLAET 1. If H(12, 34) and H(12', 3'4') arc two hrtrmonie sets 
of different one-dimerbswnal forms having the dement 1 in common, 
we have 1234= 12'3'4'. (A, E) 

For under the hypotheses of the corollary the pro] eotivity 1 2 3 7 ^ 1'2 '3' 
of the preceding proof may be replaced by the perspectivity 123 = 12'3'. 

OOEOLLAEY 2 i/ H (12, 34) is a harmonic set, there exists a projeo- 
irniy 1234x1243. (A,E) 

This follows directly from the last theorem and the evident fact 
that if H( 12 , 34) we have also H( 12 , 43). The converse of this 
corollary is likewise valid ; the proof, however, is given later in this 
chapter (cf. Theorem 27, Oor. 5) 

We see as a result of the last corollary and Theorem 2, Chap. ITI, 
that if we have H (12, 34), there exist projectivities wliich will trans- 
form 1234 into any one of the eight permutations 

1234, 1243, 2134, 2143, 3412, 3421, 4312, 4321.* 

In other words, if we have H ( 12 , 34), wo have likowiao H (12, 43), 
H(21, 34 ), H(21, 43), H(34, 12 ), H(34, 21), H (43, 12), H (43, 21). 

Theoeem 6. The two sides of a complete gnadrangle which meet in 
a diagonal point are harmonic conjugates with respect to the two sides 
of the diagonal triangle whixh meet in this point. (A, E) 

Proof. The four sides of the complete quadrangle which do not 
pass through the diagonal point in question form a quadrilateral 
wliich defines the set of four lines mentioned as harmonic in the 
way indicated (fig. 36). 

It is sometimes convenient to speak of a pair of elements of a 
form as harmonic with a pair of elements of a form of different 
kind. For example, we may say that two points are harmonio with 
two lines in a plane with the points, if the points determine two 


* These transformations form the so-caUed eight-group. 
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lines tlirougli the iiitersectiou of the given lines which are harmonic 
with the latter ; or, what is the same thing, if the line joining the 


points meets the lines in two points 
harmonic with the given pomts 
With this understanding we may 
restate the last theorem as follows; 
The sides of a complete quadrangle 
which meet in a diagonal point are 
harmonic with the other two diago- 
nal points. In like manner, we may 
say that two points are harmonic 
with two planes, if the line joining 
the points meets the planes in a 
pair of points harmonic with the 
given points ; and a pair of hues is 
harmonic with a pair of planes, if 
they intersect on the intersection 
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of the two planes, and if they determme with this intersection two 


planes harmonic with the given planes 


EXERCISES 

1 Pjove Theorem 4 diiectly fiom a figure without using Theorem 2, 
Chap. III. 

2. Prove Theorem 5, Coi, 2, directly fiom a fignie. 

3 Through a given point in a plane constiuct a line which passes through 
the point of intersection of two given lines in the plane, without making use 
of the lattei point. 

4. A line meets the sides of a triangle ABCtr the points and 

the harmonic conjugates A^^ Cg of these points with respect to the two 
vertices on the same side are deteimined, so that we have H(AR, 
H(BC^AiA^^Vi>vAH(JJA-fBfi^, ShowthatA^jRg* -^i* Cg, Ag; AgjRg 
are collinear ; that AAg, RJSg, CC^ are concurrent; and that AAg, BB^^ 

AAp RRg, CC^\ AAi, BB^^ CCg aie also concurrent. 

5. If each of two sides AB, BC of a triangle ABC meets a pair of opposite 
edges of a tetrahedron in two points which are harmonic conjugates with 
respect to A, B and B, C respectively, the third side CA will meet the third 
pair of opposite edges in two points which are harmonic conjugates with 
respect to C, A. 

6. A, B, C, B are the vertices of a quadrangle the sides of which meet a 
given transversal I in the six points Pg, Pg, P^, Pg, Pg ; the harmonic conju- 
gate of each of these points with respect to the two corresponding vertices of the 
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quadrangle is constructed and these six points are denoted by PJ, Pg, P^, P^, 
Pg, pQ respectively The thiee lines joining the pairs of the latter points 
which lie on opposite sides of the qiiadi angle meet m a i)Oint P, which is tlie 
haiinoiiic conjugate of each of the points in which these thioe lines meet / 
with lespect to the pans of points P' defining the lines. 

7 Defining the polai hue of a point with lespect to a pan of hues as the 
haimomc conjugate line of the point with i eg aid to the pan of lines, piove 
that the three polar lines of a point as to the pairs of lines of a tiiangle foiin 
a triangle (called the cogredieiit tiiangle) peispective to the given tiianglo 

8. Show that the polar line defined in Ex 7 is the same as the polai line 
defined m Ex. 3, p. 52. 

9. Show that any line through a point 0 and meeting two intersecting 
lines Z, V meets the polai of 0 with respect to Z, V in a point which is the 
haimomc conjugate of 0 with lespect to the points in which the line through 0 
meets Z, V 

10 The axis of x^erspectivity of a triangle and its cogredient triangle is the 
polar line (cf. p 4G) of the triangle as to the given point, 

11 If two triangles are peispective, the two polai lines of a point on thou 
axis of perspectivity meet on the axis of persjiectivity 

12 If the lines joining corresponding vertices of two n-lines meet m a jiomt, 
the xioints of intersection of coiiesponding sides meet on a line. 

13 (Generalization of Exs 7, 10 ) The n polar lines of a point P as to the n 
(n — l)-lines of an n-line in a xdane form an n-line (the cogredient n-line) 
W’hose sides meet the conesxiondmg sides of the given n-line in the points of 
a line p. The line p is called the polar of P as to the 7i-lme * 

14. (Geneialization of Ex. 11.) If two n-lines are perspective, the two 
polar linos of a point on their axis of perspectivity meet on this axis. 

15. Obtain the plane duals of the last two problems. Generalize them to 
three- and n-dimonsional space. These theorems are fundamental for the con- 
struction of polars of algebiaio curves and sui faces of the n-th degree. 

32, Nets of rationality on a line. Definition A point P of a lino 
is said to be harmonically related to three given distinct points A, P, 0 
of the line, provided P is one of a sequence of points P, (7, Pp //g, 7/^, 
• • • of the line, finite in number, such that is the harmonic conju- 
gate of one of the points A, P, G with respect to the other two, and 
such that every other point is harmonic with three of the set A,P, C, 
PTp Pg, » - •, The class of all points harmonically related to three 
distinct points A, P, (7 on a line is called the one^dimensional net oj 
rationality defined by A, P, 0\ it is denoted by R(APC'). A net oi 
rationality on a line is also called a linear net 

^ This is a definition by induction of the polar Ime of a point with respect to ai 
n-line. 
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Theorem 7. If Jt, B, 0, D and A!, B\ C\ i)' are respectively points 
of two lines such that ABCB'j^ A^B^C’D^ and 'if D %s harmonically 
related to A, B, G, then D' is harmonically related to A\ B\ C'. (A, E) 

This follows directly from the fact that the i)ro]ectivity of the theo- 
rem makes the set of points IIj which defines D as harmonically related 
to A, B, 0 projective with a set of points J/j such that every harmonic set 
of points of the sequence A^ By Cy Jl^y B^y •••, Bis homologous with a 
harmonic set of the sequence^', B’y II[y H^y (Theorem 3, Cor ), 

Corollary, If a class of points on a line is projective with a net 
of rationality on a linCy it is itself a net of rationality. 

Theorem 8. If KyLyM are three distinct points of R {ABC), Ay B, C 
are points of R {KLM) (A, E) 

Proof, From the projectivity ABCK-j;^ BAKG follows, by Theorem?, 
that O' IS a point of R (ABK). Hence all points harmonically related 
to Ay By G are, by definition, harmonically related to A, B, K Smee if 
is, by hypothesis, in the net R{ABC), the definition also requires that 
all points of R{ABK) shall be points of R(ABC), Hence the nets 
R{ABC) and R(^J57f) are identical; and so R {AB C) — R (ABK) 
= R (AMK) = R {KLM), 

Corollary. A net of rationality on a line is determined by any 
distinct three of its points. 

Theorem 9, If all but one of the six {or five, or four) points of a 
quadrangular set are points of the same net of rationality R, this 
one point is also a point of R, (A, E) 

Proof, Let the sides of the quadrangle PQES (fig 37) meet the 
line I as indicated in the points A, A^\ ByB^\ C, C^, so that B ^ B^; 
and suppose that the first five of these are pomts of a net of rationality 

R^R{AA^B^)--R{BCB^)=^ 

We must prove that C^ is a pomt of R. Let the pair of lines BS and 
PQ meet in B'. We then have 

S B 

BCB^AjBQBP^BA^B^a^ 

Since A is in R{BGBj)y it follows from this projectivity, in view of 
Theorem 7, that (7^^ is in R {BA^B^ ^ R. 

Dbfinitioh. a point P of a line is said to be quadrangularly 
related to three given distinct points A, B, G of the line, provided 
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P IS one of a setjuence of points P, C, line, 

finite m number, such that is the harmonic conjugate of one ot 
the pomts A, P, C with respect to the other two, and such that every 
other point P; is one of a quadrangular set of winch the other five 
belong to the set Af JB, Of > ^^x—v 



CoROLLABY The class of all ^ioints guadrangidarly related to three 
distinct collinear points A, JB, 0 is R {ABG). (A, E) 

From the last corollaiy it is plain that K {ABC) consists of all ] joints that 
can be constructed from A, BfChy means of points and linos alone; that is 
to say, all pomts whose existence can be infeiml from Assumptions A, E, llj,. 
The existence or nonexistence of further points on the line ABC is unde- 
termined as yet. The analogous class of points in a plane is the system of all 
points constructible, by means of points and lines, out of four points A, Cf /), 
no three of which, are collinear. This class of points is studied by an indirect 
method in the next section. 

33. Nets of rationality in the plane. Definition. A point is said 
to be rationally related to two nonoollinear nets of rationality Rj, R, 
having a point in ootnmon, provided it is the intersection of two lines 
each of which joins a point of R^ to a distinct point of R,. A line is 
said to he rationally related to Rj and R,, provided it joins two points 
that are rationally related to them. The set of all points and lines 
rationally related to Ry Rj is called the net of rdUomUty ^ a flam 
{or of two dimensions) determined by Ry it is also otdLed the 
planar net defined by R^ Rj. 

Prom this definition it follows directly that all th^ points of R^ 
and Rj are points of the planar net defined by R^ R^, 
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Theorem 10. Any line of the planar net defined by meets 
Rj^ and R^. (A, E) 

Proof We prove firsl that il a line ol the planar net R'** meets R^ 
it meets Rg. Suppose a line I meets R^ m A^; it then contains a second 
point P of Rl By definition, through P pass two lines, each of which 
joins a point of R^ to a distmct pomt of If I is one of these Imes, 
the proposition is proved ; if these lines are distinct from Z, let them 
meet R^ and Rg respectively in the points B^ and ij, P^ (fig 38). 
If 0 is the common point of R^, Rg, we then have 

OA,B,P,^OA,B,P„ 

where A^ is the point in which I meets the hne of Rg Hence A^ is a 
pomt of Rg (Theorem 7). 

Now let I be any line of the net R^ and let P, Q be two points 
of the net and on I (def.). If one of these pomts is a point of R^ or 
Rg, the theorem is proved by the case just considered. If not, two 
lines, each joining a point of R^ to a distmct point of Rg, pass through 
P\ let them meet R^ in A^^ and Rg in A^, B^ respectively (fig 38). 
Let the lines QA^^ and QB^ meet Rg in Al and B^ respectively (first case). 



Then if I meets the lines of Rj^ and Rg m and respectively, the 
quadrangle PQA^B^ gives rise to the quadrangular set Q(J^A^B^, 
OB^A^) of which five points are points of Rg; hence jfj is a point of Rg 
(Theorem 9). is then a point of R^ by the first case of this proof. 

Theorem 11. The intersection of any two lines of a planar net is 
a point of the planar net (A, E) 
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Proof This follows directly from the definition and the last theo- 
rem, except when one of the hnes passes through O, the point common 
to the two linear nets R^, Rj deflnmg the planar net. In the latter 
case let the two hnes of the planar net be and suppose 4 passes 
through 0, while k A respectively (fig. 39). II the 

point of mtersection P of were not a point of the planar net, ^ 

would, by definition, 
contain a point Q of 
the planar net, dis- 
tinct from 0 and P. 
Tlie lines QA^ and 
QA^ would meet 
and Rjj in two points 
Pj and Pj respec- 
tively. Tlie point 
m wliich the hue 
PP^ met the hue of 
Rj would then be the 
harmonic conjugate 
of Pj, with respect to 0 and A^ (through the quadrangle PQA^B^); 
0^ would therefore be a point of Rj, and hence P would be a 
point of the planar net, being the intersection of the lines A^A^ 
and B^C^. 

Theorem 12. The joints of a planar net on a line of the planar 
net form, a linear net. (A, E) 

Proof. Let the planar net be defined by the hnear nets Ry and 
let I be any line of the planar net. Let P be any point of the planar 
net not on I or R^ or R^. The lines joining P to the points of R® on I 
meet R^ and R^ by Theorems 10 and 11. Ilonee P is the center of 
a perspectivity which makes the points of R® on I perspective with 
points of R;i or Rj. Hence the points of I belonging to the planar net 
form a hnear net. (Theorem 7, Cor.) 

CoBOLLAEY. The plomar net R® defined, hy two linear nets Ry Rj is 
identteal with the planar net R| defomd "by two linear nets Rg, R^, pro- 
vided Rg, are Imear nets in Rj®. (A, E) 

Eor every point of R^* is a point of Rj® by the above theorem, and 
every point of R^ is a point of Ri® by Theorem 10. 
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EXERCISE 

li A, C, D are the veitices of a coin23lete quadrangle, there is one and 
only one planar net of rationality containing them ; and a iioiiit P holongs to 
this net if and only if P is one of a sequence of 2 >oints ABCJJD^D^ * • , linite 
in number, such that is the intei section of two sides of the original quad- 
rangle and such that eveiy othei point is the intersection of two lines join- 
ing pans of points of the set ABCDD^ • • A-i* 

34, Nets of rationality in space. DEFiNiTioisr. A point is said to 
be rationally related to two planar nets in different planes but 

having a linear net in common, provided it is the intersection of two 
lines each of which ]oms a pomt of to a distinct point of R| 
A line is said to be rationally related to R^, R^^ if it joins two, a plane 
if it joins three, points which are rationally related to them. The set 
of all points, lines, and planes rationally related to R^ , R® is called the 
net of rationality in space (or of three dimensions) determined by 
R^, R^i it IS also called the spatial net defined by R®, R^ 

Theorems analogous to those derived for planar nets may now be 
derived for nets of rationality in space. We note first that every point 
of R^ and of is a point of the spatial net R® defined by R®, R| (the 
definition apphes equally well to the points of the linear net common 
to R^y R|) ; and that no other points of the planes of these planar nets 
are points of R®. The proofs of the fundamental theorems of align- 
ment, etc., for spatial nets can, for the most part, be readily reduced 
to theorems concerning planar nets. We note first : 

Lemma. Any line joining a point of R^ to a distinct point P of 
R® meets R|. (A, E) 

Proof By hypothesis, through P pass two lines, each of which 
joms a point of R^ to a distinct point of Rg^ We may assume these 
lines distinct from the line PA^, since otherwise the lemma is proved. 
Let the two lines through P meet R^ in and 0^ respec- 

tively (fig. 40). If Jj, Pj, are not coUinear, the planes PA^B^ and 
PAfJ^ meet R^ in the Imes A^B^ and respectively, which meet 
the linear net common to R®, R^ in two points P, T respectively 
(Theorems 11, 12). The same planes meet the plane of R^ in the lines 
PPg and TO^ respectively, which are lines of R^, since S, T are points 
of R|. These lines meet in a point A^ of R| (Theorem 11), which 
is evidently the point in which the line PA^ meets the plane of R|. 
If A^f Pj, are coUinear, let A^ he the intersection of PA^ with the 
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plane of R|, and 8 the intersection of with the linear not 

common to and Since is in RiSB.C,). tho perspeotivity 



Theorem 13. Any line of the spatud net R* dcjinetl hy R®, R ® •mrHii 



Proof . By definition the given lipe I contains two points A and S 
of the net R* (fig. 41)'. If or 15 is on R^* or Rg*, the theorem reduces 
to the lemma. If not, let ij he a point of Rj®, and A^ and 13, the pdnts 
in which, by ftie lemma, J}A find J^S meet R,*; also let any 
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point of R ® not in the plane J^AB^ and let I{^A and meet Rg in A!^ 
and B[, The hnes A^B^ and A^^Bl meet in a point of Rg^ (Theorem 11), 
and this point is the point of intersection of I with the plane of Rg. 
The argument is now reduced to the case considered in the lemma. 

Theorem 14. The points of a spatial net lying on a line of the 
spatial net form a linear net (A, E) 

Froof. Let I he the given line, R^^ and Rg^ the planar nets defining 
the spatial net R**, and and Lg the pomts in wliich (Theorem 13) 
I meets R^* and Rg^ {L^ and Xg may coincide). Let A^ be any point of 
Rf not on I or on Rg®, and S the point in which AfL^ meets the linear 
net common to R^ and Rg® (fig. 42). If and Xg are distmct, the hnes 




SL^ and SL^ meet R^ and Rg m Imear nets (Theorem 12); and, by 
Theorem 13, a line ]oming any point P of R^ on I to A^ meets each 
of these linear nets. Hence all points of R® on I are in the planar 
net determined by these two linear nets. Moreover, by the definition 
of R®, all the points of the projection from A^ of the hnear net on SL^ 
upon I are points of R®. Hence the points of R® on I are a linear net 
If Xi=Xg=s /S, then, by definition, there is on Z a point A of R®^ and 
the line AA^ meets Rg® m a pomt A^ (fig. 43). The lines SA^ and SA^ 
meet R® and R^ m linear nets R^ and Rg by Theorem 12. If B^ is 
any pomt of R^ other than the line AB^ meets Rg® in a point Pg by 
Theorem 13. By Theorem 12 all pomts of / in the planar net deter- 
mined by Rj and Rg form a hnear net, and they obviously belong to R®. 
Moreover, any point of R® on Z, when joined to meets Rg® by Theo- 
rem 13, and hence belongs to the planar net determined by R^ and Rg. 
Hence, in this case also, the points of R® on I constitute a hnear net. 
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Theorem 15. The points and lines of a spatial net R® which lie on 
a plane a of the net form a planar net. (A, E) 

Proof By definition a contains three noncollmear points A, B, G of 
R» and the three lines AB, BG, CA meet the planar nets and R“, 
which determine R», in points of two lineai- nets R^ and R,, consisting 
entirely of points of R®. These linear nets, if distinct, determine a 
„Un<,r net R® in a, which, by Theorem 10, consists entirely of points 
and hnes of R®. Moreover, any hue joinmg a point of R® in a to A 
or B or Cmust, by Theorem 13, meet R^ and R, and hence bo in R“. 
Hence all pomts and hnes of R® on a are points and lines of R“. Tins 
completes the proof except m case Ri= R^, which case is loft as an 
exercise. 

Corollary 1. A net of miionality in space is a sjM.ee satinfijing 
Assumptions A and E, if he interpreted as linear ner ami 

plane'* as ^‘planar net'* (A, E) 

Tor all assumptions A and E, except A3> are evidently saiisliod; 
and A3 is satisfied because there is a planar net of points through 
any three points of a spatial net R\ and any two linear nets of this 
planar net have a point in common. 

This corollary establishes at once all the theorems of alignment in 
a net of rationahty in space, which are proved in Chap. I, as also the 
principle of duality. We conclude then, for example, that two planes 
of a spatial net meet in a line of the net, and that three planes of a 
spatial net meet in a point of the net (if they do not meet in a lino), 
etc. Moreover, we have at once the following corollary : 

Corollary 2. A spatial net is determined hy any two of its planar 
nets. (A, E) 

EXERCISES 

1. If are the vertices of a comi)leto space five-point, tli<‘ro is 

one and only one net of rationality containing them alh A point P belongs to this 
net if and only if P is one of a sequence of points ABCDIiTf^ ® ® , finite in 
number, such that 1^ is the point of intersection of three fao(!H of the original 
five-point and every other point is the iTitorsciotion of three distinct pianos 
through triples of points of the set ABCDEI^ • • • 

2 Show that a planar net is determined if three noncollinear points and a 
line not passing through any of these points are given, 

2 Under what condition is a planar net determined by a linear net and two 
pomts not in this net? Show that two distinct planar nets in the same plane 
can have at most a Imear net and one other point in common. 
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4. Show that a set of points and lines which is piojectivo with a planar 
net IS a planar net 

5 A line joining a point P of a planar net to any point not in the not, but 
on a line of the net not containing P, has no other point than P in common 
with the net 

6. Two points and two lines iii the same plane do not in gencial belong to 
the same planar net 

7 Discuss the determination of spatial nets by points and planes, similarly 
to Exs. 2, 3, and C, 

8 Any class of points piojective with a spatial net is itself a spatial net. 

9 If a perspective collineation (homology oi elation) in a jdane with 
centei A and axis I leaves a net of rationality in the plane invariant, the 
net contains A and I 

10 Prove the coriespondmg proposition for a not of rationality in space 
invariant under a perspective tiansfoimation. 

11 Show that two linear nets on skew lines always belong to some spatial 
net, in fact, that the numbei of spatial nets containing two given linear- 
nets on skew lines is the same as the numbei of linear nets through two given 
points. 

12. Three mutually skew lines and three distinct points on one of them 
determine one and only one .spatial net in which they lie. 

13 Give further examples of the determination of spatial nets by lines. 

35. The fundamental theorem of projectivity. It has been shown 
(Chap III) that any three distinct elements of a one-dimensional 
form may be made to correspond to any three distinct points of a 
line by a projective transformation. Likewise any four elements of 
a two-dimensional form, no three of which belong to the same one- 
dimensional form, may be made to correspond to the vertices of a 
complete planar quadrangle by a projective transformation ; and any 
five elements of a three-dimensional form, no four of which belong 
to the same two-dimensional form, may be made to correspond to 
the five vertices of a complete spatial five-point by a projective 
transformation. 

These transformations are of the utmost importance. Indeed, it is 
the principal object of projective geometry to discover those prop- 
erties of figures which remain invariant when the figures are sub- 
jected to projective transformations. The question now naturally 
arises, Is it possible to transform any four elements of a one- 
dimensional form into any four elements of another one-dimensional 
form? This question must be answered in the negative, since a har- 
monic set must always correspond to a harmonic set. The question 
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then anses whether or not a projective oon’espondence between one- 
dimensional forms IS completely determined when three pairs of 
homologous elements are given. A partial answer to this funda- 
mmtal question is given in the next theorem 

Lemma 1 If a projectivity leaves three disthict points of a line fixed, 
it leaves fixed every point of the linear net defined by time points. 

This follows at once from the fact that if three points are left 
mvariant by a projectivity, the harmonic conjugate of any one of 
these points with respect to the other two must also bo left inva- 
riant by the projectivity (Theorems 2 and 3, Oor.). The jirojectivity 
in question must therefore leave invariant every point harmonically 
related to the three given pomts 

Theoeem 16. The fundamental theorem of teojeotivity foe a 
NET of rationality ON A LINE. If A, B, 0, X> are distinct points of 
a limmr net of rationahty, and A', B', C' are any three distinct points 
of another or the same linear net, then for any projcctivities yimny 
AB CD j; A'B'O'D' and AB CD j; A’B'C'Dl we have D' = D[ (A, E) 

Proof. If TT, TT,^ are respectively the two projectivities of the theorem, 
the projectivity leaves A'B'C fixed and transforms D' into D[. 
Smoe D' is harmonically related to A', B’, C' (Theorem 7), the theorem 
follows from the lemma 

This theorem gives the answer to the question proposed m its 
relation to the transformation of the points of a linear net. Hie 
corresponding proposition for all the points of a line, ie. the ’prop- 
osition obtained from the last theorem by replacing "linear net” by 
“line,” cannot be proved without the use of one or more additional 
assumptions (cf. § 50, Chap. VI). We have seen that it is equiva- 
lent to the proposition: If a projectivity leaves three points of a 
line invariant, it leaves every point of the hne mvariant. Later, by 
means of a discussion of order and continuity (terms as yet unde- 
fined), we shall prove this proposition. This discussion of order 
and continuity is, however, somewhat tedious and more difficult 
than the rest of our subject ; and, besides, the theorem in question 
is true in spaces,* where order and continuity do not exist. It has 

• Different, of oonrse, ordinary epaoej "rational flSand 

the next footnote) are eijnniplee in which continuity does not ejdst; " finite spaoee," 
of which examples are given in the introdnotion (§ 2), are spaces In whlob neither 
order nor coutinnity exists, 
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therefore seemed desirable to give some of the results of this 
theorem before giving its proof in terms of order and continuity. 
To this end we introduce here the following provisional assumption 
of projectivity, wluch will later be proved a consequence of the order 
and continuity assumptions which will replace it This provisional 
assumption may take any one of several forms. We choose the fol- 
lowmg as leading most directly to the desired theorem : 

An assumption of puojectivity : 

V, If a projectivity leaves each of three distinct points of a line 
invariant^ it leaves every point of the line invariant ^ 

We should note first that the plane and space duals of this assump- 
tion are immediate consequences of the assumption. The principle of 
duality, therefore, is still valid after our set of assumptions has been 
enlarged by the addition of Assumption P. 

We now have * 

Tiieoeem 17 . The fundamental theorem of projective geom- 
ETRY.f If If Bf Sf4 elements of a one-dimensional primitive 

form^ and 1\ are any three elements of another or the same one- 
dimensional primitive form^ then for any projeetivities giving 1BS4~J^ 
mJi! and 1B34 ^ we have Jf = 4[ (A, E, P) 

Froof, The proof is the same under the principle of duality as that 
of Theorem 16, Assumption P replacing the previous lemma 

This theorem may also be stated as follows : 

A projectivity between one-dimensional primitive forms is uniqvdy 
determined when three pairs of homologous elements are given. (A, E, P) 

Corollary. If two pencils of points on different lines are projective 
and have a self-corresponding pointy they are perspective. (A, E, P) 

* W'e have seen in the lemma of the preceding theorem that the projectivity 
desorihed in this assumption leaves invariant every point of the net of rationality 
defined by the three given points. The assumption simply states that if all the points 
of a linear net remain invariant under a projective transformation, then all the points 
of the line containing this net must also remain invariant. It will he shown later 
that in the ordinary geometry the points of a linear net of rationality on a line coire- 
spond to the points of the line whose coSrdinates, when represented analytically, are 
rational numbers. This consideration should make the last assumption almost, if 
not quite, as intuitionally acceptable as the previous Assumptions A and E. 

t On this theorem and related questions there is an extensive literature to which 
references can be found in the Encyklopadie articles on Projective Geometry and 
Eoundations of Geometry. It is associated with the names of von Staudt, Klein, 
Zeuthen, Lllroth, Darboux, E. Schur, Pien, Wiener, Hilbert. Of. also § 60, Chap, VI. 
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Proof. For if 0 is the self-corresponding point, and AA^ and BB^ 
are any two pairs of homologous points distinct from 0, the perspec- 
tivity whose center is the intersection of the lines AA\ BB^ is a 
projectivity between the two Imes which has the three pairs of 
homologous points 00, AA^y BB\ which must be the projectivity of 
the corollary by virtue of the last theorem. 

The correspondmg theorems for two- and three-dimensional forms 
are now readily derived. We note first, as a lemma, the propositions 
in a plane and in space corresponding to Assumption P. 

Lemma 2. A projective transformation which leaves invariant each 

of a set of points of ^ ^four belong to the same 

invariant every point of iAi E, P) 


Proof. If Ay By Gy D are four pomts of a plane no three of which 
are collinear, a projective transformation leaving each of them inva- 
riant must also leave the intersection 0 of the lines ABy CD invariant. 
By Assumption P it then leaves every point of each of the lines ABy 
CD invariant. Any line of the plane which meets the lines AB and 
CD in two distinct pomts is therefore invariant, as well as the inter- 
section of any two such Imes. But any point of the ifiane may be 
determined as the intersection of two such lines. The proof for the 
case of a projective transformation leaving invariant five points no 
four of which are in the same plane is entirely similar. The existence 
of perspective collineations shows that the condition that no three 
(four) of the points shall be on the same line (plane) is essential. 

Tiieokem 18. A projective collineation^ between two planes (or 
within a single plane) is nniqxidy determineA when foar pairs of 
homologous points are given y provided no three of either set of four 
points are collinear. (A, E, P) 

Proof Suppose there were two collineations tt, tt^ having the given 
pairs of homologous points. The coUineation is then, by the 
lemma, the identical coUineation in one of the planes. This gives at 
once TTjSs TT, contrary to the hypothesis. 


* We confine the statement to the case of the coUineation for the sake of sim- 
plicity of enunciation. Projective transformations which are not coUlmeatlons will 
he discussed in detail later, at which time attention will he called explicitly to the 
fundamental theorem. 
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By precisely similar reasoning we have ; 

Theorem 19 A projective colhneation in space is uniquely deter- 
mined when five pairs of homologous points are given^ provided no 
four of either set of five points are in the same plane, (A, E, P) 

The fundamental theorem deserves its name not only because so 
large a part of projective geometry is logically connected with it, but 
also because it is used explicitly in so many arguments. It is indeed 
possible to announce a general course of procedure that appears in 
the solution of most ‘linear” problems, i.e problems which depend on 
constructions mvolvmg points, lines, and planes only. If it is desired 
to prove that certain three hues 1^ 1^^ l^ pass through a point, find two 
other lines m^ such that the four points mf^^ mf^, m^^ may 
be shown to be projective with the four pomts WgZj, m^Zg, m^^ 
respectively. Then, since in this projectivity the point is self- 
corresponding, the three Imes Zg, Zg joining corresponding points 
are concurrent (Theorem 17, Cor.) The dual of this method appears 
when three points are to be shown colhnear. This method may be 
called the principle of projectivity^ and takes its place beside the 
prmciple of duality as one of the most powerful mstruments of pro- 
jective geometry. The theorems of the next section may be regarded 
as illustrations of this principle. They are all propositions from which 
the prmciple of projectivity could be derived, i.e. they are propositions 
which might be chosen to replace Assumption P. 

We have already said that ordinary real (or complex) space is a 
space in which Assumption P is valid. Any such space we call a 
properly projective space. It will appear in Chap. VI that there 
exist spaces in which this assumption is not valid. Such a space, 
i.e. a space satisfying Assumptions A and E but not P, we wiU call 
an improperly projective space 

From Theorem 16, Cor. 1 and Lemma 1, we then have 

Theorem 20. A net of rationality in space is a properly projectvoe 
space (A, E) 

It should here be noted that if we added to our list of Assump- 
tions A and E another assumption of closure, to the effect that all 
points of space belong to the same net of rationality, we should 
obtain a space in which all our previous theorems are valid, in- 
cluding the fundamental theorem (without using Assumption P). 
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Such a apace may be called a rational space. In general, it is clear 
that any complete five-point in any properly or improperly projective 
space determmes a subspace which is rational and therefore properly 
projective. 

36. The configuration of Pappus. Mutually inscribed and circum- 
scribed triangles. 

Theorem 21. If A, B,G are any three distinct points of a line I, 
and A', O' any three distinct points of another line V meeting 
the three points of intersection of the pairs of lines AJB^ and A! 



A B C 

Tig. 44 


Proof Let the three points of intersection referred to in the theorem 
be denoted by C?", A'^, J?" respectively (fig. 44). Let the line 
meet the line B'C in a point B (to be proved identical with A"); 
also let meet Z' in A^, the line A'B meet A C' in /ij, the line Alf 
meet A'C in B^. We then have the following perspectivities ; 

A^&^B,B 4 A'B{B^'0 = AB'^B'^B. 

By the principle of projectivity then, since in the projectivity tlius 
established (7" is self-corresponding, we conclude that the three lines 
A^A', BB meet in the point (7'. Hence B is identical with 
and are coUinear 

It should be noted that the figure of the last theorem is a con- 
figuration of the symbol 


9 8 
3 9 
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It is known as the configuration of Pappus,^ It should also he noted:. '' f q 
that this configuration may be considered as a simple plane hexagon 
(six-point) inscribed m two intersecting lines. If the sides of such a 
hexagon be denoted in order by 1, 2, 3, 4, 5, 6, and if we call the sides 
1 and 4 opposite, likewise the sides 2 and 5, and the sides 3 and 6 (cf. 

Chap. II, § 14), the last theorem may be stated in the following form . 

Corollary. If a simple hexagon le inscribed in two intersecting lincs^ 
the three pairs of opposite sides will intersect in collinear points,'\ 


Fmally, we may note that the nine points of the configuration of 
Pappus may be arranged in sets of three, the sets forming three 
triangles, 1, 2, 3, such 
that 2 IS inscribed in 
1, 3 in 2, and 1 m 3. 

This observation leads 
to another theorem con- 
nected with the Pappus 
configuration. 

Theorem 22. If 
be a triangle 
inscribed in a triangle 
there exists a 

certain set of triangles each of which is inscribed ioi the former and 
circumscribed about the latter. (A, E, P) 

Proof. Let [a] be the pencil of lines with center A^, [5] the pencil 
with center B^\ and [c] the pencil with center 67^ (fig. 45) Consider the 
B^A^ B^C^ 

perspectivities [a] [b] == [c]. In the projectivity thus estab- 

lished between [a] and [c] the line A^^C^ is self-corresponding; the 
pencils of Imes [a], [c] are therefore perspective (Theorem 17, Cor. 
(dual)). Moreover, the axis of this perspectivity is O^A^; for the lines 
Af^^ and are clearly homologous, as also the lines A^A^ and G^A^. 
Any three homologous lines of the perspective pencils [a], [6], [c] then 
form a triangle which is circumscribed about A^Bfi^ and inscribed 
in A^B^O^. 



* Pappus, of Alexandria, lived about 840 a.u* A special case of this theorem may 
he proved without the use of the fundamental theorem (cf. Ex 8, p. 62). 

t In this form it is a special case of PascaPs theorem on conic sections 
(cf. Theorem 8, Chap. V). 
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EXERCISES 

1. Given a triangle A JSC and two distinct points A'f B% determine a point C' 
such that the lines A A', CC^aie concuiiont, and also thehnes A/>', JSC', CA' 

aie concurrent, i e. such that the two tnanglcs aie perspective from two dif- 
feient points The two triangles aie then said to he doubly perspective 

2 If two triangles ABC and A'B'C* aie doubly perspective in such a way 
that the vertices A, R, C are homologous with A', B\ C' respectively in one 
peispectivity and with B\ C', A' respectively in the other, they will also be per- 
spective fiom a thiid point m such a way that A, J5, Care homologous respec- 
tively with C\ A', B'\ i e. they will be triply perspective. 

3. Show that if A", J5", C" aie the centers of perspectivity for the triangles 
in Ex. 2, the three triangles A JSC, A'R'C', A"-C" C" aie so related that any two 
are triply perspective, the centers of peispectivity being in each case the vei tices 
of the remaining tiiangle. The nine vei tices of the three triangles form the 
points of a configuration of Paiipus. 

4. Dualize Ex. 3. 

37. Construction of projectivities on one-dimensional forms. 

Theorem 23. A necessary and sufficient condition for the projectimty 
on a line MNAB-j^MNA^B\Mi=^ N) is Q {MAB, JSTBA^). (A, E, P) 



Proof Let n be any line on N not passing through A (fig. 46). Let 0^ 
be any point not on n or on MA, and let A^ and be the intersections 
respectively of O^A and O^B mth n. Let 0^ be the intersection of A'A^ 
and Then q q 

NAB 4 NA,B, = NA'B>. 

By Theorem 17 the projectmty so determined on the Bne AM is the 
^ MNAB j; MNA'B'. 

The only possible double points of the projectmty are N and the 
intersection of AN with Hence 0^0^ passes through M, and 

Q {MAB, NB'A') is determined by the quadrangle 0.fi^A^B^. 
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Conversely, if Q{MAB, NB^A^) we have a quadrangle 
and hence ^ ^ 

and by this construction M is self-correspoudnig, so that 
MNAB’j;^MNA^B^. 

If m the above construction we have we obtain a projec- 

tivity with the single double point il!f=iV’ 

Definition A projectivity on a one-dimeiisional primitive form 
with a single double element is called parabolu. If the double ele- 
ment is M, and AA\ BB^ are any two homologous pairs, the pro- 
]ectivity is completely determmed and is conveniently represented 
by MMABj^ MMA^B\ 

ConOLLARY. A necessary and siifficient condition for a parabolic 
:projectivity MMAB-j^MMAlB^ is Q(MAB, MBA'), (A, E, P) 

Theorem 24 If we have 

Q(ABC, A'B'C'), 
we have also Q(A'j5'C", ABC) 

Proof By the theorem above, 

Q{ABC, A'B'C') 

imphes AA'BCj^AAJC'B', 

which is the inverse of A'AB'C'j^A'ACB, 

which, by the theorem above, implies 

Q {A'B'C', ABC), 

The notation Q (ABC, A'B'C') implies that A, B, C are the traces of a 
point triple of sides of the quadrangle determining the quadrangular set. 
The theorem just proved states the existence of another quadrangle 
for which A', B', C' are a point triple, and consequently A, B, C are a 
triangle triple. This theorem therefore establishes the existence of 
oppositely placed quadrangles, as stated in § 19, p. 60 Tliis result 
can also be propounded as follows 

Theorem 25 If two quadrangles and are so related 

— Ilto to © 2 , etc — that five of the sides P^Pj{i,j^l,Z,S,4\ 
i ¥=/) meet the five sides of the second which are opposite to Q^Q^ in points 
of a hne I, the remaining sides of the two quadrangles meet on I, (A,E,P) 
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Proof. The sides of the first quadrangle meet Z m a quadrangular 
set Q {PiiPx^Pw PuPiiPu) , licnce Q hypoth- 

esis, five of the sides of the second quadrangle pass thiougli these 
points as follows : through through through 

through through ijg, through As five of these 

conditions are satisfied, by Theorem 3, Chap. II, they must all be 
satisfied. 

EXERCISES 

1. Given one double point of a jirojectivity on a line and two pairs of 
homologous points, constiuct the otliei double point. 

2, If a, &, c are thiee nonconcuirent lines and A'^ B% C' are three collmear 
points, give a construction for a triangle whose vertices A^B,C are lespectively 
on the given lines and whose sides J3C, CA^AB pass respectively through the 
given points. What happens when the three lines a, &, c are concurrent ? Dualize 

38. Involutions. Definition. If a projectivity in a one-dimensional 
form IS of period two, it is called an invohUion. Any pair of homol- 
ogous points of an involution is called a conjugate pair of the involution 
or a pair of conjugates. 

It is clear that if an involution transforms a pomt A into a pomt A\ 
then it also transforms A' into A; this is expressed by the phrase that 
the pomts A, A' correspond to each other doubly. The effect of an invo- 
lution is then simply a pairing of the elements of a one-dimensional 
form such that each element of a pair corresponds to the other ele- 
ment of the pair. This justifies the expression "a conjugate pair'' 
applied to on involution. 

Theorem 26. i/ for a single point A of a line which is not a double 
point of a projectimty tt on the line we have the relations tt (A) » A' 
and 7r(A') =! A, the projectivity is an involution. (A, E, P) 

Proof For suppose P is any other point on the line (not a double 
point of tt), and suppose 7 r(P)=sP'. There then exists a projectivity 

giving AA'PP'tj^A'AP'P 

(Theorem 2, Chap. III). By Theorem 17 this projectivity is tt, since 
it has the three pairs of homologous points A, A'; A', A; P, P'* But 
in this projectivity P' is transformed into P. Thus every pair of 
homologous points corresponds doubly. 

CoROLLART. ^ An involution is completely determined when two pairs 
of conjugate points are gwn. (A, E, P) 
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Theorem 27,-4 necessary and sufficient condition that three pairs 
of points J, -4'; i?, I?'; C, C' he conpiigate pairs of an %mohition %s 
Q{ABG,A^B^a). (A, E, P) 

Proof By hypothesis we have 

AA'BC^A^AB^C'. 

By Theorem 2, Chap. Ill, we also have 

A^AB^C^j^AA^C^B^ 
which, with the first projectivity, gives 

AA'BC-/;^AA'C'B', 

A necessary and sufficient condition that the latter projectivity hold 
IS Q{ABC, A^B^C) (Theorem 23). 

Corollary 1 If an involution has douhle points ^ they are harmonic 
conjugates with respect to every pair of the involution, (A, E, P) 

For the hypothesis 4 = A', B = gives at once H {AB, CC^) as the 
condition of the theorem. 

Corollary 2 An involution is completely determined when two 
douhle points are given, or when one douhle point and one pair of 
conjugates are given (A, E, P) 

Corollary 3. If M,N are distinct douhle points of a projectivity 
on a line, and A, 4'; B, are any two pairs of homologous elements, 
the pairs M, JSF; A, B^; 4', B are conjugate pairs of an involution,^ 
(A, E, P) 

Corollary 4. If an involution has one douhle element, it has another 
distinct from the first, (A, E, P) 

Corollary 5. The projectivity ABCBj^ABDC between four dis- 
tinct points of a line implies the relation H (4B, CD), (A, E, P) 

For the projectivity is an involution (Theorem 26) of which 4, B 
are double points The result then follows from Cor 1. 

39. Axis and center of homology. 

Theorem 28. If [4] and [^] Theorem 28'. If [1] and [m] 
are any two projective pencils are any two projective pencils of 
of points in the same plane on lines in the same plane on distinct 

♦ This relation is Bometlmes expressed by saying, ‘*The pairs of points are in 
involution^ From what precedes it is clear that any two pairs of elements of a 
one-dimensional form are m involution, but in general three pairs are not. 
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distmct lines Zg, there exists a points there exists a point S 
linel s%ich that if A^,B^and such that if and \ are 

are any hvo pairs of homologous any two p^airs of homologous lines 
points of the tioo pencils, the lines of the two pencils, the points 
A^B,, and A^B^ intersect on L and aj)^ are coll inear with S 
(A, E, T) (A, E, P) 

Definition The line Z is called Definition The point S is 
the axis of homology of the two called the center of homology of 
pencils of points. the pencils of lines. 

Proof The two theorems being plane duals of each other, we may 
confine ourselves to the proof of the theorem on the left. From the 
projectivity [B] [^1] follows (fig 47). Put in this pro- 

jectivity the line A^B^ is self-corresponding, so that (Theorem 17, Cor ) 



Fig 47 


the two pencils are perspective. Hence pairs of corresponding lines 
meet on a line I ; e.g. the lines A^B^ and l^^A^ meet on Z as well as 
A^B^ and B^A^. To prove our theorem it remains only to show that 
B^A^ and A^B^ also meet on Z. But the latter follows at once from 
Theorem 21, since the figure before us is the configuration of Pappus. 

CoBOLnAEY. If [A], [7i] are not Coeollaky, If [Z], [9h] are not 
perspective, the axis of homology is perspective, the center of homology 
the line pining the points homol- is the point of intersection of the 
ogous with the point Z^Zg regarded lines homologous mth the line !S^S^ 
first as a point of l^ and then as regarded first as a line of [Z] and 
a point of Z^. tfLen as a line of [m]. 

I 

For in the perspeotivity the line Z^ corresponds to 

j5i(ZZi), and hence the point Z^Zg corresponds to ZZ^ in the projeotivity 
[B] [A] Similarly, ZZg corresponds to Z^Zg. 
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EXERCISES 

1 Tlieie is one and only one piojectivity of a one-dimensional form leaving 
invariant one and only one element 0, and tiansfoiming a given other element 
A to an element B 

2. Two inojective langes on skew lines are always persjiective 

3 Pi^ove Cor 6 , Theoiem 27, without using the notion of involution 

4. If IfJVABj-MJ^A'B', then MJVAA' MJSTBB' 

5 If P is any point of the axis of homology of two piojective ranges 
then the piojectivity P[A]'^P[B] is an involution. Dualize. 

6. Call the faces of one tetrahedron a 2 , as, and the opposite veitices 
AijAfifAstA^ respectively, and similarly the faces and vertices of another tetra- 
hedron J3i, A -^ 4 . E Ai, As, ^g, A^ lie on /J^, j3q, ^fig, 

respectively, and Pi lies on ai, B^ on ogj Pg on ag, then P 4 lies on a 4 Thus 
each of the two tetrahedra related in this fashion is both inscribed and cir- 
cumscribed to the other. 

7 Prove the theorem of Desargues (Chap II) by the pimciple of pro- 
jectivity. 

8 Given a tiiangle ABC and a point A', show how to construct two points 
P', C' such that the tiiangles ABC and A'B'C^ are peispective from four 
different centers. 

9. If two triangles A-^B^C^ and .dgPgCg aie peispective, the three points 

(AiPg, jdgPj) = Cg, -^2^1) = Pgj (-^iGg, P 2 ^i) ~ 

if not collineai, form a triangle perspective with the first two, and the three 
centers of x'>erspectivity aie collinear. 

* 10. (a) If TT is a in ojectivity in a pencil of points [A] on a line a with inva- 
riant points Aj, Ag, and if [P], [M’\ are the pencils of points on two lines Z, m 
through A Ag respectively, show by the methods of Chap. Ill that there exist 
three points Pg, Pg such that we have 

P. Pg Pg 

■where that Si.^j.jlisareoollmear j and that are collinear. 

(&) Using the fundamental theorem, show that there eiasts on the line Si.il j 
a point S such that we have 

(c) Show that (?;) could be used as an assumption of projectivity instead of 
Assumption P; i.e. P could be replaced by . If tt is a projectivity with fixed 
points Ai, Ag, giving tt (A) = A' in a pencil of points [A], and [P] is a pencil 
of points on a Ime I through A^^, there exist two points P^, Pg such that 
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• 11. Show that Assumption P could he replaced by the corollary of 

""^“Sh^w that Assumption P could be replaced by the following. If we 
have a projectivxty m a pencil of points deflued by the perspectivities 

[A]|[L]|[A"]. 

M IS the pencil of points on the line there eicist on the base of [£] 
two pomts Si, Sa such that we have also 

SI SI 

[A] = [M]:J[A-]. 


40 Types of collineations in the plane. We have seen in the 
proof of Theorem 10, Chap III, that if 0 , 0 , 0 , is any triangle, there 
exists a coUineation 11 leaving Oi, 0 „ and 0 , invariant, and trans- 
forming any pomt not on a side of the triangle into any other such 



o 

m 



point. By Theorem 18 there is only one such coUineation II. By the 
aniTift theorem it is dear that II is fully determined hy the projec- 
tivity it determines on two of the sides of the invariant triangle, say 
0 , 0 , and 0 , 0 ,. Hence, if Hj is a homology with center 0 , and axis 
0 , 0 „ which determines the same projectivity as 11 on the line 0 , 0 ,, 
and if Hj is a homology with center 0 , and axis 0 , 0 ^, which deter- 
mines the same projectivity as H on the line 0 , 0 , ^ then it is evident 
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It IS also evident that no point not a vertex of the invariant triangle 
can be fixed unless 11 reduces to a homology or to the identity. Such 
a transformation IT when it is not a homology is said to be of Tyjpe I, 
and IS denoted by Diagram I (fig. 48) 

EXERCISE 

Piove that two homologies with the same center and axis aie commutative, 
and hence that two projectivxties of Type I with the same invariant figuie aie 
commutative. 

Consider the figure of two points 0^, 0^ and two lines such 
that 0^ and 0^ are on Oy and and are on A coUineation 11 
which IS the product of a homology H, leaving Og and invariant, 
and an elation E, leaving 0^ and invariant, evidently leaves this 
figure invariant and also leaves invariant no other point or line. If A 
and B are two points not on the lines of the invariant figui'e, and we 
require that 

this fixes the transformation (with two distinct double Imes) among 
the lines at Oy and the parabolic transformation among the lines at 0^^ 
and thus determines 11 completely. Cleaily if 11 is not to reduce to a 
homology or an elation, the line AB must not pass through 0^ or Og. 
Such a transformation IT, when it does not reduce to a homology or 
an elation or the identity, is said to be of Ty;pe II and is denoted by 
Diagram II (fig 48). 

EXERCISE 

Two jirojective collineations of Type /I, having the same invariant figure, 
are commutative. 

Definition. The figure of a point 0 and a Ime o on 0 is called a 
lineal element Oo, 

A coUineation having a lineal element as invariant figure must effect 
a parabolic transformation both on the points of the line and on the 
lines through the point Suppose Aa and Bl are any two lineal ele- 
ments whose points are not on o or collinear with 0, and whose lines 
are not on 0 or concurrent with o. Let be an elation with center 0 
and axis OA, which transforms the point {oa) to the point (o&). Let Eg 
be an elation of center {AB, o) and axis o, which transforms A to B- 
Then 11 = EgE^ has evidently no other invariant elements than 0 and o 
and transforms Aa to BK 
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Suppose that another projectivity 11' would transfer Ja to Mb with 
Oo as only invariant elements The transformation 11' would evidently 
have the same effect on the lines of 0 and points of o as 11. Hence 
n'll”^ would he the identity or an elation. But as n'n““^(i?) = E it 
would he the identity. Hence IT is the only projectivity which trans- 
forms Aa to Bb with Oo as only invariant. 

A transformation having as invariant figure a lineal element and no 
other invariant point or line is said to be of T^j?e ///, and is denoted 
by Diagram III (fig 48). 

A homology is said to be of Type IV and is denoted by Diagram IV. 

An elation is said to be of Type V and is denoted by Diagram V, 

It will be shown later that any collineation can l^e regarded as be- 
longing to one of these five types. The results so far obtained may be 
summarized as follows : 

Theorem 29 A projective colhneation with given invariant Jig wre F, 
if of Type I or II will transform any point P not on a line of F into 
any other sitch point not on a hne jovning P to a point of F; if of 
Type III will transform any lineal clement Tp such that j) is not on 
a point, or P on a line, of F into any other such element Qq ; if of 
Type IV or V, will transform any point P into any other point on the 
line joining P to the center of the collineahon. 

The i61e of Assumption P is well illustiated by this theorem. In case of 
each of the fiist three types the existence of the required collineation was proved 
by means of Assumptions A and E, togetliei with the existence of a suilicient 
number of points to effect the construction. But its unifjnenm was established 
only by means of Assam j>tioii P In case of Types IV and V, both existonco 
and uniqueness follow from Assumptions A and E. 

EXERCISES 

1 . State the dual of Theorem 29. 

2. If the number of points on a line is p + 1, the number of collinoations 
with a given invariant figure is as follows : 

Type /, (;) - 2) (;> - 3). 

Type//, (;j-2)(^-l). 

Type J/7, iJ(jp--l)*. 

Type IV, p — 2. 

Type V, p~l. 

In accordance with the results of this exercise, when the number of points 
on a line is infinite it is said that there are oo* transformations of Type I or //; 
00 * of Type in ; and oo^ of Types IV and V. 
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41. Definitions. Pascal’s and Brianchon’s theorems. 

Definition The set of all points of intersection of homologous 
lines of two projective, nonperspective flat pencils which are on the 
same plane but not on the same point is called a jpoint conic (fig. 49). 
The plane dual of a point conic is called a line conic (fig 50). The 
space dual of a point conic is called a cone of planes, the space dual 




of a line conic is called a cone of lines. The point through which 
pass all the hues (or planes) of a cone of Imes (or planes) is called 
the mHex of the cone. The point conic, line conic, cone of planes, 
and cone of Hues are called onc’dimensional forms of the second degree.] 

The following theorem is an immediate consequence of this defi- 
nition. 

Theorem 1. The section of a cone of lines by a plane not on the 
vertex of the cone is a point conic The section of a cone of planes by 
a plane not on the vertex is a line conic. 

Now let and be the centers of two flat pencils defining a 
point conic. They are themselves, evidently, points of the conic, for the 
line regarded as a line of the pencil on A^ corresponds to some 
other line through B^ (since the pencils are, by hypothesis, projective 

* All the developments of this chapter are on the basis of Assumptions A, E, P, 
and Ho . 

t A fifth one-dimensional form — a self-dual form of lines in space called the 
regulus — will be defined in Chap. XI This definition of the first four one-dimen- 
sional forms of the second degree is due to Jacob Steiner (179C--1863). Attention 
will be called to other methods of definition in the sequel 
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but not perspective), and tlie intersection of these homologous lines 
is The conic is clearly determined by any other three of its 
pomts, say A^, B^, because the pro]ectivity of the pencils is then 
determmed by 

(Theorem 17, Chap. IV). 

Let Tis now see how to determine a sixth jioint of the conic on a 
line through one of the given points, say on a Imo I tlirougli 7?^. jf 
Ime I is met by the lines A^C^, points jS, T, XJ, A 



Fig. 61 


^pectively (fig. 51), we have, by hypothesis, N/?, T-j^ UB^A. The other 
double pomt of this projectivity, which we will call C.. is given by the 
quadran^ar set Q{B,ST, C,AU) (Theorem 23. Chap. IV), A quad- 
rangle which determines it may be obtained as follows : Let the lines 

^ in a 

pomt B then the required quadrangle is A^A^ OB, and 0, is determmed 

as the intersection of with 1 . «^>^iiumeQ 

thawT Tc ° 5 is on B, (flg. 62), This means 

point 1“ ^ the 

v' B 4„ B^, 0^, (?J are potnis of a point eovne 
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dct&rmiTied by two ^projective pencils on and if and only if the 
threepoints C^(A^B,){A^B^), B==(A^a,)(A,C,),A==(B,C,) (B^C,) are 
coUinea7\ The three points in question are clearly the intersections 
of pairs of opposite sides of the simple hexagon A^B^C^A^B^C^. 

Since B^, may be interchanged with A^, B^, 0^ respectively 
in the above statement, it follows that A^y 2?^ are points of a 
conic determined by projective pencils on A^ and B^. Thus, if (7^ is 
any point of the first conic, it is also a point of the second conic, 
and vice versa. Hence we have established the following theorem : 

Theorem 2. Steiner’s theorem. If A and B are any two given 
points of a conicj and F is a variable point of this come, we have 

In view of this theorem the six points in the discussion may be 
regarded as any six points of a conic, and hence we have 

Theorem 3. Pascal’s theorem.^ The necessary and sufficient con- 
dition that SIX points, no three of which are collinear, be points of 
the same conic is that the three pairs of opposite sides of a simple 
hexagon of which they are vertices shall meet in collinear points f 

The plane dual of this theorem is 

Theorem 3'. Brianghon’s theorem. The necessary and sufficient 
condition that six lines, no three of which are concurrent, be lines of 
a line conic is that the lines joining the three pairs of opposite vertices 
of any simple hexagon of which the given lines are sides, shall be 
concuTrent'\ 

As corollaries of these theorems we have 

Corollary 1. A line in the plane of a point conic cannot have more 
than two points in common with the conic. 

Corollary V, A point in the plane of a line conic cannot be on 
more than two lines of the conic 

* Theorem 8 was proved hy B Pascal m 1040 when only sixteen years of age 
lie proved it first for the circle and then obtained it for any conic by projection 
and section This is one of the eailiest applications of this method Theorem 3' 
was first given by C J. Brianchon in 1806 (Journal de I’iloole Polytechnique, 
Vol VI, p SOI), 

t The line thus determined by the intersections of the pairs of opposite sides of 
any simple hexagon whose vertices are points of a point conic is called the Pascal 
line of the hexagon The dual construction gives rise to the Brianchon poM of a 
hexagon whose sides belong to a line conic. 
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Also as immediate coroUanes of these theorems we have 

Theorem 4 There 'is one and only one fo%ni conn; con/mmny Jim 
given points of a, plane rw three of whuh are collinmr. ^ ^ 

Theorem 4'. There is one and only one hne come eontaimmj Jive 
given lines of a plane no three of whieh are coneiirrmit. 

EXERCISES 

1 . What are the space duals of the above theorems ? 

2^ Pj.Qy0 Biianchon’s theorem without making use of tho principle of 
duality. 

3 A necessaiy and sufficient condition that six points, no throe of wliich 
are collmeai, be points of a point conic, is that they ho the points of ink-i- 
section (ah'), (Jc'), (ca'), (ba'), (cV), (ac') of tho sides a, h, c and //, of two 
perspective tiiangles, in which a and a!, h and //, c and 1/ aie hoiuoloHous. 

42 . Tangents. Points of contact. Definition, A lino g; in the 
plane of a point conic which meets the point conic in one anti only 
one pomt P is called a tangent to the point conic at P. A iioint T in 
the plflriA of a Ime conic through which passes one and only one lino 
p of the line conic is called a point of contact of the line conic on p. 

Theorem 5 Through any point of a point conic there is one and 
only one tangent to the point conic 

Proof. If ij is the given point of the point coni(i anti /J is any 
other point of the point conic, while P is a variable point of tliis 
conic, we have, by Theorem 2, 

Any Ime through JJ meets its homologous line of the pencil on /J in 
a point distinct from ij, except when its hoinologtms lino is P^l^. 
Since a projectivity is a one-to-one correspondence, there is only one 
line on ^ which has J^P^ as its liomologoas line. 

Theorem 5'. On any line of a line conic there is one and only one 
point of contact of the line conic. 

This is the plane dual of the preceding theorem. 

EXERCISE 

Give the space duals of the preceding doBnitlotis and theorems. 

Eeturning now to the construction in the preceding section for the 
points of a point conic containing five given points, we recall that 
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the point of interaecfcion 0^ of a line I through J?j was determined by 
the quadrangular set Q,{B^ST, C^AU). The points and can, 
by the preceding theorem, coincide on one and only one of the lines 
through jBj * For this pai-ticular line I, A becomes the intersection 


^1 



of the tangent at with and the collmeanty of the points A, B, G 

may be stated as follows : 

Theorem 6. If the vertices of a simple plane five-point are points 
of a point conic, the tangent to the point conic at one of the vertices 
meets the opposite side in a point collinear with the points of inter- 
section of the other two pairs of nonadjacent sides. 

This theorem, by its derivation, is a degenerate case of Pascars 
theorem. It may also be regarded as a degenerate case in its state- 
ment, if the tangent be thought of as taking the place of one side 
of the simple hexagon. 

It should be clearly imdei stood that the theoiem has been obtained by 
speoialisung the figure of Theorem 3, and not by a continuity argument 
The latter •would be clearly impossible, since our assumptions do not require 
the conic to contain more than a finite number of points. 

Theorem 6 may be applied to the construction of a tangent to 
a point conic at any one of five given points ij, ij, ^ of the 
point conic (fig. 63). By this theorem the tangent p^ at must be 

^ As explained in the fine print on page 110, this occurs when I passes through 
the point of intersection of BiC^ with the line joining C = (A 2 B 1 ) and 
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such that the points ~ ^ 

axe collinear. But B and C are determined by P^, P^, JJ, and 

hence is the line joining ij to the intersection of the lines BO 



Fig. 63 


In like manner, if li, P^, ij, ij, and are given, to construct the 
point on any line I through of a point conic containing ij, P^, 
and of -which is the tangent at JJ, we need only determine the points 
A —PiiPiPi), B = l{PiP^, and O = {AB) (iJJJ); then iJC meets i in 
(fig 53). 



case Z is the tangent p^ at P^, P^ coincides with P^ and the fol- 
lowing points are coUmear (fig. 54): 

-B=P,(i?i|), 0=(i>i>)(^2>). 
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Hence we have the following theorem : 

Theorem 7 If tlie vertices TJ, Jl, P^of siiupU qiiadramjh are 
points of a point conic, the tangent at I[ and the side the tangent 
at and the side P^P^, and the pair of sides J\Il ami /j/j meet in three 
eollinear points. 

If JJ, P^, P^, P^ and the tangent p^ at are given, the construction 
determined by Theorem 6 for a point P^ of the point conic on a line I 
through JjJ IS as follows (fig. 53): Determine C — {1(1^) {PiPt), A —p}, 
and B = {A C){P^P ^ ; then P^B meets I in P^. 

In case I is the tangent at i|, P^ coincides with and we have the 
result that G = A=p^p^, J? = (ijij) (ijij) are eollinear 

points, which gives 

N 

N 

N 

\ 

\ 

I 

4 - 
/ 

/ 

/ 


Fia, 65 

Theorem 8, If the vertices of a complete quadrangle are points of 
a po%nt conic, the tangents at a pair of vertices meet in a point of the 
line joining the diagonal points of the quadrangle which are not on 
the side joinvng the two vertices (fig 55). 

The last two theorems lead to the construction for a point conic 
of which there are given three points and the tangents at two of 
them. Reverting to the notation of Theorem 7 (fig 54), let the given 
points be ij, ij, and the given tangents be p^ Let I be any line 
through jfj. If is the other point in which I meets the point conic, 
the points ^ == jpi (-^ J^), ^ C = (JJ 7J) (J^iJ) are eollinear. 
Hence, if (7== ^(-^^) and B ^^p^^AG), then is the intersection of I 
with RJ?, 

In case I is the tangent p^ at JJ, the points and ij coincide, and 
the points 
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are coUmear Hence the two triangles 'PxPi'Pi, P®i‘" 
speotive, and we obtain as a last speciahzatiou of Pascal’s theorem 

(fig- fifi) ■ y /• ' / • 

Theorem 9. A tnangle whose verhces are points of a point conio 
IS perspective with the triangle formed ly the tangents at these points, 
the tangent at any vertex "being homologous with the side of the first 
triangle which does not contain this vertex. 

Corollary. If li, Pt, Pt points of a point conic, the lines 
Jill, P^P^ are harmonic with the tangent at and the line joining 
to the intersection of the tangents at P, and 

Proof. This follows from the definition of a harmonic set of lines, 
on considering the q^uadrilateral P^A, AB, BP^, J\Pi (fig. B6). 
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43. The tangents to a point conic form a line conic. If JJ, J’, JJ, 7* 
are points of a point conic and p^, p^, p^ are the tangents In the 
conic at these points respectively, then (by Theorem 8) the lino join- 
ing the dif^onal points {P^Pf) and (I{Pj) {P^Pj) contains the iiitei^ 
section of the tangents p^, p„ and also the intersection of p^, p^. This 
line is a diagonal line not only of the quadrangle hut also of 

the quadrilateral Theorem 8 may’ therefore 1k3 stated in 

the form: 

Theorem 10. The complete guadrangle formed by four points of 
a point conic and the complete quadrilateral of the tangents at these 
points have the same diagoncd triangle. 

Looked at from a slightly different point of view, Theorem 8 gives 
also 

Theorem 11. The tangents to a point conio form a line conic. 
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Froof. Let jf| be any three fixed points on a conic, and let 1' 
be a variable point of this couic. Let p^, p bo respectively tlu' 
tangents at these points (fig 57) By tho corollary of I’heorein 28, 
Chap. IV, IS the axis of homology of the projectivity between tlie 
pencils of points on yij and p^ defined by 

{PlPz) -J (P2Pl)^^l(2hPz)‘ 

But by Theorem 10, if the points j?Pg, and Q are 

collinear. For the same reason the points PPv ^ collmear. 
It follows, by Theorem 28, Chap. IV, that the homolog of the variable 



point is p^p\ ie. jp is the line joining pairs of homologous points 
on the two lines jp^, p^^ so that the totality of the lines p satisfies the 
definition of a line conic. 

OoEOLLARY. The center of homology of the projectivity [P] ^ [P] 
determined ly the points P of a point conic containing jfj, is the 
intersection of the tangents at JJ, The axis of homology of the 
projectivity Px[p‘\'xpfip] determined hy the lines p of a hne conic 
containing the lines p^, p^ is the line joining the points of contact 
of Pv Pi- 

Theoeem 12. If P^ is a fixed and P a variable point of a point 
conic, and p^, p are the tangents at these two points respectively, then 
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Proof. Using the 
we have 


notation of the proof of Theorem 11 (fig D7), 


where Q is always on But we also have 


and, by Theorem 11, 7:Px[P]- 

Combining these projectivities, we have 

J?[^] A AM- 


The plane dual of Theorem 11 states that the points of contact of 
a hne come form a point come. In view of these two theorems and 
their space duals we now make the following 

Definition. A conic section or a conic is the figure formed by a 
pomt conic and its tangents. A cone is the figure formed by a cone 
of lines and its tangent planes. 

The figure formed by a line conic and its points of contact is then 
hkewise a conic as defined above ; i e a conic (and also a cone) is a 
self dual figure. 

The duals of PascaTs theorem and its special cases now give us a 
set of theorems of the same consequence for point conics as for line 
conics. We content ourselves with restating Brianchon’s thegrem 
(Theorem 3') from this point of view. 

Brianchon's theorem. If the sides of a simple hexagon are iamr 
gents to a conic, the lines joining opposite vertices are concurrent; 
and conversely 

It follows from the preceding discussion that in forming the piano 
duals of theorems concerning conics, the word conic is left unchanged, 
while the words point (of a conic) and tangent (of a conic) are inter- 
changed. We shall also, in the future, make use of the phrase a conic 
passes through a pomt P , and P is on the conic, when P is a point 
of a conic, etc. 

Definition. If the points of a plane figure are on a conic, the figure 
is said to he inserted in the conic; if the lines of a plane figure 

are tenant to a conic, the figure is said to be oirGumscHhed about 
the conic. 
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EXERCISES 

1 State the plane and space duals of the special casoH of Pasiuirs thooroni. 

2 Constiiicti a conic, given (1) five tangents, (2) foui tangents and tho 
point of contact of one of them, (3) three tangents and the points of contact 
of two of them. 

3 ylZlA IS a triangle whose veitices aie on a conic, and «, x are the tan- 
gents at Z?, X lespectively If -d, B are given points and X is variable, 
deteimine the locus of (1) the centei of perspeotivity of tlio triangles ABX 
and dix , (2) the axis of peispectivity. 

4 A", F, Z are the vertices of a variable triangle, such that A, Y ai o always 
on tw^o given lines «, h lespectively, while the sides AF, AA, -SfF always jiass 
through thiee given points P, B resxiectively Show that the locus of tho 
point A IS a x^oint conic containing -d , 7J, D=(aij)f 3I^(AP)h, and (BP)a 
(Maclamun’s theoiem). Dualize. (The plane dual of this theorem is known 
as the theorem of Braikenridge.) 

5. If a simple plane ??-point varies in such a way that its sides always pass 
thiough n given points, while w — 1 of its vertices aie always on — 1 given 
lines, the nth veitex describes a conic (Poncelet). 

6 If the vertices of two triangles are on a conic, the six sides of these two 
tiiangles are tangents of a second conic, and conveisely. Corres];)ondmg to 
every point of the fiist conic there exists a triangle having this point as a 
vertex, whose other two veitioes aie also on the fiist conic and whose sides 
are tangents to the second conic Dualize. 

7. If two tiiangles in the same plane aie perspective, the points m which 
the sides of one triangle meet the nonhomologous sides of the other are on 
the same conic , and the lines joining the vertices of one triangle to the non- 
homologous vertices of the other are tangents to another conic. 

8. If A, B, C, B be the vertices of a complete qiiadi angle, whose sides 
AB^ AC, AD, BC, BD, CD are cut by a line in the points P, Q, R, S, T, V 
respectively, and if E, F, Gt K, L, M are respectively the harmonic conjugates 
of these points with respect to the pairs of vertices of the quadrangle so that 
we have H (AB, PE), H (A C, QF), etc., then the six points E, F, G, K,L, M 
are on a conic which also passes thiough the diagonal points of the quadrangle 
(Holgate, Annals of Mathematics, Ser. 1, Vol VII (1893), p. 73). 

9. If a jilane a cut the six edges of a tetrahedron in six distinct jioinis, 
and the harmonic conjugates of each of these jioints with respect to the two 
vertices of the tetrahedron that lie on the same edge are determined, then the 
lines joining the latter six points to any point 0 of the plane a are on a cone, 
on which are also the lines through 0 and meeting a pair of opposite edges of the 
tetrahedron (Holgate, Annals of Mathematics, Ser. 1, Vol. VIT (1893), p. 73). 

10 Given four points of a conic and the tangent at one of them, construct 
the tangents at the other three points. Dualize. 

11. A, A', B, B' are the vertices of a quadrangle, and m, n are two lines 
in the plane of the quadrangle which meet on AA\ M as a variable point 
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on m, the lines BM, B'M meet n m the points iV, N' respectively ; the Hues 
ANf A'N' meet in a point P. Show that the locus of the lines PM is a luu? 
conic, which contains the lines m, p = P(?i, and also the hues A A% PiU\ 

A'B% AB (Amodeo, Lezioni di Geometria Projettiva, Naples (IDOo), p, ;53l), 

12. Use the lesult of Ex 11 to give a construction of a line conic dctoi- 
inmed by five given lines, and show that by means of this coubtriictiou it is 
possible to obtain tw'o lines of the conic at the same time (Amodeo, loo cit ) 

13. If a, 5, c are the sides of a triangle whose vertices aie on a come, and 

m' are two lines meeting on the conic which meet a, c in the i>oints A , B C 

and A\ B', C' respectively, and which meet the conic again in JV*, N' respec- 
tively, we have ABCN-j^A'B'C'N' (cf Ex 6). 

14. If A, P, C, Z) are points on a conic and a, ?>, c, d are the tangents to 
the conic at these jioints, the four diagonals of the simple quadrangle ABC!) 
and the simple quadrilateral ahed ai e concurrent 

44. The polar system of a conic. 

Theoeem 13. I/Fis ajpotnt in Tiieoeem 13'. If pis a line m the 
the plane of a come, lut "not on the plane of a conic, hut not tawjent to 
eonic, the points of intersedion of the conic, the lines joining the points 
the tangents to the come at all the of contact of pairs oftaiyjents to the 
pairs of points which are coUmear conic which meet on p pass ihroutjh. 
with Fare on aline,whuh also con- a point F, through which pass also 
tains the harmonic conjugates ofF the harmonic conjugates of p with 
withrespeet to thesepairs of points, respect to these pairs of tangents. 
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7{g the points (i>^)(22ij)and(7Ji>)(J>^) 



§ 44 ] 


POLAE SYSTEM 


121 


respectively, the line passes throxigli the intersection Q of 
(Theorem 8). Moreover, the point P' in which meets is tlie 
harmonic conjugate of F with respect to 7^ J!, (Theorem 6, Ohap. IV). 
This shows that the line QF^ is coiui)lotely determined hy the 

pair of points 7J, Hence the same Ime QF^ is obtained by replacing 
^ by any other pair of points on the conic collmear with F, and 
distinct from ij, F^, This proves Theorem 13. Theorem 13^ is the 
plane dual of Theorem 13. 

Definition The line thus asso- Definition. The point thus 
ciated with any point F in the associated with any line p in the 
plane of a conic, but not on the plane of a conic, but not tangent 
conic, is called the polar of F to the conic, is called the of jp 

with respect to the conic. If F with respect to the conic If p is 

is a point on the conic, the polar a tangent to the conic, the pole is 
is defined as the tangent at P. defined as the point of contact of P. 

Theorem 14. The hne joining Theorem 14'. The point of 
two diagonal points of any com- intersection of two diagonal Ivms 
ylete quadrangle whose vertices of any complete quadrilateral 
are points of a conic is the polar whose sides are tangent to a conic 
of the other diagonal point with is the pole of the other diagonal 
respect to the conic line with respect to the conic, 

Froof Theorem 14 follows immediately from the proof of Theo- 
rem 13. Theorem 14' is the plane dual of Theorem 14 

Theorem 15. The polar of a Theorem 15'. The pole of a 

point F with respect to a conic line p with respect to a conic is 

passes through the points of con- on the tangents to the conic at the 
tact of the tangents to the conic points in lohich p meets the conic, 
through P, if such tangents exist if such points exist 

Froof Let 7J be the pomt of contact of a tangent through P, and 
let Jg, 7^ be any pair of distinct pomts of the conic collmear with P. 
The hne through 7J and the intersection of the tangents at 7^, 
meets the Ime TJiJ m the harmonic conjugate of P with respect to 
ij, 7^ (Theorem 9, Cor.). But the hne thus determined is the polar of P 
(Theorem 1 3) This proves Theorem 1 5 Theorem 1 6 ' is its plane dual 

Theorem 16 If p is the polar of a point F with respect to a conic, 
F is the pole ofp with respect to the same conic. 



conic sections [Ohap.v 

If P 18 not on the conic, this follows at once by comparing Tlieo 
rem 13 with Theorem 13' If P is on the conic, it foUows immediately 

from the definition. 

Theorem 17. ^ the polar of a poi 7 it F passes throayh a point Q, 
the polar of Q passes through F. 

Proof liF ov Q is on the conic, the theorem is equivalent to 
Theorem 15. If neither F nor Q is on the conic, let FF^ be a line 



meeting the conic in two points, F^. If one of the lines P^Q, F^Q 
is a tangent to the conic, the other is also a tangent (Tlieorem 13); 
the line =iJP is then the polar of Q, wliich proves the theorem 
under this hypothesis. If, on the other hand, the lines meet 

the conic again in the points F^ respectively (fig. 69), the point 
(iJJ^) (2JJJ) IS on the polar of Q (Theorem 14). By Theorems 13 and 1 4 
the polar of (.^.^) (ijl^) contains the intersection of the tangents at 
ij, F^ and the point Q. By hypothesis, however, and Theorem 13, the 
polar of P contains these points also. Hence we have (ij J^) (TgTJ) = P, 
which proves the theorem. 

Corollary 1. If two vertices of a triangle are the poles of tlmr 
opposite sides with respect to a eonie, the tlwrd vertex is the pole of 
Us opposUe side. 

Definition. Any point on the polar of a point P is said to be 
conjugate to P with regard to the conic ; and any line pn the pole 


§ 44 ] 


POLAR SYSTEM 


123 


of a line jp is said to be conjugate to ^ with regard to the conic. 
The figure obtained from a given figure in the plane of a conic by 
constructing the polar of every point and the pole of every line of 
the given figure with regard to the conic is called the j^olar or j^olar 
recvprocal of the given figure with regard to the conic. ^ A triangle, 
of which each vertex is the pole of the opposite side, is said to be 
self-;polaT or self-conjugate with regard to the conic 

Corollary 2 The diagonal triangle of a complete quadrangle whose 
vertices are on a conic^ or of a complete quadrilateral whose sides are 
tangent to a conic, is self -polar with regard to the conic; and, conversely, 
every self-polar triangle is the diagonal triangle of a complete quad- 
rangle whose points are on the conic, and of a complete quadrilateral 
whose sides are tangent to the conic. Corresponding to a given self -polar 
triangle, one vertex or side of such a quadrangle or quadrilateral may 
he chosen arbitrarily on the conic. 

Theorem 17 may also be stated as follows : If P is a variable point 
on a Ime q, its polar jp is a variable line through the pole Qoiq. In the 
special case where g' is a tangent to the conic, we have already seen 
(Theorem 12) that we have 

If Q is not on q, let A (fig. 60) be a fixed point on the conic, a the 
tangent at A, X the point (distinct from A, if AF is not tangent) in 
which AF meets the conic, and x the tangent at X, We then have, by 
Theorem 12, 

By Theorem 13, (a®) is on j?, and hence f — Q (a®). Hence we have 

[-P]a W- 

If P' is the point tliis gives 

[•p]A[n 

But since the polar of P' also passes through P, this projeotivity is 
an involution. The result of tliis discussion may then he stated as 
follows : 

* It was by considering the polar reciprocal of Pascal’s theorem that Brianchon 
derived the theorem named after him. This method was fully developed hy Poncelet 
and Gergonne in the early part of the last century in connection with the principle 
of duality. 
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THBOEEM 18. ^ot a tanged 

of conjugate points are pa^rs of an involutwn. If tU h,ie^ meets 
Lie LLo points, tUse points are tU dovllc po^nts of iU^>olutum 
COSOLLAET. As a point F varus over a pencil of points, its. polar 
mth respect to any conic varies over a projective pencil of lines. 



I’lG. 60 

DEFiNiTioif. The pairing of the points and lines of a plane brought 
about bj associating with every point its polar and with every line its 
pole with respect to a given conic in the plane is called a polar system. 

EXERCISES 

1. K in a polar system two points are conjugate to a third point the 
line joining them is the polar of A 

2. State the duals of the last two theorems. 

3. If <z and b are two nonconjugate lines in a polar Rysiem, every point A 
of a has a conjugate pomt B on h. The pencils of points [A’} and [i^] are 
projecldve; they are perspective if and only if a and b int(irseob on the conic 
of the polar system 

4. Let l>e a point and b a line not the polar ef A with respect to a given 
conic, but in the plane of the conic. If on any line I through A we determine 
that point P which is conjugate with the point lb, the locus of P is a conic 
passing through A and the pole B of b, unless the line AB is tangent to the 
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conic, in which case the locus of P is a line. If AB is not tangent to tlie conic, 
the locus of P also passes through the points in which h meets the given conic 
(if such points exist), and also through the points of contact of the taugouts to 
the given conic through A (if such tangents exist). Dualize (Keye-IIolgate, 
Geometiy of Position, p 106) 

5. If the vertices of a tiiangle are on a given conic, any hue conjugate to 
one side meets the other two sides in a pair of conjugate points. Conversely, 
a line meeting two sides of the triangle in conjugate points passes tin o ugh 
the pole of the third side (von Staudt). 

6 If two lines conjugate with respect to a conic meet the conic in two 
pans of points, these pairs are projected from any point on the couic by a 
haimomc set of lines, and the tangents at these pairs of points meet any 
tangent in a haimonio set of 2 ^oints 

7 With a given jioint not on a given conic as center and the iiolar of this 
point as axis, the conic is tiansfoimed into itself by a homology of jiei'iod two, 

8. The Pascal line of any simple hexagon whose veiticos are on a conic is 
the polar with respect to the conic of the Biuanchon point of the simiile hexagon 
whose sides aie the tangents to the conic at the vertices of the first hexagon. 

9 If the line joining two jiomts A, P, conjugate with resjiect to a conic, 
meets the conic m two points, these two points aie harmonic with ^1, B, 

10 If in a plane theie are given two conics and and the polars of 
all the points of with respect to are detei mined, these polars aie the 
tangents of a third conic. 

11 If the tangents to a given conic meet a second conic in pairs of points, 
the tangents at these pairs of points meet on a thud conic 

12 Given five points of a conic (or four points and the tangent thiough 
one of them, or any one of the other conditions determining a conic), show 
how to construct the polar of a given jioint with resiiect to the conic. 

13. If two pans of opposite sides of a complete quadrangle are pairs of 
conjugate lines with respect to a conic, the third pair of opiiosite sides are 
conjugate with lespect to the conic (von Staudt) 

14 If each of two triangles in a plane is the polar of the other with i espect 
to a conic, they aie peispective, and the axis of persi')eotivity is the polar of the 
center of xierspectivity (Chasles). 

15. Two triangles that are self-polar with respect to the same conic have 
their SIX vertices on a second conic and their six sides tangent to a thiid 
conic (Stexnei). 

16. Regarding the Desargues configuration as composed of a quadrangle 
and a quadiilateral mutually inscribed (cf. § 18, Chap II), show that the 
diagonal triangle of the quadrangle is perspective with the diagonal triangle 
of the quadrilateral. 

17. Let B be any two conjugate points with respect to a conic, and let 
the lines Ailf, BM joining them to an arbitrary poinb of the conic meet the 
latter again in the points C, JD respectively. The lines AD, BC will then meet 
on the conic, and the lines CD and AB aie conjugate. Dualize. 
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45* Degenerate conics. For a variety of reasons it is desirable to 
regard two coplanar lines or one line (tliouglit of as two cointddtnil 
lines) as degenerate cases of a point conic; and dually to regard 
two points or one point (thought of as two coincident points) as 
degenerate cases of a line conic This conception makes it posHiblt* 
to leave out the restriction as to the plane of section in ThoortMU 1, 
For the section of a cone of lines by a plane through the vortox of 
the cone consists evidently of two (distinct or coincident) lines, i.i‘, 
of a degenerate point conic; and the section of a cone of pianos by 
a plane through the vertex of the cone is the figure formed by 
or all the lines of a flat pencil, i.e a degenerate line conic, 

EXERCISE 

Dualize in all possible ways the degenerate and nondegonorate cawoH (d 
Theorem 1. 

Historically, the first definition of a conic section was given by the ancient 
Greek geometeis (e.g. Mensechraus, about 350 n.c ), who defined them an iliv 
plane sections of a “light circular cone/' In a later chapter wo will show 
that in the “ geometry of reals " any nondegeneiate point conic is projoctivoly 
equivalent to a circle, and thus that for the ordinary geometry the modern 
projective definition given in § 41 is equivalent to the old definition. We iitv 
here using one of the modern definitions because it can be applied before devel- 
oping the Euclidean metric geometiy. 

Degenerate comes would be included in our definition (p, 109), if 
we had not imposed the restriction on the generating projective 
pencils that they be nonperspective ; for the locus of the point of 
intersection of pairs of homologous lines in two perspective flat 
pencils in the same plane consists of the axis of perspeotivity and 
the line joining the centers of the pencils. 

It wiU be seen, as we progress, that many theorems regarding non- 
degenerate conics apply also when the conics are degenerate. For 
example, Pascal’s theorem (Theorem 3) becomes, for the case of a 
degenerate conic consisting of two distinct lines, the theorem of 
Pappus already proved as Theorem 21, Chap. IV (cl in particular the 
corollary). The polar of a point with regard to a degenerate conic 
consisting of two lines is the harmonic conjugate the point with 
respect to the two lines (cf. the defimtiOH, 84, ix. 7). Hence the 
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£X£SC1S£S 

1 State Brianchon^s theorem (Theorem 3^) for the case of a degenerate 
line conic consisting of two points 

2. Examine all the theoieins of the preceding sections with refoienco to 
their behavior when the conic in question becomes degenerate. 

46. Desargues’s theorem on conics. 

Theorem 19. If the vertiees of a complete qiiadranglc are on a conic 
which meets a line in two points^ the latter are a pair in the imo-* 
lution determined on the line hy the pairs of opposite sides of the 
qitadrangleJ^ 

Proof Eeverting to the proof of Theorem 2 (fig. 61), let the line 
meet the conic in the points 0^ and let the vortices of the quad- 
rangle be Ep 0^. This quadrangle determines on the line an 

mvolution in which S, A and XT are conjugate pairs. But in the 
proof of Theorem 2 we saw that the quadrangle A^AJBG determines 
Q^^B^ST^C^AJJ). Hence the two quadrangles determine the same 
involution on the line, and therefore Eg, are a pair of the involution 
determined by the quadrangle A^A^B^C^. 

Since the quadrangles A^A^Bfl^ and A^AfBG determine the same 
involution on the line when the latter is a tangent to the conic, we 
have as a special case of the above theorem : 

CoKOLLAKY, If the Dertices of a complete quadrangle are on a conic, 
the pairs of opposite sides meet the tangent at any other point in pairs 
of an involution of which the point of contact of the tangent is a double 
point 

The Desargues theorem leads to a slightly different form of statement foi 
the construction of a conic through five given points • On any line through 
one of the points the complete quadrangle of the other four determine an 
involution; the conjugate in this involution of the given point on the line 
is a sixth point on the conic. 

As the Desargues theorem is related to the theorem of Pascal, so 
are certain degenerate cases of the Desargues theorem related to the 
degenerate cases of the theorem of Pascal (Theorems 6, 7, 8, 9). Thus 
in fig 53 we see (by Theorem 6) that the quadrangle BCP^P^ deter- 
mines on the line an involution in which the points JJ, of the 
conic are one pair, while the points determined by p^, and those 


* First given by Pesargues in 1639; of. CEuvres, Paris, Vol. I (1864), p. 188*. 
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determined by P^P^, iJ-Z? are two other pairs. This gives the following 
special case of the theorem of Desargues . 

Theoeem 20. If tlie vertices of a triangle are on a conic, and a line I 
meets the conic in two points, the latter are a pair of the involution 
determined on I ly the pair of points in which two sides of the triangle 
meet I, and the pair in which the third side and the tangent at the 
opposite vertex meet I In case I is a tangent to the conic, the point of 
contact IS a douible point of this involution. 

In teims of this theoiem we may state the consti'uction of a conic iliiougli 
four points and tangent to a line thioiigh one of them as follows . On any lino 
through one of the points which is not on the tangent an involution is deter- 
mined in which the tangent and the line passing through the other two points 
determine one pair, and the lines joining the point of contact to the other two 
points deteimine another pan. The conjugate of the given point on the line 
in this involution is a point of the conic. 

A further degenerate case is derived either from Theorem 7 or 
Theorem 8. In fig. 54 (Theorem 7) let I be the Ime F^P^. The quad- 
rangle ABP^P^ determines on I an involution in which ij, are one 
pair, in which the tangents at F^, determine another pair, and in 
which the line F^F^ determines a double point. Hence we have 

Theorem 21. If a Ivne I meets a conic in two points and !{, are 
any other two points on the conic, the points in which I meets the conic 
are a pair of an involution through a douUe point of which passes the 
line F^P^ and through a pair of conjugate points of which pass the 
tangents at F^,F^. If I is tangent to the conic, the point of contact is 
ike second double point of this involution. 

The construction of the conic corresponding to this theorem may be stated 
as follows ; Given two tangents and their points of contact and one other point 
of the conic. On any line I through the latter point is determined an involution 
of which one double point is the intersection with I of the line joining the two 
points of contact, and of which one pair is the pair of intersections with I of 
the two tangents The conjugate in this involution of the given point of the 
conic on Z is a point of the conic 


EXERCISE 

State the duals of the theorems m this section 


47. Pencils ranges of conics. Order of contact. The theorems 
of the last section and their plane duals determine the properties of 
certam systems of conics which we now proceed to discuss briefly. 
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Defotition. The set of all conics Definition. The set of all conics 
through the vertices of a complete tangent to the aides of a complete 
quadrangle is called a ^eruyd of quadrilateral is called a ramje of 
conics of Type I (fig 61) conics of Type I (fig. 62). 

Theorem 19 and its plane dual give at once : 

Theoebm 22. Any line (not Theoeem 22'. The tangents 
through a vertex of the deter- through any point (not on a side 
mining quadrangle) is met iy the of the determining quachrilateraV) 
conics of a pencil of Type I in the to the conics of a range of Type I 
pairs of an involution.* are the pairs of an involution. 



COROLLAEY. Through a gen- OoROlXAEV. Tangent to a gee\n 
eral^ point in the plane there is eral line in the plane there is one 
one and only one, and tangent to and only one, and through a gen- 
a general line there are two or no eral point there are two or no 
conics of a gvoen pencil of Type I. conies of a given range of Type I. 

* Tins form of Desargnes's theorem is due to Oh. Sturm, Annales de M'a.th.iw'v 
tiques, Vol XVII (1826), p 180, . o mauiema- 

t The rertices of the quadrangle are regarded as oioeptional points. 
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Definition, The set of all conics Definition. The set of all conics 

through the vertices of a triangle tangent to the sides of a triangle 
and tangent to a fixed line through and passing through a fixed point 
one vertex is called a pencil of on one side is called a range of 
conics of Type II (fig, 63). conics of Type II (fig. 64). 

Theorem 20 and its plane dual then give at once: 

Theorem 23, Any Une in the Theorem 23^ The tangents 
plane of a pencil of conics of through any point in the plane 
Type II {which does not pass of a range of conics of Type II 
through a rertex of the detemiwr (pjhich is not on a side of the 
ing trmngle) is met hy the conics determining triangle) to the conics 
of the pencil in the pairs of an of the range are the pairs of an 
involution, involution. 

Corollary. Through a general Corollary. Tangent to a gen- 
point in the plane there is one and eral line in the plane tlure is one 
only one conic of the pencil; a7id and only one conic of the range; 
tangent to a general line in the and through a general point in 
plane there are two or no conics the plane there are two or no 
of the pencil, conics of the range. 

Definition. The set of all conics through two given points and 
tangent to two given lines tlirough these points respectively is called 

a pencil or range of conics of Type 
ir^ (fig, 65). 

Theorem 21 now gives at once : 

Theorem 24. Any line in the plane 
of a pencil of conics of Type IV {y)hich 
does not pass through either of the 
points common to all the conics of 
the pencil) is met "by the conics of the 
pencil in the pairs of an involution. 
Through any point in the plane [not 
on either of the lines that are tangent 
to all the conics of the pencil) the 
tangents to the conies of the pencil are the pavrs of an involution. The 
line joining the two points common to all the conics of the pencil meets 

* The classification of pencils and ranges of conics into types corresponds to tho 
classification of the corresponding plane oollineations <of, Bxs, 2, 4, 7, below)* 
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any line in a double point of the involution determined on that line. 
And the point of inter metion of the common tangents is joined to any 
point by a double line of the involution determined at that point 

CoKOLLAliY. Through any general point or tangent to any general 
line in the plane there is one and only one conic of the pencil 

EXERCISES 

1. What are the degenerate conics of a pencil or range of Type J? The 
diagonal triangle of the fundamental quadrangle (quadiilateral) of the pencil 
(range) is the only triangle which is self-polar with respect to two conics of 
the pencil (range). 

2. Let and be any two conics of a pencil of Tyi)e I, and let P be any 
point in the plane of the pencil. If p is the polar of P with respect to and 
P' is the j)ole of p with respect to the coirespondence thus established 
between [P] and [P'] is a jiiojective collineation of Type 7, whose invariant 
triangle is the diagonal triangle of the fundamental quadrangle. Do all pio- 
jective collineations thus determined by a pencil of conics of Type I form a 
gioup? Dualize. 

3. AVhat are the degenerate conics of a pencil or range of Type 77? 

4 Let a pencil of conics of Type 77 be determined by a triangle ABC and 
a tangent a through A^ Further, let a' be the harmonic conjugate of a with 
respect to AB and AC, and let A' be the intersection of a and BC, Then 
A , a and A% a' are i>ole and polar with respect to every conic of the pencil , and 
no pair of conics of the pencil have the same polars with regard to any other 
points than A and A' Dualize, and show that all the collineations determined 
as in Ex. 2 are in this case of Type 77. 

5 What are the degenerate conics of a pencil or range of Type 7F? 

6. Show that any point on the line joimng the two points common to all 
the conics of a pencil of Type JV has the same polar with respect to all the 
conics of the pencil, and that these all pass through the point of intersection 
of the two common tangents. 

7 Show that the collineations determined by a pencil of Type 7 F by the 
method of Ex 2 are all homologies (i e of Type 7F). 

* The pencils and ranges of conics thus far considered have in com- 
mon the properties (1) that the pencil (range) is completely defined 
as soon as two conics of the pencil (range) are given ; (2) the conics 
of the pencil (range) determine an involution on any line (point) in 
the plane (with the exception of the lines (points) on the determming 
points (lines) of the pencil (range)). Three other systems of conics may 
be defined which likewise have these properties. These new systems 

* The remainder of this section may be omitted on a first reading. 
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may be regarded as degenerate cases of tbe pencils and ranges already 
defined. Their existence is established by the theorems given below, 
which, together with their corollaries, may be regarded as degenerate 
cases of the theorem of Desargues. We shall need the foUowing 

Lemma. Any come is transforTned hy a jprojechve colhneatzon in 
the of the conic %nto a come such that the tangents at homologoris 
jpotnis are homologous. 

Proof This follows almost directly from the definition of a conic. 
Two projective fiat pencils are transformed by a projective coUmeation 
mto t’wo projective flat pencils. The intersections of pairs of homologous 
lines of one pencil are therefore transformed into the intersections 
of the corresponding pairs of homologous lines of the transformed 
pencils. If any' line meets the first conic m a point P, the transformed 
line will meet the transformed conic in the point homologous with P. 
Therefore a tangent at a pomt of the first conic must be transformed 
into the tangent at the corresponding point of the second conic. 

Theorem 2^, If a line is a tangent to a conic at a 'point Pq, 
and Q is any point of then through any povnt on the plane of A? 

hut not on A? or 
there is one and only 
one conic through 
and Q, tangent to 
p^, and such that there 
is no point of ex- 
cept having the same 
polar with regard to 
loth A? and B\ 

Proof If P' is any point of the plane not on p^ or A^, let P be 
the second point in which iJP' meets A^ (fig. 66) There is one and 
only one elation with center ij and axis P^Q changing P into P' 
(!^eorem 9, Chap. III). This elation (by the lemma above) changes 
A into another conic B^ through the points P^ and Q and tangent 
to p^. The lines through are imchanged by the elation, whereas 
th^ poles (on^^j) are subjected to a parabolic projectivity. Hence 
no point on^>, (distinct from ^) has the same polar with regard to A^ 
BS with re^d to B\ Since A^ is transformed into P® by an elation, 
the two conics can have no other points m common than and Q, 




§47] 


PENCILS AND EAJSTGES 


133 


That there is only one conic through satisfying the con- 
ditions of the theorem is to he seen as follows Let QP meet in 
S, and QP^ meet in (fig. 66). The point 8 has the same polar 
with regard to J? as /S" with regard to any conic since this polar 
must he the harmonic conjugate of ;p^ with regard to and iJP. 
Let j? he the tangent to J? at P and jp' he the tangent to at P\ 
and let 'p and jp' meet jp^ in T and respectively. The pomts 


n R M, 

Pig C7 

T and T' have the same polar, namely iJP, with regard to and 
any conic B\ By the conditions of the theorem the projectivity 

P,STy^P,S'Tf 

must be parabolic Hence, by Theorem 23, Cor, Chap. IV, 

Q(PoST, 

Hence p and p^ must meet on iJQ in a point B so as to form the quad- 
rangle RQPPL This determines the elements ij, <?, P\p^,p^ot 
and hence there is only one possible conic B^. 

Corollary 1. Tlie conics A? and B^ can have no other points in 
common than P^ and Q. 

Corollary 2. Any Urn I not on P^ or Q which meets jP and B^ 
meets them in pavrs of an involution vn which the points of intersecUon 
of I loith P^Q and p^ are conjugate 

Proof Let I meet A^ in JSf and B^m L and P^QmM, and 
jPo in Afi (fig. 67). Let K and he the points of A^ which are trans- 
formed by the elation into L and respectively. By the definition of 
an elation K and are coHinear with M, while K is on the line ZiJ 
and on Let KN^ meet p^ in JK, and ATiJ meet KK^ in S. 
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Then, since N. K, N„ K, are on the conic to which p, is tangent at ^ w 
have, by Theorem 6, apphed to the degenerate hexagon 1^1J\. A N,N, 
that A. and E are coUinear. Hence the complete VUidinlaloa-al 
SB KN , I has pairs of opposite vertices on IqM and /yilip 

and iSA and iJA Hence Q{MNL, 

Definition The set of aU conics Definition The set of all conics 

through a pomt Q and tangent to tangent to a Ime 2 and tangent to 


a line at a pohit and siicli 
that no point of except ij has 
the same polar with regard to two 
conics of the set, is called a pencil 
of comes of Type III (fig. 68) 


a line p^ at a point and such 
that no line on P except p^ has 
the same pole with regard to two 
conics of the set, is called a rmuje 
of conics of Type III (fig 09). 



Two conics of such a pencil (range) are said to have contact of the 
second order, or to osculate, at JJ. 

Corollary 2 of Theorem. 25 now gives at once: 

Theorem 26. Any line in the Tiieohem2C'. Through any point 
plane of a pencil of conics of in the plane of a range of conics of 
Type III, which is not on either of Type III, lohich is not on either of 
the common points of the pencil, is the common tangents of the range, 
met ly the conics of the pencil in the the tangents to the conics of the pen- 
pairs of an involution. Through cil are the pairs of an involution, 
any point in the plane except the Tangent to any line in th e plane e.e- 
common points there is one and cept the common tangents there is 
only one conic of the pencil; and one and only one conic of the range; 
tangent to any line not through and through any point mt on dthrn^ 
either of the common points there of the common tangents there are 
are two or no conics of the pencil, two or no conics of the range. 

* This argittnent has implicitly proved that three pairs of points of a conic, as 
KKi, NITi, PoQi such that the lines joining them meet in a point M, are projected 
from any point of the conic hy a quadrangular set of lines (Theorem 16, Chap, VIII), 
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The pencil is determined by The range is determined by 
the two common points, the com- the two common tangents, the 
mon tangent, and one conic of the common point, and one conic of 
pencil, the range. 

EXERCISES 

1 What are the degenerate conics of this pencil and range ? 

2 Show that the collineation obtained by making coi respond to any point P 
the point P' which has the same polar p with regard to one given conic of the 
pencil (lange) that P has with regard to anothei given conic of the pencil (range) 
IS of Type IIL 

Theorem 27. If a hue u tangent to a conic J? at a point ij, 
there is one and only one conic tangent to p^ at ij and passing 
through any other point F' of the plane of J? not on p^ or J? 
which determines for every point of p^ the same polar line as does Jf, 

Proof. Let P be the second point in which iJP' meets (fig. 70) 
There is one and only one elation of which is center and p^ axis, 
changing P to PK This elation changes into a conic P® through 



P\ and is such that if g is any tangent to A^ at a point Q, then g is 
transformed to a tangent g' of passing through gp^^ and Q is trans- 
formed into the point of contact of g', coUmear with Q and J? 
Hence there is one conic of the required type through P'. 

That there is only one is evident, because if I is any Ime through P\ 
any conic must pass through the fourth harmonic of P' with regard 
1o Zpo and the polar of as to A^ (Theorem 13), By considering two 
lines I we thus determine enough points to fix B\ 

Corollary 1. By duality there is one and only one conic P® tangent 
to any line not passing through Pq 
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Corollary 2. Any line I not on which meets A? and meets 
them in pairs of an involution one dottble point of which ^s Ip^^ and 
the other the point of I conjugate to Ip^ with respect to Ai A dual 
statement holds for any point L not on p^. 

Corollary 3. The conics A^ and can have no other point in 
common than and no other tangent in common than p^. 

Proof If they had one other point P in common, they would have 
in common the conjugate of P m the involution determined on any 
liue through P according to CoroUary 2 

Definition. The set of all conics tangent to a given line p^ at a 
given point ij, and such that each point on p^ has the same jiolar 
with regard to all conics of the set, is called a pencil or range of 
comes of Type K Two conics of such a pencil are said to have 
contact of the third order, or to hyperosculate at JJ, 

Theorem 27 and its first two corollaries now give at once: 

Theorem: 28. Any line I not on the common point of a pencil of 
Type V is met by the conics of the pencil in pairs of an involuhon 
one double point of which is the intersection of I with the common 
tangent Through any point L not on the common tangent the pairs 
of tangents to the conics of the pencil form an involution one double 
line of which is the line joining L to the common point There is one 
conic of the set through each point of the plane not on the common 
tangent, and one conic tangent to each line not on the common point 

The pencil or range is determined by the common point, the common 
tangent, and one conic of the set. 

EXERCISES 

1 . What are the degenerate comes of a pencil of Type F? 

2. Show that the oolhneation obtained by making oon'esiiond to any 
point P the point Q which has the same pole p with regard to one conic of 
a pencil of Type V that P has with regai’d to another conic of the pencil is 
an elation. 

3. The lines polar to a point A with regard to all the conics of a pencil 
of any of the five types pass through a point At The points A and A' are 
double points of the involution determined by the pencil on the lino A At 
Construct A^, Dualize* Derive a theorem on the complete quadrangle as a 
special case of this one. 

4. Construct the polar line of a point A with regard to a conic being 
given four points of a ^ and a conjugate of A with regard to CK 
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5, Given an involution I on a line I, a pair of points A and A' on I not 
conjugate in I, and any othei point JB on /, construct a point such that A 
and A' and B and B' are pans of an involution V whose double points are a 
pair in I The involution Y may also be desciibed as one which is commu- 
tative with I, or such that the product of I and Y is an involution. 

6 There is one and only one conic through thiee points and having a 
given point P and line p as pole and polar. 

7. The conics through three points and having a given pair of points as 
conjugate points form a pencil of conics. 

MISCELLANEOirS EXERCISES 

I. If G and o are pole and polar with regard to a conic, and A and B are 
two points of the conic collinear with 0, then the conic is generated by the 
two pencils A [P] and B [P'] where P and P' are paired in the involution 
on 0 of conj*ugates with regard to the conic. 

2 Given a complete plane five-point ABODE, The locus of all points X 
such that 

X(BCBE)-A(BCDE) 
is a come. ^ 

3 Given two projective nonperspective pencils, [p] and [<f\* Every line I 

upon which the projectivity is involutoric passes thiough a fixed 

point 0, The point 0 is the pole of the line joining the centers of the pencils 
with respect to the conic generated by them. 

4. If two complete quadrangles have the same diagonal points, their eight 
vertices lie on a conic (Cremona, Projective Geometry (Oxford, 1885), Chap. XX). 

5. If two conics intersect in four points, the eight tangents to them at 
these points are on the same line conic Dualize and extend to the cases 
where the conics are in pencils of Types II-V, 

6. All conics with lespect to which a given triangle is self-con jugate, and 
which pass through a fixed point, also pass through three other fixed points. 
Dualize. 

7. Construct a conic through two given points and with a given self- 
conjugate triangle. Dualize. 

8 . If the sides of a triangle are tangent to a conic, the hnes joimng two 
of its vertices to any point conjugate with regard to the conic to the third 
vertex are conjugate with regard to the conic. Dualize. 

9. If two points P and Q on a conic are joined to two conjugate points P', Q' 
on a line conjugate to PQ, then PP' and QQf meet on the conic 

10. If a simple quadrilateral is circumscribed to a conic, and if Z is any 
transversal through the intersection of its diagonals, I will meet the conic and 
the pairs of opposite sides in conjugate pairs of an involution. Dualize. 

II, Given a conic and three fixed collinear points A, B,C, There is a fourth 
point D on the line AB such that if three sides of a simple quadrangle in- 
scribed in the conic pass through A, B, and C respectively, the fourth passes 
through D (Cremona, Chap, XVII). 
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12 li a vaiiable simple 71 -lme (n even) is insciibed in a conic in suck a way 
that n — 1 of its sides pass tliiough w ~1 fixed collinear points, then the otliei 
side passes tluough anothei fixed point of the same line Dualize this tlieoioni 

13. If two conics inteisect in two points ^1,1? (01 aie tangent at a x>oint A) 
and two lines through and B lespectively (01 tin o ugh tlio point ol contrict 
A) meet the conics again in O' and L, L'^ then the lines OL and O'L' meet 
on the line joining the leuiammg points of inteibection (if existent) of the 
two conics. 

14. If a conic C® passes through the vertices of a triangle which is self- 
polar with lespect to another conic /sT^, theie is a tiiangle iiisciibed in and 
self -polar with regard to and having one vertex at any point of The 
lines which cut and in two pairs of points which are haimonically con- 
jugate to one another constitute a line conic which is the polax iecip>rocal 
of with regard to (Ciemona, Chap. XXII). 

15. If a vaiiable tiiangle is such that two of its sides pass lespeclively 
thiough two fixed points 0' and 0 lying on a given conic, and the vertices oiipo- 
site them lie respectively on two fixed lines u and u% while the third vertex 
lies always on the given come, then the third side touches a fixed conic, wdnch 
touches the lines u and u'. Dualize (Cremona, Chaj). XXIT) 

16. If P IS a vaiiable point on a conic containing A, C, and I is a vari- 
able line thiough P such that all throws T (PA, PB, PC^ ?) are projective, 
then all lines I meet in a point of the conic (Schroter, Jouinal fiir die reine uud 
angewandte Mathematik, Vol. LXII, j). 222). 

17. Given a fixed conic and a fixed line, and three fixed points A, B, C on 
the conic, let P be a variable point on the conic and let P.1, PB, PC meet 
the fixed line m A', B', C' If 0 is a fixed point of the plane and (OA', PB') = K 
and (KC') = I, then K desciibes a conic and I a pencil of lines whose center is 
on the conic described by K (Schiotei, loc. cit.), 

18. Two tiiangles ABC and PQR are perspective in four ways Show that 
if ABC and the point P are fixed and Q, R are variable, the locus of each of 
the latter points is a conic (cf. Ex. 8, p. lOo, and Schioter, Matliematische 
Annalen, Yol 11 (1870), p 553). 

19. Given six points on a conic. By taking these in all possible orders 
60 different simple hexagons inscribed in the conic are obtained* Each of 
these simple hexagons gives rise to a Pascal line The figuio thus associated 
with any six points of a conic is called the liexagrammum myUicum.’^ Piove the 
following properties of the hexagrammum mysticum : 

1 . The Pascallmes of the tin ee hexagons PiPaPeP^PgPQ, PiP^PbPqPcPs, 
and PxPfiP^P^P^P^ are concurrent. The point thus associated with such a set 
of three hexagons is called a Steiner ^wint 

ii There are m all 20 Steiner points. 

* On the Pascal hexagram cf Stemer-Sohrbter, Yorlesungen liber Synthetische 
Geometrie, Yol II, § 28 , Salmon, Conic Sections in the Notes ; Christine badd, 
American Journal of Mathematics, Yoh II (1879), p 1. 
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iii. Fiona a given simple hexagon five others are obtained by permuting 
in all possible ways a set of thiee vertices no two of which are adjacent. The 
Pascal lines of these six hexagons pass through two Steinei points, which aro 
called conjugate Steiner points. The 20 Steiner points fall into ten paiis of 
conjugates. 

IV The 20 Steiner points lie by fours on 15 lines called Steiner Uneft, 

V What is the symbol of the configuiation composed of the 20 Steiner 
points and the 15 Steiner lines ? 

20. Discuss the problem corresponding to that of Ex. 19 for all the special 
cases of Pascal's theorem 

21. State the duals of the last two exercises 

22. If in a plane there are given two conics, any point A has a polai with 
respect to each of them If these polars intersect in A% the points A, aie 
conjugate with respect to both conics. The polars of A' likewise meet in A, 
In this way every point in the plane is paired with a unique other point. By 
the dual piocess every line in the plane is paiied with a unique line to which 
it is conjugate with respect to both conics Show that in this correspondence 
the points of a line correspond in geneial to the points of a conic. All such 
conics which correspond to lines of the plane have in common a set of at most 
three points. The polais of eveiy such common point coincide, so that to each 
of them IS made to correspond all the points of a line. They foiin the excep- 
tional elements of the coirespondence. Dualize (Reye-Holgate, p. 110),* 

23 If m the last exercise the two given conics pass through the vertices of 
the same quadrangle, the diagonal points of tins quadrangle are the «« common 
points ” mentioned m the preceding exercise (Reye-Holgate, p 110). 

24 Given a cone of lines with vertex 0 and a line w thiough (9. Then a 
one-to-one correspondence may be established among the lines thiough O by 
associating with eveiy such line a its conjugate a' with respect to the cone 
lying in the plane au If, then, a describes a plane tt, a' will desciibe a cone of 
lines passing thiough u and through the polar line of tt, and which has in 
common with the given cone any lines common to it and to the given cone 
and the polar plane of u (Reye-Holgate, p. Ill) * 

25. Two conics are determined by the two sets of five points A^B^C, 

and A , R, C, IT, K, Construct the fourth point of intersection of the two conics 
(Castelnuovo, Lezioni di Geometria, p 391). 

26. Apply the result of the preceding Exercise to construct the point P such 
that the set of lines P(A, JS, C, JD, E) joining P to the vertices of any given 
complete plane five-point he projective with any given set of five points on a 
line (Castelnuovo, loc. cit.). 

27. Given any plane quadrilateral, construct a line which meets the sides 
of the quadrilateral in a set of four points projective with any given set of 
four collinear points. 

* The correspondences defined in Exs. 22 and 24 are examnlAs 
quadratic correspondence^. 
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28. Two sets of five points A, Cy D, E and A, By H, K, L determine 
two comes which intersect again in two points Xy Y. Construct the line XY 
and show that the points X, Y are the double points of a certain involution 
(Castelnuovo, loc. cit.). 

29. If three conics pass through two given points Ay B and the three pairs 
of conics cut again in three pairs of points, show that the three lines joining 
these pairs of points are concurrent (Castelnuovo, loc. cit ). 

30. Prove the converse of the second theoiem of Deaargties * The conics 
passing through thiee fixed points and meeting a given line in the pairs of 
an involution pass through a fourth fixed point. This theorem may be used 
to construct a conic, given three of its points and a pan of points conjugate 
with respect to the conic. Dualize (Castelnuovo, loc. cit.). 

31. The poles of a line with respect to all the conics of a pencil of conics 
of Type 1 are on a conic which losses through the diagonal points of the 
quadrangle defining the pencil. This conic cuts the given line in the iioints 
in which the latter is tangent to conics of the pencil. Dualize. 

32. Let p be the polar of a point P with regard to a triangle ABC, If P 
varies on a conic which passes through .B, C, then^ passes through a fixed 
point S (Cayley, Collected Works, Vol I, p. 361). 

33. If two conics are inscribed in a triangle, the six points of contact aie 
on a third conic. 

34. Any two vertices of a triangle circumscribed to a conic are separated 
harmonically by the point of contact of the side containing them and the point 
where this side meets the line joining the points of contact of the other sides. 
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ALGEBRA OP POIRTS AND ONE-DIMENSIONAL COORDINATE 

SYSTEMS 

48. Addition of points. That analytic methods may be introduce( 
into geometry on a strictly projective basis was first shown by voi 
Staudt.* The point algebra on a line which is defined in this chapte 
without the use of any further assumptions than A, E, P is essentiallj 
equivalent to von Staudt’s algebra of throws (p. 60), a brief accoum 
of which will be found in § 55. The original method of von Staudi 
has, however, been considerably clarified and simplified by moderr 
researches on the foundations of geometry f All the definitions ano 
theorems of this chapter before Theorem 6 are independent of As 
sumption P. Indeed, if desired, tliis part of the chapter may be read 
before taking up Chap IV. 

Given a line Z, and on I three distinct (arbitrary) fixed points which 
for convenience and suggestiveness we denote by JJ, JJ, i^,, we define 
two on(yoalued ojperations J on pairs of points of I with reference to 
the fundamental •points ij, ij, The fundamental points are said 
to determine a scale on I, 

Definition. In any plane through I let K and IL be any two lines 
through and let be any hne through meeting L and II in 
points A and respectively (fig 71). Let and ^ be any two points 
of Z, and let the lines F^A and F^A! meet II and Z« m the points X 
and Y respectively. The point in which the line XY meets Z, is 
called the su^m of the points and (in symbols in 

*K G. 0. von Staudt (1798-1867), Beiti age zur Geometne derLage, Heft 2 (1867), 
pp. 160 et seq This hook is concerned also with the related question of the inter- 
pretation of imaginary elements in geometry. 

t Cf., for example, G. Hessenherg, Ueher emen Geometrischen Calcul, Acta 
Mathematica, Vol. XXIX, p 1. 

I By a om-valued operation o on a pair of points A, B is meant any process 
whereby with every pair A, B is associated a point C, which is unique provided 
the order of A, B is given; in symbols AoB = 0 Here “order’* has no geo- 
metrical significance, but implies merely the formal difference of AoB and Bo A 
If AoBs=BoA) the operation is commvMive; if (AoB)oC=Ao(BoC7), the opera- 
tion is assocMive, 
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the scale ij, ij, The operation of obtaining the sum of two points 
is called addition ^ 



Theorem 1, If and are distinct from 7J and 
P^P^F^^y) is a necessary and sufficient condition for the e<iiutlity 
= (A>E) 

This follows immediately from the definition, JJlA'Y being a 
quadrangle which determines the given quadrangular set. 


Corollary 1. If P^ is any jpoint of Z, we ham Il+Il^Il + P^'^P^, 
andP,+P^=^P^ + P^^P^{P^^P„). (A,E) 


This IS also an immediate consequence of the definition. 

Corollary 2. The operation of addition is onc'^alued for every 
pair of points P^ P^ of I, except for the pair P^, II. (A, K) 


This follows from the theo- 
rem above and the corollary of 

* The historical origin of this con- 
struction will be evident on inspection 
of the attached figure This is the 
figure which results, if we choose for 
IcB the “line at infinity” in the plane 
in the sense of ordinary Euclidean 
geometry (cf p, 8), The construction 
is clearly equivalent to a translation 
of the vector PoPj, along the line I, 

wSS oomcideiioe with the terminal point of the vector 

■r-irV:, which is ths ordinary oonstmotion for the sum of two vectors on a line. 
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Theorem 3, Chap II, in case ^ and are distinct from 7^ and 7^, 
If one of the points coincides with ^ or 7^, it follows from 

Corollary 1 

CoBOLLAEY 3, TliQ operation of addition is associative ; ix 
^ + (iJ + i^) = (P, + P,) + i^ 

for any three poznts for which the above expressions are 

defined. (A, E) 

Proof (fig. 73). Let + he determined as in the definition by 
means of three Imes 1^®^ be 

denoted by 1^, and by means of construct the point (i^ + .^) + 



which IS determined by the line XZ^ say. If now the point + 7* 
be constructed by means of the lines and then the point 

+ be constructed by means of the lines ll, it will be 

seen that the latter point is determined by the same line XZ. 

CoEOLLAKY 4 The operation of additwn is commutative; ^x. 

J5 + J^ = 7J + J^ 

for every pair of points ij, 7J for which the operation is defined. (A, E) 

Proof. By reference to the complete quadrangle AXA!Y (fig. 71) 
there appears the quadrangular set Q(JR,iJJ?, ii which by the 

theorem implies that ^ But, by definition, + ij 

Hence + 


[Chap VI 


]_44 ALGEBEA OF POINTS 

Theorem 2. Any three points P,, P,, Pa{K^S>) relation 

P^P^P^Py-f^P^PaP^+aPy^ra, 

ie. the correspondence estallished by making each point P^ of I corre- 
spond ioPj=P^+Pa, where P^(^ P-) is any faced point of I, h projective. 

(^>E) ” . 

Proof The definition of addition (fig 71) gives this projectmty as 
the result of two perspectivities:* 

The set of all piojectivities determined by all iiossiblo clioioes of in the 
formula Pi = Pa:'^Pa the group described in Example 2, p. 70, Th(3 Riun of 
two points '" Pa and might indeed have been defined as the point into which 
P5 is transformed when Pq is tiansformed into P^ by a projectivity of this 
group. The associative law for addition would thus appear as a sp<^cial case 
of the associative law which holds for the composition of corrcsporidoncos in 
general ; and the commutative law for addition would be a consequence of the 
commutativity of this particular gioup, 



49 . Multiplication of pomts. Definition In any plane through I 
let ly, ij, he any three Imes through ij, respectively, and let 
meet 1^ and I. in points A and P respectively (fig. 74). Let P„ JfJ be any 
two points of I, and let the lines P^A and P^B meet and in the points 
Xand P respectively. The point P^ in which the line XY meets I is 

^ coirespond to the notation of this theorem, P„ must he 
laentified with P<,. ’ ^ 
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called ih.Q product ofP^ ly (m sj'mbols P^ ■ in the scale P^, J®, JJ, 

on 1. The operation of obtaining the product of two points is called 
multiplication * Each of the points JP, ij is called a factor of the 
product ij; ij. 

Theorem Z If P^ and ij are any two points of I distinct from 
^o> P’^PyPxt) ^ necessary and sufficient for tlie equality 

P, P, = P„,. (A,E) 

This follows at once from the definition, AX£Y being the defining 
quadrangle. 

Corollary 1 For any point P^lffi^Pf) on I we have the relations 
P,-P, = P,.P, = Pj P, ^ = P, = PP, = P, = 

This follows at once from the definition 

Corollary 2. The operation of muZtiplieation is one-valued for 
every pair of points P^, Pj^ of I, except JJ P, and P p. (A, E) 

This follows from Corollary 1, if one of the pomts p, p coincides 
with p, p, or p. Otherwise, it follows from the corollary, p. 50, in 
connection with the above theorem. 


B 



ffio. 76 


* The origin of this construction may also be seen in a simple construction of 
metric Euclidean geometry, which results from the construction of the definition 
by letting the line l„ be the “line at mfimty” (of. p 8) In the attached figure 
which gives this metric construction we have readily, from similar triangles, the 


proportions : 


JpQpx Pqj^ __ PqPx 


PoP,“Por‘“PoPav^ 


which, on taking the segment PoPi=l, gives the desired result PoPiBy=PoPnj-PoPy 
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CoEOLLAKY 3 The operation of multiplication is associative, i.e wc 
have {P„ - P^) - = P, (Pji II) for every three points J^, P^, P^ for which 
these proiuots are defined (A, E) 

Proof (fig 76). The proof is entu'ely analogous to the proof for 
the associative law for addition. Let the point be constructed 



as in the definition by means of three fundamental lines ly, l„, 
the point being deternuned by the Ime XY. Denote the line iJP 
by l[, and construct the point = > using the linos f,, l„ 

as fundamental Further, let the point Pg — Ilt be constructed by 
means of the lines and then let P^- P^ — P^- fPy - be con- 
structed by means of It is then seen that the points • JJ, 

and P^^ P, are determined by the same line. 

By analogy with Tlieorem 1, Oor. 4, we should now prove that mul- 
tiplication IS also commutative. It wiU, however, appear presently 
that the commutativity of multiplication cannot be proved without 
the use of Assumption P (or its equivalent). It must indeed be clearly 
noted at this point that the definition of multiplication requires the 
first factor m a product to form with and a point triple of 
the quadrangular set on I (cf. p. 49) ; the construction of the product 
is therefore not independent of the order of the factors. Moreover, 
the fact that in Theorem 3, Chap. II, the quadrangles giving the points 
of the set are similarly placed, was essential in the proof of that 
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theorem We cannot therefore use this theorem to prove the com 
mutative law for multiplication as in the case of addition. 

An important theorem analogous to Theorem 2 is, however, inde- 
pendent of Assumption P [t is as follows * 

Tiieokkm 4 If the relation — holds letioeen any three 
points II, Fy, I]y on I distinet from /*, we have Jil^PyP^y 

and also ie» the correspondence estaUished hy 

malcing each point P^of I correspond to Pj=iP^ •P^ {or to PJ ^ P^* P,), 
where is any fixed point of I distinct from is projective, (A, E) 

Proof, The definition of multiplication gives the first of the above 
projectivxties as the result of two perspectivities (fig, 76): 

The second one is obtained similarly In fig 76 we have 

B X 

The set of all projectivities detei mined hy all choices of ^ the for- 
mula P^ — Px Pa the group described in Example 1, p 69 The proper- 
ties of multiiilication may be legarded as propei’ties of that group in the same 
way that the piopeities of addition aiise fiom the gioup desciibed in Example 
2, p, 70 In particular, tins furnishes a second j>roof of the associative law 
for multiplication. 

Theorem 5. Multiplication is distributive with respect to addition; 
i,c, if P^t Py, P^ are any three points on I {for which the operations 
below are defimed), we have 

P.^{Px + Py)^^.'^. + Pz^^P<^'^^d{P,+Py)-P,^P,^P,+ (A,E, 

Proof Place 

J^-f- JJ = — j^jj, P^ Py^Pzy> ^11^ Pz * Px-\-y^ -^Caj+y)* 

By Theorem 4 we theu have 

^lf^(x+yy 

But by Theorem 1 we also have Hence, by 

Theorem 1, Cor., Chap IV, we have •£-^y-^(a+«) which., 

by Theorem 1, implies («+,)• Hie relation 

(Jg+^) F, 


is proved similarly. 
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50 The cojninutative law for laultiplicatioii. With the aid of 
Assumption P v?e wiU now derive finally the commutative law for 
multiplication : 

Theorem 6. The opeTcitioTi of QTfi/ioltipliccttwii iti (‘oitt/oiututivo ; 
we have every pair of points J\, /; of I for which 

these two products are defined. (A, E, P) 

Proof. Let us place as before ■ L, = i^,. Then, by 

the first relation of Theorem 4, and interohanging the points J^., 
behave 

and from the second relation of the same theorem we have 

P.P,PtP,-KF^PePA- 

By Theorem 17, Chap. LV, this requires = 

In view of the fact already noted, that the fundamental theorem 
of projective geometry (Theorem 17, Chap. IV) is equivalent to 
Assumption P, it follows (of. § 3, Vol. II) that: 

Theorem 7. Assumption Pis necessary and sufficient fur the com- 
mutative law for muMiplication.* (A, E) 

51. The inverse operations. Definition. Given two points Jf 
on I, the operation determining a point P^ satisfying the rolatioii 
^+^=^is called suhtraetioni in symbols P^—J^=2l. The point 
2^ is eaUed the difference of from P^. Subtraction is Uie inverse of 
addition. 

The construction for addition may readily be reversed to give a con- 
structionfor subtraction. The preceding theorems on addition then give: 

Theore.m 8 Subtraetion is a one-valned operation for every pair 
of points P„, ^ on I, e<mpt the pair JJ,, P„. (A, K) 

Corollary. We have in particular for emery point 

I^{=pp,)onl. (A, E) 


•The existence of algebras In which multiphcation is not oonmmtative is then 
sufficient to establish the fact that Assumption P is independent of the previous 
Assumptaons A and E Por in order to construct a system (of. p. «) which satisfies 
Assumptions A and B without satisfying Assumption P, we need only construct an 
analytic geometry of three dimensions (as described m a later chapter) and use as a 
basM a nbneommutative number system, e g. the system of q,uaternion8. That the 
nmdamentu Ibeorem of projective geometry is equivalent to tlie commutative 
taw for mnlttphoauon was first established by Hilbert, who, in his Foundations of 
(^metry, showed th« the commutative law is equivalent to the theorem of Pappus 

^ equivalent to the funda- 
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Definition. Given two points i? on ^ ; the point 1^ determined by 
tlie relation ^ is called the quotient of by 11 (also the ratio 
of to j^) ; 111 symbols l^/li = i?, or ^ = /^ The operation deter- 
mining j^/i^ IS called division; it is the inverse of multiplication.* 
The construction for multiphcation may also be reversed to give a 
construction for division. The preceding theorems on multiplication 
then give readily : 

Theorem 9. Division is a one-valued operation for every pair of 
points on I except the pairs ij, and Zy F, (A, E) 

Corollary. We have in particular F IF = /-^ ~ •£> 
ete,^ for every point F^'^^ distinct from F E) 

Addition, subtraction, multiplication, and division are known as 
the four rational operations 

52. The abstract concept of a number system. Isomorphism. The 
relation of the foregoing discussion of the algebra of points on a hue 
to the foundations of analysis must now be briefly considered. With 
the aid of the notion of a group (cl Chap. Ill, p. 66), the general con- 
cept of a number system is described simply as follows : 

Definition. A set N of elements is said to form a number system^ 
provided two distinct operations, which we will denote by © and o 
respectively, exist and operate on pairs of elements of N under the 
following conditions: 

1. The set N forms a group with respect to ©. 

2 The set N forms a group with respect to G, except that if \ is 
the identity element of N with respect to ©, no inverse with respect 
to o exists for If a is any element of N, a o o a = i^, 

3. Any three elements a, 6, c of N satisfy the relations ao(b®c) 
=i{aQb)®(aoc) and (b^c)oa^(boa)®{eoa) 

The elements of a number system are called numbers, the two oper- 
ations © and o are called addition and multiplication respectively. 
If a number system forms commutative groups with respect to both 
addition and multiplication, the numbers are said to form ^field^X 

^ Wliat we have defined is more precisely rigJO-haiided division The left-handed 
quotient is defined similarly as the point P* determined by the relation P* Pa = P&. 
In a commutative algebra they are of course equivalent. 

t The identity element in a number system is usually denoted by 0 (zero) 
i The class of all ordinary rational numbers forms a field; also the class of real 
numbers; and the class of all integers reduced modulo p (p a prime), etc. 
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On tlie basis of this definition may be developed all the theory 
relating to the rational operations — i.e. addition, multiplication, sub- 
traction, and division — in a number System The ordinary algebra 
of the rational operations applying to the set of ordmary rational or 
ordinary real or complex numbers is a special case of such a theory. 
The whole teroninology of this algchra, in so far as it is definoMe in 
terms of the four rational operations, will in the future be assumed 
as defined. We shall not, therefore, stop to define such terms as 
reciprocal of a number, exponent, equation, satisfy, solution, root, etc. 
The element of a number system represented by a letter as a will be 
spoken of as the value of a, A letter which represents any one of a 
set of numbers is called a variable; variables will usually be denoted 
by the last letters of the alphabet. 

Before applying the general definition above to our algebra of 
points on a line, it is desirable to introduce the notion of the 
abstract equivalence or isomorphism between two number systems. 

Definition*. If two number systems are such that a one-to-one 
reciprocal correspondence exists between the numbers of the two 
systems, such that to the sum of any two numbers of one system 
there corresponds the sum of the two corresponding numbers of the 
other system; and that to the product of any two numbers of one 
there corresponds the product of the corresponding numbers of the 
other, the two systems are said to be abstractly equivalent or (simply) 
isomorphic,’^ 

When two number systems are isomorphic, if any series of oper- 
ations is performed on numbers of one system and the same senes 
of operations is performed on the corresponding numbers of the 
other, the resulting numbers will correspond, 

53, Nonhomogeneous coordinates. By comparing the corollaries 
of Theorem 1 with the definition of group (p. 66), it is at once 
seen that the set of points of a line on which a scale has been estab- 
lished, forms a group with respect to addition, provided the point jS 
be excluded from the set. In this group is the identity element, 
and the existence of an inverse for every element follows from 
Theorem 8. In the same way it is seen that the set of points on 
a line on which a scale has been established, and from which the 

* For the general idea of the isomorphism between groups, see Burnside’s Theory 
of Groups, p. 22. 
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poinL has been excluded, forms a group with respect to multipli- 
cation, except that no inverse with respect to multiplication exists 
for j^; IS the identity element in this group, and Theorem 9 insures 
the existence of an inverse for every point except These con- 
siderations show that the first two conditions m the definition of a 
number system are satisfied by the points of a line, if the operations © 
and o are identified with addition and multiplication as defined in 
§§48 and 49. The third condition in the definition of a number 
system is also satisfied in view of Theorem 6, Finally, m view of 
Theorem 1, Cor 4, and Theorem 6, this number system of points on 
a line is commutative with respect to both addition and multipli- 
cation This gives then: 

Theorem: 10 TJie set of all points on a line on which a scale has 
been estahhshed, and from which the point is excluded, fo^m^s a field 
with respect to the operations of add%t%on and multiplication prefoiously 
defined. (A, E, P) 

This provides a new way of regarding a point, viz., that of regarding 
a point as a number of a number system This conception of a point 
will apply to any point of a line except the one chosen as It is 
desirable, however, both on account of the presence of such an excep- 
tional point and also for other reasons, to keep the notion of point 
distinct from the notion of number, at least nominally. This we do 
by introducing a field of numbers a, S, c, * • • ,.Z, A, • • • , oj, y, i8f, • • • wMch 
is isomorphic with the field of points on a line. The numbers of the 
number field may, as we have seen, be the points of the line, or they 
may be mere symbols which combine according to the conditions 
specified m the definition of a number system ; or they may be ele- 
ments defined in some way in terms of points, Imes, etc.* 

In any number system the identity element with respect to addi- 
tion is called zero and denoted by 0, and the identity element with 
respect to multiplication is called one or unity, and is denoted by 1. 
We shall, moreover, denote the numbers 1+1, 1 + 1 + 1, • • 0— a, • • • 
by the usual symbols 2, 3, a, • *.t In the isomorphism of our 
system of numbers with the set of points on a line, the point must 
correspond to 0, the point J!? to the number 1 ; and, in general, to every 

* See, for example, § 66, on von Staudt’s algebra of throws, where the numbers 
are thought of as sets of four points. 

t Of., however, in this conneotion § 67 below. 
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point will correspond a number (except to JS), and to every number 
of the field will correspond a point In tins way every point of the 
ime (except jS) is labeled by a number. This number is called the 
(nonliomogeneous) coordinate of the point, to which it corresponds. 
This enables us to express relations between points by means of 
equations between their coordmates The coordmates of points, or 
the points themselves when we think of them as numbers of a 
number system, we will denote by the small letters of the alphabet 
(or by numerals), and we shall frequently use the phrase «the point as” 
in place of the longer phrase “ the pomt whose coordinate is x!' It 
should be noted that this representation of the points of a line by 
numbers of a number system is not in any way dependent on the 
commutativity of multiplication ; i e. it holds m the general geom- 
etries for which Assumption P is not assumed. 

Before leaving the present discussion it seems desirable to point 
out that the algebra of points on a line is merely representative, 
under the principle of duality, of the algebra of the elements of any 
one-dimensional primitive form. Thus three Imes Zq, Z„ of a flat 
pencil determine a scale in the pencil of lines; and three planes 
of an axial pencil determine a scale in this pencil of planes ; 
to each corresponds the same algebra. 

54. The analytic expression for a projectivity in a one-dimensional 
primitive form. Let a scale be established on a line I by choosing 
three arbitrary points for ij, j^, ; and let the resulting field of points 

on a line be made isomorphic with a field of numbers 0, 1, cc, * • so 
that corresponds to 0, to 1, and, in general, ^ to a. For the 
exceptional pomt li, let us introduce a special symbol oo with excep- 
tional properties, which will he assigned to it as the need arises. 
It should be noted here, however, that this new symbol oo does not 
represent a number of a field as defined on p 149, 

We may now derive the analytic relation between the coordinates of 
the pomts on Z, which expresses a projective correspondence between 
these pomts. Let x be the coordinate of any point of Z. We have seen 
that if the point whose coordinate is x is made to correspond to either 
of the points 


(I) 

or (II) 


d^x + a, (ai^oo) 
x^^ax, (a=?«=0) 
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wheie a is the coordmate of any given point on I, each of the result- 
ing correspondences is projective (Theorem 2 and Theorem 4). It is 
readily seen, moreover, that if aj is made to correspond to 

(III) 

the resulting correspondence is likewise projective. For we clearly 
have the followmg construction for the pouit 1/aj (fig. 77) • With the 
same notation as before for the construction of the product of two 





numbers, let the line xA meet L in X If X is determined as the 
intersection of IX with 1^, the line BT determines on ^ a point a/, 
such that xx!=\, by definition. We now have 

A 1 B , 

The three projectivities (I), (II), and (III) are of fundamental 
importance, as the next theorem will show. It is therefore desirable 
to consider their properties briefly ; we will thus be led to define the 
behavior of the exceptional symbol oo with respect to the operations 
of addition, subtraction, multiplication, and division. 

The projectivity (A =x-\- a, from its definition, leaves the point B,, 
which we associated with oo, invariant. We therefore place co + a = co 
for aU values of a (a ¥= oo). This projectivity, moreover, can have no 
other invariant point unless it leaves every pomt invariant ; for the 
equation a; = a: q- a gives at once a = 0, if » =3^= oo. Further, by prop- 
erly choosing a, any point x can be made to correspond to any point x'; 
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but when one such pair of homologous pomts is assigned in addition 
to the double point oo, the projectivity is completely determiued. 
The resultant or product of any two projectivities x^=:^x+a and 
d — x + l is clearly £i5'= + -f- 5). Two such projectivities are 

therefore commutative. 

The pro]ectivity sd = ax^ from its definition, leaves the points 0 and co 
invariant, and by the fundamental theorem (Theorem 17, Chap IV) 
cannot leave any other point invariant without reducing to the iden- 
tical projectivity. As another property of the symliol co we have 
therefore ao^{a ^ G) Here, also, by proiierly choosing a, any 
point X can be made to correspond to any point oj', but then the pro- 
]ectivity IS completely determmed. The fundamental theorem in this 
case shows, moreover, that any projectivity with the double points 0, co 
can be represented by this equation The product of two projectivities 
£c ' = ax and d = lx is clearly x^ = {al) x, so that any two projectivities of 
this type are also commutative (Theorem 6). 

Finally, the projectivity x^^lfx, by its definition, makes the 
point 00 correspond to 0 and the point 0 to oo. We are therefore led 
to assign to the symbol oo the following further properties : ] /oo = 0, 
and 1/0 = CO. This projectivity leaves 1 and — 1 (defined as 0 — 1) 
invariant Moreover, it is an involution because the resultant of two 
applications of this projectivity is clearly the identity; i.e. if tlie 
projectivity is denoted by tt, it satisfies the relation ^ = 1. 


Theorem 11. Any projectimty on a line is the product of projee- 
tiviUes of the three types (/), (//), a7ul (J//), aoid may le expressed 
m the form 

( 1 ) 


GX+ d 


Gonverselyf every equation of this form represents a projectivity, if 
ad — Jc 0 (A, E, P) 


Proof We will prove the latter part of the theorem first. If wo 
suppose first that c =?£: 0, we may write the equation of the given 
transformation in the form 


This shows first that the determipsjit ad — ho must be different from 
0 , otherwise the second tenn on the right of (2) would vanish, which 
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■would make every x correspond to the same point a/c, while a pro- 
jectivity is a one-to-one correspondence. Equation (1), moreover, 
shows at once that the correspondence established by it is the result- 
ant of the five : 

_ 1 

*'2 — .vjL « /, / — *"4 


x^ = cx, x^ = Xi + d, ®8 = ~» = — ■^® 8 > x^==x^ + 


If c == 0, and ad ^ 0, this argument is readily modified to sho-w that 
the transformation of the theorem is the resultant of projectivities of 
the types {!) and {11). Since the resultant of any series of jirojectiv- 
ities is a projectivity, tliis proves the last part of the theorem. 

It remains to show that every projectivity can mdeed be repre- 
sented by an equation a/ = • To do this simply, it is desirable 

to deterinine first what point is made to correspond to the point c 3 o by 
this projectivity. If we follow the course of this point through the 
five projectivities into which we have just resolved this transforma- 
tion, it IS seen that the first two leave it invariant, the third trans- 
forms it into 0, the fourth leaves 0 invariant, and the fifth transforms 
it into a/c; the point oo is then transformed by (1) into the point 
a ! 0 This leads m to attrilnute a further property to the symbol oo, 


VIZ, 


ax + I __ a 
cx + d c 


= “ > when = 00 . 


According to the fundamental theorem (Theorem 17, Chap. IV), a pro- 
jectivity is completely determined when any three pairs of homolo- 
gous points are assigned. Suppose that in a given projectivity the 
points 0, 1, 00 are transformed into the points p, q, r respectively. 
Then the transformation 

^^r(q~p)x+p(r-gi) 

{S~p)a! + {r-q) 

clearly transforms 0 into p, 1 into q, and, by virtue of the relation 
just developed for oo, it also transforms oo into r. It is, moreover, of the 
form of (1) Tire determinant ad~~io is in this case {q—p) (»■— <?)(?’ — p)> 
which is clearly different from zero, if p, q, r are aU distinct. This 
transformation is therefore the given projecti’vity. 

• OoROl/LAAY 1. The projeetivUy ad s=a/x{a'^(i,oir oo) transforms 0 
mto 00 and oo imto 0. (A, E, 
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For it IS the resultant of the two projectivities, x^ = 1fx and 
ax of which the first interchanges 0 and oo, while the second 
leaves them both invariant. We are tlwrefore led to define the mjmUU 
a/0 and a/oo as equal to oo and 0 reefectMy, when a is mither 0 

nor 00 

CoBOLLARY 2. Any projectwity leaving the point co itivariaiU may 

ie expressed vn the form A — ax -V h. (A, E, P) 

CoEOLLABY 3 Any projeetiviiy may he expressed analytieally hy 
the Uinear equation exxi + dd- cae-h=^Q ; and conversely, any 
hUinear equation defines a projective correspondence letwecn its im 
variahles, proirided ad — 6c 0. (A, E, P) 

CoBOLLARY L If a projectvoity leaves any points invariant, the 
coordinates of these double points satisfy the quadratic equation 
c 3 ?+{d — a)x — 6 = 0. (A, E, P) 

Definition. A system of mn numbers arranged in a rectangular 
array of m rows and n columns is called a matrix. If m = n, it is 
called a square matrix of order n * 

The coefficients of the projective transformation (1) form a 
sq^uare matrix of the second order, which may be conveniently used to 
denote the transformation Two matrices and repre- 

sent the same transformation, if and only if a : a' = 6 : 6' = e : c' = ci : d'. 

The product of two projectivities 


a/ = 7r(a!) = ^*’^j aud d' 
' ’ cx + d 




a' A + h' 
o' A + d' 


is given by the equation 


A' = 7rjW(a:) = 


(aa' -f cb') « -I- 6a' H- db' 
{ad -f ed') x-\-bd + dd' ' 


This leads at once to the rule for the multiplication of matrices, 
which is similar to that for determinants. 

Definition. The product of two matrices is defined by the equation 

(A V\/a 6\ /aa'-hc6' U' + dV\ 

\c' d')\e dj \ad -k-ed' be' ■\-dd')' 


• I'm- a development oi the prinn ipsi 
dnction to Higher Algebra, pp. 20 ff. 


propenieB of matrices, oi. BOoher, Intro- 
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This gives, in connection with the result just derived, 

Theorem 12. The prodtict of two projcctivitws 

’"=(« i) ’■*“(!' V) 

is represented by the product of their matrices , in symbols^ 

COEOLLARY 1. The determinant of the product of two projectivities 
is equal to the product of their determinants (A, E, P) 

Corollary 2. The inverse of the projectivity ^ given 

by where A, Cy D are the eof actors 


of ay by Cyd respectively in the determinant 


a b 
0 d 


. (A,E,P) 


Tliis follows at once from Corollary 3 of the last theorem by inter- 
changing Xy £»' We may also verify the relation by forming the 

fad --be j ^ which transformation is equiva- 


produot 


lent to 


' W, My 

TT” V = 

(J ?) ^ 


0 


The latter is called the identical matrix 


CpROLLARY 3. Any involution is represented by \ ^ \ ihat ii 

nr I - 7) ' f 

"by sd = mth the conditwn that a® + Jc =?“= 0 (A, E, P) 


«s 


ex- 


65. Von Staudt’s algebra of throws. We will now consider the 
number system of pomts on a Ime from a slightly different point of 
view On p. 60 we defined a throw as consisting of two ordered 
pairs of pomts on a hue ; and defined two throws as equal when they 
are projective. Tlie class of all throws which are projective (re. equal) 
to a given throw constitutes a dass which we shall call a marie. 
Every throw determines one and only one mark, but each mark 
determines a whole class of throws. 

According to the fundamental theorem (Theorem 17, Chap. TV), if 
three elements A, J?, C of a throw and their places in the symbol 
T {AB, CD) are given, the throw is completely determmed by the 
mark to which it belongs. A given mark can be denoted by the 
symbol of any one of the (projective) throws which define it. We 
abalT also denote marks by the small letters of the alphabet. And so, 
since the equality sign (*=) indicates that the two symbols between 
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wliicli It stands denote the same thing, we may write T{AB, CD)^^ 
a = b ii a, I, T{AJB, CD) are notations for the same mark. Thus 
T{AB, CI)) = T{BA. I}C) = T {OB, AB) = T(I>C, BA) are all symbols 
denoting the same mark (Theorem 2, Chap. III)- 

Accordmg to the original definition of a throw the four elements 
which compose it must be distinct. The term is now to bo extoudod 
the following sets of two ordered pairs, wheie Aj J>f 0 are 
distmot. The set of all throws of the type T (AB, CA) is called a 
mark and denoted by oo; the set of all throws of the typo T {AB, OB) 
is called a mark and is denoted by 0; the set of all throws of the type 
T{AB, CC) IS a mark and is denoted by 1. It is readily scon that 
if Ji, J^, B, are any three pomts of a line, there exists for every point 
P of the hne a unique throw T P) of the line ; and con- 

versely, for every mark there is a unique pomt P. The mark co, by 
what precedes, corresponds to the point B', the mark 0 to and 
the mark 1 to 

Definitioit. Let T{AB, CJD^) be a throw of the mark a, and let 
T {AB, CB^ be a throw of the mark h; then, if P, is determined by 
Q{ABj^B, AB^^, the mark c of the throw T {AB, CB^ is called tho 
mm of the marks a and 6, and is denoted by a •+ b ; in symbols, 
a + b = c. Also, the point Bj, determined by Q,{AB^G, BB^B'^ deter- 
mmes a mark with the symbol T {AB, CB'^ = o' (say), which is called 
the produet of the marks a and 1 ; m symbols, ah = o'. As to the 
marks 0 and 1, to which these two definitions do not apply, we define 
further: a-l-0 = 0-ha = ffl, a-0 = 0-a = 0, anda«l = l.a«ft. 

Since any three distinct points A, B, G may be projected into a fixed 
triple B, follows that the operation of adding or multiplying 

marks may be performed on their representative throws of the form 
T(S^, ^p). By reference to Theorems 1 and 3 it is then clear that 
the class of all marks on a line (except oo) forms a number system, with 
respect to the operations of addition and multiplication just defined, 
which is isomoi^hio with the number system of points previously 
developed. 

Ihis is, in brief, the method used by von Staudt to introduce ana- 
lytic methods into geometry on a purely geometric basis.* We have 


!n Staudt used the notion of an Involution on a line 

is, h^(^ V in *«»»« OtqUftdraaigUlfrsetg 

IS, nowevOT, essentially the same as his by virtue of Theorem^St,' qh|,5. If.. 
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given it here partly on acoomit of ite Instoinoal importance ; partly 
hccauso it gives a ooncrcLe example of a luiinlier system isoraori)hic 
with the points of a lino*; and partly hecauao it gives a natural 
mtroduction to the fundamental concept of the cross ratio of four 
points. Tins we iiroceed to derive in the next section. 

56. The cross ratio. Wo have seen iii the iircnioding section that 
it IS passible to associate a nunibor with every throw of four points 
(»n a hue. By duahty all the developniouts c»f this section apply also 
to tlie other outi-diiuensioiml primitive forms, i.c. the pencil of lines 
and the pemal of planes. With every throw of four elements of any 
one-dimensional primitive form there may lie associated a definite 
number, which must he the same for every throw projective with the 
first, and i.s therefore an invariant nnder any projective transforma- 
tion, i.o. a property of the throw that is not changed when the throw 
is replaced by any jirojoctive throw This miiubcr is called the cross 
ratio of the throw. It is also called the double ruiio or the mihar- 
mouio ratio. The reason for those names will aiipear presently. 

Ill general, /oMr giamn points give rise to six different eross ratios. 
For the 24 possible permutations of the letters in the symbol 
T {AJi, CD) fall into sets of four which, by virtue of Theorem 2, 
Cliap. ITT, have the same cross ratios. In the ai*ray below, the per- 
mutations in any lino are projective with each other, two permuta- 
tions of different linos being in general not projective : 


AB, 

CB 

BA, 

BC 

BC, 

BA 

CB, 

AB 

AB, 

BC 

BA, 

CB 

CB, 

BA 

BC, 

AB 

AC, 

BB 

CA, 

BB 

BB, 

CA 

BB, 

AO 

AC, 

BB 

GA, 

BD 

BD, 

CA 

BB, 

AG 

AB, 

BC 

DA, 

CB 

CB, 

BA 

BC, 

AB 

AB, 

CB 

BA, 

BC 

BC, 

BA 

CB, 

AB 


If, however, the four points form a harmonic set H {AB, OB), the 
throws T {AB, CB) and T {AB, BC) are projective (Theorem 6, 
Cor. 2, Chap. IV) In this case the permutations in the first two rows 
of the army just given are all projective and hence have the same cross 
ratio. The fenor elements of a harmonic set, therefore, give rise to ordy 
tlwee cross ratios. The values of these cross ratios are readily seen 

* Cf. § 68. Here, with every point of a line on wMoh a scale has been estab- 
lished, is assooiatsd a mark whloh is the coordinate of the point. 
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to be —1,^,2 respectively, for the constructions of our number 

system give at once H H ^o^)- 

We now proceed to develop an analytic expression for the cross 
ratio R (iCA, of any four points on a lino (or, in general, of any 
four elements of any one-dimensional primitive form) whose coordi- 
nates in a given scale are given. It seems desirable to precede this 
derivation by an exphcit definition of this cross ratio, which is iiidc'- 
pendent of von Staudt’s algebra of throws. 

Definition. The cross ratio R {x^x.^, of elemont.s a\, a'g, 
of any one-dimensional form is, if x^, u\ are distinct, tlie coordi- 
nate A of the element of the form into winch x^ is transformed by 
the projeotmty which transforms x^, aj^, into oo, 0, I respectively ; 
le the number, defined by tlie projectivity eoOlA. If 

two of the elements x^, x^, x^ coincide and ai^ is distinct from all of 
them, we define R (x^x^, ®8®i) ^ ('Vi> ('Vi> 

ai^aij), R (x^Xg, x^x,), for which the first three elements nro distinct. 

Theorem 13 Flic cross ratio R (XjXg, x^^ of the /our elements 
whose coordinates are respectively x^, Xg, Xg, x^ is yiren hy the rclittion 


\ = 'Si{XjXg, XgX^) = 

(A, E, P) 

Proof. The transformation 


(a!i“£cj {Xg~x^ 


x'=‘ 


'"3 

•X 


iCjj — a; 


IS evidently a projectivity, since it is reducible to the form of a 
linear fractional transformation, viz., 

- (®i - *8) ® + «2 (®i - ««) 

~{Xg~Xg)x + X^(Xg-Xg) 

in which the determinant (x^ — Xg) (Xg-~Xg) {Xg — x^ is not zero, pro- 
vided the points Xg, Xg are distinct. Iliis projectivity transforms 
®i> Xg into 00 , 0, 1 respectivdy. By definition, therefore, this pro- 
jectivity transforms Xg into the point whose coSrdinato is the cross 
ratio in question, i.e. into the expression given in the theorem. If 
*i> ®3» 3^® Jioi' dl distinct, replace the symbol R (x^Xg, XgXg) by one 

of its equal cross ratios (x,x^, x,x,\ etc. ; one of these must have 
the first three elements of the symbol distinct, since in a cross ratio 
of four points at least three must be distinct (def,)* 
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Corollary 1. We have in particular 
R {x^x^, x^x^ = 00 , R {x^x^, WjiEjj) = 0, and R (x^x^, x^x^) = 1, 

if ajj, jCj, jc, are any three distinct elements of the form. (A, E) 
Corollary 2. The cross ratio of a harmonic set H {x^x^, x^x^) is 
R (XjX^, ajjjcj = — 1, for we have H (oo 0, 1 — 1) (A, E, P) 

Corollary 3 ^ R (x^x^, x^x^ = the other fioe cross ratios of the 
throws composed of the four elements x^, x^, x^, x^ are 


R(®A. = 

R {x^Xg, x^x^ = 1 _ X, 

R(a;ia!„ > 

(A, E. P) 

The proof is left as an exercise. 


® 2 » 8 ) = 
R (aij® 4 , *5*2) ~ 


\-l 

X 

X 

X-1 


> 


COEOLLARY 4 
we have 


If x^y x^y form a harmonic set H (x.^x^y x^x^, 


' 2 1 


+ 


1 


x^ 


(A, E, P) 

The proof is left as an exercise. 


Corollary 6. If ay lyC are any three distinct elements of a oner 
dimensional primitive forrrby and aly V, d are any three other distinct 
elements of the same forniy then the correspondence estahhshed ly the 
relation {al, cx) s= B {a^Vy ded) is projective, (Ay E, P) 

Proof. Analytically this relation gives 


a — c B *— ic a'— d 
a — a? B *— c a' — aj' V -^d* 


which, when expanded, evidently leads to a bilinear equation in 
the variables Xy x\ which defines a projective correspondence by 
Theorem 11, Cor. 3. 

That the cross ratio 



is mvariani under any projective transfox mation may also he verified directly 
by observing that each of the three types (I), (II), (III) of projectivities on 
pp. 152, 163 leaves it invariant That every projectivity leaves it invariant 
then follows from Theorem 11. 
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57. Coordinates in a net of rationality on a line. We now con- 
sider the numbers associated with the points of a not of rationality 
on a line. The connection between the developments of this chapter 
and the notion of a linear net of rationality is contained in tho 
following tlieorem : 

Theorem 14. Th& cooTdwtCLtQs of the povtits of the of T(it%ou(il%ty 
form a mmier system, or field, which consists of all numhers 
each of which can he oUained hj a finite numher of rational altjehnm 
operatwns on 0 and 1, and only these (A, lii) 

Proof By Theorem 14, Chap. IV, the linear net is a lino of tho 
rational space constituted by the points of a three-dimcixsioiuil lu^t of 
rationality. By Theorem 20, Chap. IV, this tliree-dimtmsioual net is 
a properly projective space. Hence, by Theorem 10 of tho present 
chapter, the numhers associated with R(Olco) form a field. 

All numbers obtainable from 0 and 1 by the operations of atldi- 
tion, subtraction, multiplication, and division are in R(Olco), because 
(Theorem 9, Chap. IV) whenever x and y are in R (Olco) tlio quadran- 
gular sets determining x + y, xy, x/y have live out of six 

elements in R(Olco). On the other hand, every number of R{01co) 
can he obtained by a finite number of these operations. Tliis follows 
from the fact that the harmonic conjugate of any point a in R(Olco) 
with respect to two others, S, c, can be obtained by a finite number 
of rational operations on a, 6, c. This fact is a consequence of Theo- 
rem 13, Cor 2, which shows that x is connected with a, 5, e by the 
relation 

{x — 5) (a — c) + (a? — c) — 6) » 0, 

Solving this equation for x, we have 

2 6c — 

2a — 6- 


• ac 


a number which is clearly the result of a finite number of rational 
operations on a, 6, c. This completes the proof of the theorem. "We 
have here the reason for the term net of rationaUiy. 

It is well to recall at this point that our assumptions are not yet suiBoient 
to identify the numbers associated with a net of rationality with the system 
of aU ordinary rational numbers. We need only recall the exarnjile of the 
miniature geometry described an the Introduction, § 2, which contained only 

* The eiq>ression for x cannot be indeterminate unless 6 = 0 . 
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three points on a line. If in that triple-system geometry wo perform the con- 
struction foi the number 1 + 1 on any hue in which wo have assigned the 
nuinbeis 0, 1, oo to the thiee points of the line in any w'ay, it will he found 
that this const! uction yields the point 0 This is due to the fact previously 
noted that in that geometiy the diagonal points of a complete quadi angle 
are collmeai In every geometry to “which Assumptions A, E, P apply we 
may constiuct the points 1 + 1, 1 + 1 + 1, . , thus foinnng a sequence of 

points which, with the usual notation fox these sums, we may denote by 0, 1, 
2, 3, 4, . Two jiossibilities then i>resent themselves, either the points 

thus obtained aie all distinct, in which case the net R (Oloo) contains all the 
ordinary lational numbers ; or some point of this sequence coincides with one 
of the pieceding points of the sequence, in which case the numbei of points 
in a net of i ationality is finite. W e shall consider this situation in detail in 
a later chaptei, and will then add furthei assumptions Here it should be 
emphasized that our lesults hitheito, and all subsequent results depending only 
on Assumptions A, E, P, are valid not only in the ordinaiy real or complex 
geometries, but in a much more general class of spaces, which are chaiacter- 
ized meiely by the fact that the coordinates of the points on a line are the 
numbers of a field, finite or infinite. 

68. Homogeneous coordinates on a line. The exceptional character 
of the point as the coordinate of which we introduced a symbol 
00 with exceptional properties, often proves tronhlesome, and is, more- 
over, contrary to the spirit of projective geometry in which the points 
of a line are all equivalent ; indeed, the choice of the point R was 
entirely arbitrary. It is exceptional only in its relation to the opera- 
tions of addition, miiltiphcation, etc., which we have defined in terms 
of it. In this section we will describe another method of denoting 
points on a line by numbers, whereby it is not necessary to use any 
exceptional symbol 

As before, let a scale be established on a line by choosing any three 
points to be the points R, R; and let each point of the line be 
denoted by its (nonhomogeneous) coordinate in a number system 
isomorphic with the points of the line. We will now associate with 
every point a pair of numlm of this system in a given order, 

such that if X is the (nonhomogeneous) coordinate of any point dis- 
tinct from R, the pair associated with the point x satisfies the 

relation x — xjx^. With the point R we associate any pair of the 
form (A, 0), where To is any number (X; ¥= 0) of the number system 
isomorphic with the line To every point of the line corresponds a pair 
of numbers^ and to every pair of numbers in the field, except the pair 
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(0, 0), eoTTBsponds oh 'u>wigu6 point of tlio lino. Tlisse two numbBrs are 
called homogeneous coordinates of the point with which they are 
associated, and the pair of numbers is said to represent the point 
This representation of points on a luie by pairs of numbers is not 
unique, smoe only the ratio of the two coordmates is determined ; 
le. the pairs and mx^ represent the same point for all 

values of m different from 0 The pomt is characterized by the 
fact that a!^ = 0 ; the pomt R by the fact that x^=0] and the pomt 
R by the fact that x^ = x^. 

Theorem 15. In homogeneous eoord%nates a projeotivity on a line %s 
represented hy a linear homogeneous transformatwn in two variables, 


( 1 ) 


pxl = ax^+bx^, 
pxl—cx^ + dx^, 
where p is an arbitrary factor of proportionality. (A, E, P) 
Proof. By division, this clearly leads to the transformation 


(yxd be ^ 0 ) 


( 2 ) 


CX + d 


provided and x^ are both different from 0, If = 0, the trans- 
formation (1) gives the point (a;/, xl) = (a, c) ; i e, the pomt = 
(1, 0) is transformed by (1) into the point whose nonhomogeneoiis 
coordinate is a/c And if x^=0, we have in (1) (it\, x^):={d, --c); 
ie (1) transforms the pomt whose nonhomogeneoiis coordinate is 
— d/c into the point JS. By reference to Theorem 11 the validity 
of the theorem is therefore established. 

As before, the matrix of the coefficients may conveniently 

be used to represent the projectivity The double points of the pro- 
jectivity, if existent, are obtained in homogeneous coordinates as 
follows : The coordinates of a double point x^) must satisfy the 
equations ^ 

px^— cx.^+ dx^. 

These equations are compatible only if the determinant of tlie system 

(3) 

cx^ + {d--^p)x^^Q, 
vanishes. This leads to the equation 


a — p b 
c d — p 


==0 
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for the determination of the factor of proportionality p. This equa- 
tion IS called the characteristic eqiiation of the matrix representing 
the projectivity. Every value of p satisfying this equation then leads 
to a double point when substituted in one of the equations (3) ; viz , 
if p^ be a solution of the characteristic equation, the pomt 

(«i, * 2 ) = (- 6, a - pd = id- p^, - e) 

IS a double point. ^ 

In homogeneous coordinates the cross ratio CD) of four 

points A = ag), B = (b^, b^), C = c^), D = d,) is given by 




{ad) * Q)d) 


where the expressions (ac), etc, are used as abbreviations for a^c^-^a^c^, 
etc This statement is readily verified by writing down the above 
ratio in terms of the nonliomogeneoiis coordinates of the four points 
We will close this section by giving to the two homogeneous coor- 
dinates of a point on a line an explicit geometrical significance. In 
view of the fact that the cobrdmates of such a point are not uniquely 
determined, a factor of proportionality being entirely arbitrary, there 
may be many such mterpretations. On account of the existence of 
this arbitrary factor, we may impose a further condition on the coor- 
dinates (iUj, rCg) of a point, m addition to the defining relation xjx^==x^ 
where x is the nonhomogeneous coordinate of the pomt in question. 
We choose the relation x^+x^^l If this relation is satisfied, 


X, 




1 -1 


0 

1 


1 0 


1 

0 


1 -1 


0 

1 


®1 





1 -1 


1 

0 


0 1 


0 

1 


1 -1 


1 

0 




®1 




= R (— 10, coo?), 


: R (— loo, Oa?). 


Thus homogeneous coordinates subject to the condition x^ + x^ — 1 
can be defined by choosing three points A, B, C arbitrarily, and lettmg 
== R {AB, CX) and iCg = R (A (7, BX) The ordinary homogeneous 
coordinates would then be defined as any two numbers proportional 
to these two cross ratios. 


* This point is indeterminate only if 6 = c s= 0 and a — d The projeotmty is 
then the identity. 
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59. Projective correspondence between the points of two different 
lines. Hitherto we have confined ourselve.s, in the development of 
analytic methods, to the points of a smgle hue, or, under duality, to 
the elements of a smgle one-dimensioual primitive form. Suppose 
now that we have two Imes I and m with a scale on each, and let 
the nonhomogeneous coordinate of any point of I be represented by 
a:, and that of any point of w by y The question then arises as to 
how a projective correspondence between the point x and the point y 
may be expressed analytically. It is necessary, first of all, to give a 
to the equation y = ». In other words : What is nieimt by say- 
ing that two points — x on I, and yon m — have the same coordmate ? 
The coordmate a? is a number of a field and corresponds to the pomt 
of which it is the coordinate in an isomorphism of this field with the 
fiplii of points on the line 1. We may thmk of this same field of 
numbers as isomorphic with the field of points on the line m. In 
brmging about this isomorphism nothing has been specified except 
that the fundamental points J^, determining the scale on m 

must correspond to the numbers 0, 1 and the symbol oo respectively. 
If the correspondence between the points of the line and the numbers 
of the field were entirely determined by the respective correspond- 
ences of the pomts 1^, R just mentioned, then we should know 
precisely what pomts on the two hnes I and m have the same coor- 
dinates, It is not true of all fields, however, that tliis correspondence 
is uniquely determined when the points corresponding to 0, 1, oo are 
assigned.* It is necessary, therefore, to specify more definitely how 
the isomorphism between the points of m and the numbers of the 
field is brought about. One way to bring it about is to make use of 
the projectivity which carries the fundamental points 0, 1, co of 1 
into the fundamental pomts 0, 1, oo of m, and to assign the coordinate 
X of any point A of Z to that point of m into which A is transformed 
this projectivity. In tliis projectivity pairs of homologous points 
will then have the same cobrdinates. Tliat the field of points and the 
field of numbers are indeed made isomorphic by this process follows 
directly from Theorems 1 and 3 in connection with Theorem 1, Cor., 
Chap. IV. We may now readily prove the following theorem : 


* Thw is shown by the fact that the field of all ordinary complex numbers 
ne isomorphic with itself not only by mahing each number correspond to Itself, 
also by making each number a -|- it correspond to its conjugate a — it. 


can 

buD 
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Theorem 16. Any projective correspondence between the points [x\ 
and [y] of two distinct lines may he represented analytically by the 
relation y^x by properly choosing the coordinates on the two lines 
Jf the coordinates on the two lines are so related that the relation 
y represents a projective correspondence^ then any projective cor- 
respondence between the points of the two lines is given by a relation 


(ad — ic =7^ 0). 


ax+b 
^ cx + d* 

(A, E, P) 

Proof The first part of the theorem follows at once from the pre- 
ceding discussion, since any projectivity is determined by three pairs 
of homologous points, and any three points of either Ime may be 
chosen for the fundamental points. In fact, we may represent any 
projectivity between the points of the two Imes by the relation y^x, 
by choosing the fundamental points on I arbitrarily; the fundamental 
points on m are then uniquely determined. To prove the second part 
of the theorem, let rr be any given projective transformation of the 
points of the line I into those of m, and let ttq be the projectivity 
y = x, regarded as a transformation from m to 1. The resultant 
tTqTt = tTj is a projectivity on 1 , and may therefore be represented by 
x^ = {ax -h b)/{cx -{- d) Since tt = ttJ" tins gives readily the result 
that TT may be represented by the relation given in the theorem 


EXERCISES 

1. Give constructions for subtraction and division in the algebra of points 
on a line. 

2. Give consti uctions for the sum and the pioduct of two lines of a pencil 
of lines in which a scale has been established. 

3 Develop the point algebia on a line by using the properties expressed in 
Theorems 2 and 4 as the definitions of addition and multiphcation respec- 
tively. Is it necessary to use Assumption P from the beginning ? 

4. Using Cor 3 of Theorem 9, Chap III, show that addition and multi- 
plication may be defined as follows . As before, choose three points Pq, P^, 
P« on a line I as fundamental points, and let any line through P* be labeled 
Then the sum of two numbers and Py is the point P^+y into which Py 
is transformed by the elation with axis l«, and center P«, which transforms 
Pq into Pg. j and the product P^, Py is the point P^ into which Py is trans- 
formed by the homology with axis U and center Pq which transforms P^ into 
P^. Develop the point algebra on this basis without using Assumption P, 
except in the proof of the commutativity of multiplication. 
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5 If the relation ax — hy holds between four points a, h, x, y of a lino, 
show that we have Q(07>a, coyr). Is Assunijition P necessary for this losuItV 


6 Piove by diiect computation that the expiession 


UL 


*^1 ‘^4, ^2 

unchanged in value when the foui points are subjected to any 

0 ^ - 1 - 

linear fractional transformation xf = ; 

cx (1 

7. Prove that the transformations 

V = x, X'=i, X'=l-X, X'=_i_, X'=^-^, X'=^di 

A 1““A A'~X \ 

form a group. What aie the periods of the vaiious transformations of tins 
group? (Cf Theorem 13, Cor, 3.) 

8. If R, C, P^, Pg, • P„ are any n + 3 points of a line, show that 

every cross latio of any four of these points can be expressed rationally in 
terms of the n cross ratios \ CPi), i = l, 2, • n. Wiien n = 1 

this reduces to Theoiem 13, Cor. 3. Discuss in detail the case ti = 2. 

9. If Bs (3:jX2t x^x^) = X, show that 

1-X ^ 1 ^ 

ajg — oTg — x^ — a:i 

The relation of Coi. 3 of Theoiem 13 is a special case of this relation. 

10. Show that if B (ABf CD) = B (/IP, DC), the iioints fonn a harmonic 
set H(AP, CD) 

11. If the czoss ratio B {AB, CD) ~ X satisfies the equation X® — X + 1 = 0, 

then B {AB, CD) = B {AC, DB) = B {AD, BC) = X, 

and B {AB,DC) = B (AC, BD) = B {AD, OB) =- A-*- 

12. If A, P, X, Y, Z are any five distinct points on a hue, show that 

B (AP, XY) . B (AP, YZ) B (AP, ZX) = 1. 

13. State the corollaiies of Theorem 11 m honiogeueous coordinates. 

14. By direct computation show that the two methods of determining the 
double points of a projectivity described in §§ 54 and 58 arc eimivaient 

15 If Q(APC,AT^), then 

B {AX, YC) + B {BY, ZA) + B {CZ, XB) ^ 1, 

16. If il/^, M 2 , M 2 are any thiee points in the lAane of a line I but not on 
l, the cross ratios of the Unes /, PM„ PM, are different for any two 

IT. UA.Bm Hoy too died pomli on a lino I, nnd .T, F m too y«rl»Mo 
fc. B (AJS, dlF) n. oonotont, i. innJ.oU.o 
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COORDINATE SYSTEMS IN TWO- AND THREE-DIMENSIONAL « 

FORMS 

60. Nonhomogeneous coordinates in a plane. In order to repre- 
sent the points and lines of a plane analytically we proceed as follows : 
Choose any two distinct lines of the plane, which we will call the 
axes of coordvnateSy and determine on each a scale (§ 48) arbitrarily, 
except that the point of intersection 0 of the lines shall be the 
0-point on each scale (fig. 78). This pomt we call the origin Denote 
the fundamental 
points on one of 
the lines, which 
we call the x~axiSy 
by 0„ 1„, co„; and 
on the other line, 
which we will call 
the y-ax%Sy by 0^,, 

1^, cOy. Let the 
line be de- 

noted by Zoo. 

Now let P be any point in the plane not on Z«». Let the lines PoOj, 
and Poo^ meet the ic-axis and the 2 ^-axis m points whose nonhomoge- 
neous coordinates are a and 6 respectively, m the scales just estab- 
lished The two numbers 6 uniquely determine and are uniquely 
determined by the point P. Thus every point in the plane not on Z«, 
is represented by a pair of numbers ; and, conversely, every pair of 
numbers of which one belongs to the scale on the a?-axis and the 
other to the scale on the 2 /-axis determines a point in the plane (the 
pair of symbols oo^, being excluded). The exceptional character 
of the points on will be removed presently (§ 63) by considera- 
tions similar to those used to remove the exceptional character of 

^All the developments of tliis chapter are on the basis of Assumptions 
A, E,P. 
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the point 00 in the case of the analytic treatment of the points of a 
hne (§ 58) The two numbers just described, deterimmiig the point 
P, are called the nonlwmogeneous coordinates of P with reference to 



the two scales on the x- and the y-axes. The point P is then repre- 
sented analytically by the symbol (a, 6). The number a is called the 
x-coordinate or the abscissa of the point, and is always written first 
in the symbol representing the point; the number b is called the 
y-coordinate or the ordinate of the point, and is always written last 
in this symbol. 

The plane dual of the process just described leads to the corre- 
spondmg analytic representation of a line in the plane. For this pur- 
pose, choose any two distinct pomts in the plane, which we will call 
the centers of coordinates; and in each of the pencils of lines with 
these centers determine a scale arbitrarily, except that the line o join- 
ing the two points shall be the 0-line in each scale This line we call 
the origin. Denote the fundamental lines on one of the points, which 
we will call the n-eenter, by 0„, 1„, oo„ ; and on the other point, which 
we win call the v-emter, by 0„ 1*, oo„. Let the point of intersection 
of the hnes oo„, oo„ be denoted by P, (fig. 79). 

Kow let I be any Mn§ in the plane not on p. Let the points Zoo, 
and Zoo, be on the hnes of the «-oenter and the D-center, whose non- 
homogeneous coordinates are m, and n respectively in the scales just 
estabhshed. The two numbers m, n uniquely determine and are 
uniquely determined by the line Z. Thus every line in the plane not 
on iS is represented by a pair of numbers ; and, conversely, every pair 
of numbers of which one belongs to the scale on the «-oenter and the 
other to the scale on the -w-center determines a line in the plane (the 
pair of symbols oo„, oo, being excluded). The exceptional character 


I 

1 
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of the hnes on R will also be removed presently. The two numbers 
]ust described, determining the line Z, are called the nonhomogeneous 
coordinates of I with reference to the two scales on the u- and 
«?-centers. The line I is then represented analytically by the symbol 
[m, 7i]. The number m is called the u-coordinate of the Ime, and is 
always written first in the symbol just given ; the number n is called 
the v-codrd%nate of the line, and is always written second m this 
symbol. A variable point of the plane will frequently be represented 
by the symbol (as, y) ; a variable hue by the symbol [w, The coor- 
dmates of a point referred to two axes are called point coordinates , 
the coordinates of a line referred to two centers are called line coor- 
dinates, The line Z« and the point JS are called the singular line and 
the singular point respectively. 

61. Simultaneous point and line coordinates. In developing further 
our analytic methods we must agree upon a convenient relation 
between the axes and centers of the point and line coordmates respec- 
tively. Let us consider any triangle in tlie plane, say with vertices 



0, 27, V, Let the lines OU and OF be the y- and ic-axes respectively, 
and in establishing the scales on these axes let the points Z7, V be 
the points oo^^, oo„ respectively (fig. 80). Further, let the points U, V 
be the ^t-center and the ^-center respectively, and in establishing the 
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scales on these centers let the lines UO, VO he the lines oo„, «>„ 
respectively. The scales are now established except for the choice of 
the 1 points or lines in each scale. Let tis choose arbitrarily a point 

on the aj-axis and a point on the y-axis (distinct, of course, from 
tL points 0, V, V). The scales on the axes now being determined, 
we determine the scales on the centers as follows : Let the line on 
U and the point — 1* on the a:-axis be the hne 1„; and let the Imo 
on V and the point — 1^ on the y-axis be the line 1„. All the scales 
are now fixed. Let w be the projectivity (§ 69, Chap. VI) between 
the points of the J^-axls and the lines of the -a-center in which points 
and hnes correspond when their co- and ^-coordinates respectively 
are the same. If tt' is the perspectivity in which every line on the 
w-center corresponds to the point in which it meets the a?-axis, the 
product tt'tt transforms the a:-axis into itself and interohanges 0 and 
CO,, and 1, and — 1,. Hence tt'tt is the mvolution x' = ~l/x Hence 
it follows that tlie line on U whose coordinate is u ts on the point of 
the x-aads whose coordinate is — I/t^/ and the point on the x-axis 
whose coordvnate is x w on the line of the u-centcr whose coordinate 
is —1/x. This is the relation between the scales on the ie-axis and 
the M-center. 

SimilBr considerations with reference to the y-axis and the «>-ceiiter 
lead to the corresponding result in this case : The line on V whose coor- 
dinate is V is on that point of the y-axw whose coordinate is —l/v; 
and the point of the y-axis whose coordinate is y is on that Urn of the 
r-center whose coordinate is — 1/y. 

62. Condition that a point be on a line. Suppose that, referred to 
a system of point-and-line coordinates described above, a point P has 
coordinates (a, 1) and a line I has coordinates [w, «]. The condition 
that P he on 1 is now readily obtainable. Ijet us suppose, first, that 
none of the coordinates a, 6, m, n are zero. We may proceetl in either 
one of two dual ways. Adopting one of these, we know from tlie 
results of the preceding section that the line [m, n] meets the ai-axis 
in a point whose aj-codrdinate is — l/m, and meets the y-axis in a 
pomt whose y-codrdmate is — l/w (fig 81). Also, by definition, the 
line joining P = (a, V) to U meets the as-axis in a point whose ascobr- 
dinate is a\ and the Ime joining P to F meets the y-axis in a point 
whose y-codrdinate is 5. If P is on 1, we clearly have the following 
perspectivity : 
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1 -Pi 

(1) --Oaoo =-iOooA. 

m * A ft ^ 

Hence we have 

( 2 ) = 

which, when expanded (Theorem 13, Chap. VI), gives for the desired 
condition 

(3) ma + + 1 = 0. 

This condition has been shown to be necessary. It is also sufficient, 
for, if it IS satisfied, relation (2) must hold, and hence would follow 
(Theorem 13, Cor. 5, Chap. VI) 

-•i-Oaco^-r — -Ooo 5. 
m 

But since this projectivity has the self-c'orresponding element O, it 
IS a perspectivity wliich leads to relation (1). But this implies that 



If now ^6 — 0 (6 0 ), we have at once 6 = — 1 /n ; and if 6 = 0 (fl^ = 5 ^ 0 ), 

we have likewise = — 1/m for the condition that P be on Z But 
each of ’these relations is equivalent to ( 3 ) when 0 and 5=0 
respectively. The combination a = 0, 6 = 0 gives the origin 0 wliich 
is never on a line [m, tz-] where It follows in the same 

way directly from the definition that relation (3) gives the desired 
condition, if we have either m = 0 or 71 = 0. The condition (3) is 
then valid for all cases, and we have 
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Theoeem 1 The necessa/ry a/nd sujicient condition that a foint 
F = (a, 1) he on a line I = \m, n\ %s that the relation ma + nh + I — Q 


he satisfied. 

Definition. The equation 
which IS satisfied hy the coordi- 
nates of all the points on a given 
line and no others is called the 
‘point equation ofi the Ivne. 

COBOIiAET 1. The point equa- 
tion of the line \m, n\ is 
mx + ny + l = Q- 


Definition. The equation 
which IS satisfied by the coordi- 
nates of all the lines on a given 
point and no others is called the 
line equation of the point. 

CoEOLLAiiY 1'. The line equa- 
tion of the point {a, 5) is 
au-\-lyo + l=‘Q. 


exercise 

Derive the condition of Theoiem 1 by dualizing the proof given. 

63. Homogeneous coordinates in the plane. In the analytic repre- 
sentation of points and lines developed in the preceding sections the 
points on the line UV = o and the hues on the point 0 were left 
unconsidered. To remove the exceptional character of these points 
and hues, we may recall that in the case of a similar problem m the 
analytic representation of the elements of a one-dimensional form we 
found it convenient to replace the uonhomogeneous coordinate x of 
a point on a Ime by a pair of numbers whose ratio x^/x^^ was 
equal to x(x=^ oo), and such that x^=Q when x = co. 

A similar system of homogeneous coordinates can bo establisliod for 
the plana Denote the vertices 0, U, V of any triangle, which we will 
call the triangle of reference, by the “ coordinates ” (0, 0, 1), (0, 1 , 0), 
(1, 0, 0) respectively, and an arbitrary point T, not on a side of the 
triangle of reference, by (1, 1, 1). The complete quadrangle OIJVT 
is called t\\o frame of reference* of the system of coordinates to bo 
estabhshed The three Imes UT, VT, OT meet the other sides of tlio 
triangle of reference m points which we denote by 3„=s(l, 0, 1), 
1,=(0, 1, 1), 1,=(1, 1, 0) respectively (fig, 82). 

We will now show how it is possible to denote every point in the 
plane by a set of cobrdmates (®i, *,). Observe first that we have 

thus far determined three points on each of the sides of the triangle 

• Frame ofr^er&ux is a general term that may be applied to the fundamental 
elements of any codxdiiiate system 



HOMOGENEOUS COOEDINATBS 


175 


of reference, viz.. (0, 0, 1), (0, 1, 1), (0, 1, 0) on OU ; (0, 0, 1), (1, 0, 1), 
(1, 0, 0) on OV\ and (0, 1, 0), (1, 1, 0), (1, 0, 0) on UV. The coordi- 
nates which we have assigned to these points are all of the form 
(iEj, x^, iCj). The three pomts on OU are characterized by the fact tTifl t 
a!j = 0. Fixing attention on the remaining coordinates, we choose the 
points (0, 0, 1), (0, 1, 1), (0, 1, 0) as the fundamental pomts (0, 1), 
(1, 1), (1, 0) of a system of homogeneous coordinates on the hne OU. 
If m this system a point has coordinates {I, m), we denote it in our 
planar system by (0, 1, m). In hke manner, to the pomts of the other 
two sides of the triangle of reference may be assigned coordmates of 
the form (k, 0, m) and (k, I, 0) respectively. We have thus assigned 
coordmates of the form x^, x^) to all the points of the sides of the 
triangle of reference. Moreover, the coordinates of eveiy point on 
these sides satisfy one of the three relations x^ = 0, 0, x^= 0. 

Now let F be any pomt in the plane not on a side of the triangle 
of reference. F is uniquely deternuned if the coordmates of its pro- 
jections from any two of the vertices of the triangle of reference on 
the opposite sides are known Let its projections from U and V on 
the sides 0 V and OU he {h, 0, n) and (0, V, nl) respectively. Since 
under the hypothesis none of the numbers k, n, V, %' is zero, it is 
clearly possible to choose three numbers {x^, x^, x^ such that iSj : a:, 
— k-.n, and x^\x^ = V . n' We may then denote F by the coordinates 
(a;^, x^ asj). To make this system of coordinates effective, however, 
we must show that the same set of three numbers (a;,^, x^, x^) can be 
obtained by projecting F on any other pair of sides of the tnanglpi 
of reference In other words, we must show that the projection of 
F — {x^, x^ x^ from 0 on the Ime UV is the point {x^, x^ 0). Since 
this is clearly true of the point T={1, 1, 1), we assume F distinct 
from T. Since the numbers x^, x^ a;, are all different from 0, let us 
place aSj : *3 = x, and ajj : as, = y, so that x and y are the nonhomoge- 
neous coordinates of {x^, 0, a:,) and (0, a?,, a;,) respectively in the scales 
on or and OU defined by 0 = 0„, 1„, F— oo„ and 0 = 0„, 1,, U= oo^. 
Finally, let OF meet UV hi the point whose nonhomogeneous cobr- 
dmate in the scale defined by £/■= 0„ 1„ F= oq, is » ; and let OF 
meet the line l,,i7 in A. We now have 

0 F 
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where C is the point in which VA meets OU. This projectivity 
between the lines UV mA OU transforms 0, into co„, oo, into 0,. and 
1 mto 1 . It follows that C has the coordinate l/s in the scale on 

0 U. We have also ^ V 1 

which gives ^ . 

33 = R (co^0„, 1*35) = B (^oo„0^, - ijJ - sy- 

Substituting as = : aj,, and y — gives the desired reliitioii 

z = a!i iBg. The results of this discussion may ho summarized as 



Theorem 2. Definition. If F is any point not on a side of the 
triangle of reference OUV, there exist three mmhcrs {all dif-* 

fermt from 0) such that the projections of F from the mrtiees 0, 

V on the opposite sides ham coordinates 0), {x^t 0, xj), (0, xj) 

respectively. These three nnrnbers are called the homogeneous coordi'-* 
nates of F, and F is denoted ly {x^^ Any set of three nnmhcrs 

{Tiot all egual to 0) determine y/niguely a point whose (liomogcneous) 
coordinates they are. 

The truth of the last sentence in the above theorem follows from 
the fact that, if one of the coordinates is 0, they detennine uniquely 
a point on one of the sides of the triangle of reference ; whei'eas, if 
none is equal to 0, the lines joining U to {x^, 0, and V to (0, x^ 
meet in a point whose cobrdmates by the reasoning above are {x^^x^x^. 
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Corollary. The coordinates and hx^, kx^ determine 

the same pointy if h is not 0 

Homogeneous line coordmaies arise by dualizmg the above discus- 
sion in the plane. Thus we choose any quadrilateral in the plane as 
frame of reference, denotmg the sides by [1, 0, 0], [0, 1, 0], [0, 0, 1], 

[1. 1. 1] respectively. The points of intersection with [1, 1, 1] of the 

lines [1, 0, 0], [0, 1, 0], [0, 0, 1] are joined to the vertices of the tri- 
angle of reference opposite to [1, 0, 0], [0, 1, 0], [0, 0, 1] respectively 
by Imes that are denoted by [0, 1, 1], [1, 0, 1], [1, 1, 0]. The three 
lines [1, 0, 0], [1, 1, 0], [0, 1, 0] are then taken as the fundamental 
lines [1, 0], [1, 1], [0, 1] of a homogeneous system of coordinates in 
a flat penciL If in this system a line is denoted by it is 

denoted in the planar system by [Wp 0] In like manner, to the 
lines on the other vertices are assigned coordinates of the forms 
[0, and 0, Wg] respectively As the plane dual of the 

theorem and definition above we then have at once 

Theorem 2'. Definition. If I is any line not on a vertex of the 
triangle of reference, there exist three numbers all different 

from zero, such that the traces of I on the three sides of the triangle of 
reference are projected from the respective opposite vertices by the lines 
[u^y Wg, 0], [Wp 0, u^y [0, Wg, These three numbers are called the 
homogeneous coordinates of I, and I is denoted by \u^, u^. Any 

set of three numbers (not all zero) determine uniquely a line whose 
coordinates they are. 

Homogeneous point and hue coordinates may be put into such 
a relation that the condition that a point {x^, be on a line 

[^p u^y u^ is that the relation u^x^ + u^x^ + u^x^ =s 0 be satisfied. We 
have seen that if (x^ x^, x^ is a point not on a side of the triangle of 
reference, and we place x = xjx^, and y = the numbers (x, y) 
are the nonhomogeneous coordmates of the pomt (ajp x^, x^ referred 
to OF as the a:-axis and to OZ7 as the y-axis of a system of nonho- 
mogeneous coordinates in which the point T=(l, 1, 1) is the point 

(1. 1) (0, U, V being used m the same significance as in the proof of 
Theorem 2). By duality, if [u^, u^, is any line not on any vertex 
of the triangle of reference, and we place u^uju^ and v = uju^y 
the numbers \Uy v] are the nonhomogeneous coordinates of the Ime 
\u^> referred to two of the vertices of the triangle of reference 
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as Z7-ceuter and F-center respectively, and in which the line [1, 1, 1] 
IS the hne [1, 1] If, now, we superpose these two systems of nonhom- 
ogeneous coordinates m the way described in the preceding section, 
the conation ‘that the point {x, y) be on the line [i4, v] is that the 
relation icx + vy + 1 = 0 be satisfied (Theorem 1). It is now easy to 
recognize the resulting relation between the systems of homogeneous 
coordinates with which we started. Clearly the point (0, 1, 0) = f/ is 
the CT-ceuter, (1, 0, 0) = F is the F-center, and (0, 0, 1) = 0 is the third 



vertex of the triangle of reference in the homogeneous system of line 
cobranates Also the line whose points satisfy the relation *= 0 is 
the line [1, 0, 0], the line for which a!g = 0 is tlie line [0, 1, 0], and 
the line for which a:, = 0 is the line [0, 0, 1]. Finally, the line 
[1, 1] = [1, 1, 1], whose equation in nonhomogeneous coordinates is 


* + y + 1 = 0, meets the line = 0 in the point (0, — 1, 1), and the 
line ajj, s= 0 in the point (— 1, 0, 1). The two coordinate systems are 
then completely determined (fig. 83). 

It now follows at once from the result of the preceding section 
that the condition that (Kj, be. pxx the, Hue [% is 


UjX^+ 0, if none pf the] 


llhiiiillilii 
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IS zero. To see that the same condition holds also when one (or luore) 
of the coordinates is zero, we note first that the points (0, 

(— 1, 0 , 1 ), and (— 1, 1 , 0 ) are collinear. They are, iii fact (fig 83 ), on 
the axis of perspectivity of the two perspective triangles OUV and 
the center of perspectivity being T. It is now clear that 

the line [1, 0, 0] passes through the point (0, 1, 0), 
the line [0, 1, 0] passes through the point (1, 0, 0), 
the line [1, 1, 0] passes through the point (— 1, 1, 0). 

There is thus an involution between the points {x^, 0 ) of the line 

iCg = 0 and the traces (a?/, 0) of the lines with the same coordinates, 

and this involution is given by the equations 

xl = ajg, 

= — 

In other words, the line 0 ] passes through the point 0 ). 

Any other point of this line (except ( 0 , 0 , 1 )) has, by definition, the 
coordinates (— u^y Hence all points {x^y of the line 

[Wj, tfcg, 0 ] satisfy the relation + %b^x^ + = 0 . The same argu- 

ment applied when any one of the other coordinates is zero estab- 
lishes this condition for ah cases. A system of point and a system 
of line coordinates, when placed in the relation described above, will 
be said to form a system of homogemow point and line coordvnates in 
the plane. The result obtained may then be stated as follows . 

Theorem 3. In a system of homogeneous point and line coordi^vcttes 
in a plane the necessary and sufficient condition that a point (a?j, cc^ 
he on a line \u^y u^y is that the relation u^x^+u^x^+ ^3533= O h 
satisfied 

Corollary. The equation of a line through the origin of a system 
of nonhomogeneous coordinates is of the form mx + ny^^ 0 . 

EXERCISES 

1 The line [1, 1, 1] is the polar of the point (1, 1, 1) with regard to the 
triangle of reference (cf . p. 46) 

2. The same point is repiesented by (a^, Og, a^) and (&i, h^) if and only 

if the two-rowed determinants of the matrix are all zero 

3 Describe nonhomogeneous and homogeneous systems of line and plane 
coordinates in a bundle by dualizing in space the preceding discussion- In 
such a bundle what is the condition that a line be on a plane ? 
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64. The line on two points. The point on two lines. Given two 
points, A = (a„ a„ a,) and B = h, the question now arises as 
to what are the coordinates of the line joining them; and the dual 
of this problem, namely, given two lines, m = m^] and n = 

[Wj, Uj, »g], to find the coordmates of the pomt of mtersection of the 

two lines. 

Theobem 4. The equation of Theorem 4'. The equation of 
thehnejoinvngtheipotnts{a.^,a^a^ the point of intersection of the 
and \) is [^i, [«i, 



«2 


Ml 


«8 


«2 

ttg =0. 



TOg = 0. 

h 

\ 

h 


% 

*^8 


Proof When these determmants are expanded, we get 


*2 «8 
\ h 

“i + 

^8 


O ’! «2 

&1 M 

^8 — 0, 

I'a 

''1 


% n ; 

^2 + 

ttIq 

Ml Mg 

Mg = 


respectively. The one above is the equation of a line, the one below 
the equation of a pomt. Moreover, the determinants above both 
evidently vanish when the variable coordinates are replaced by the 
coordmates of the given elements. The exi)anded form just given 
leads at once to the foUowmg : 

Corollary 1. The coordinates Corollary 1'. The coordinates 
of the line joining the points of the pomt of intersection of the 
{a^, ftj, flig), (&i, 6,) are lines [m^, [n^ n^, vig] are 


a, ®8 

, 

fflg «! 


ffij Bg 

. £1/- t 5= 



Mtg nil 


mi wtg 

^ h 




\ \ 




% 


% Wa" 


There also follows immediately from this theorem : 

Corollary 2. The condition Corollary 2'. The condition 
that three points A, B, 0 he col- that three lines m, n, p he eo'n- 
linear is (Mrrent is 


<*2 <*8 ’"'I '>\ 

\ K K — 0. Mg Mj = 0. 

Ti Pi 

Example. Let us verify the theorem of Desargncs (Theorem 1, Chap. II) 
analytically. Choose one of the two persjiective triangles as triangle of refer- 
ence, say A' = (0, 0, 1), S' = (0, 1, 0), C" = (1, 0, 0), and let the cantor of per- 
q>ectivity he f = (1, 1, 1). If the other triangle is ABC, we may place 
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-4 = (1, 1, rt), P = (1, 1), (7 = (c, 1, 1) , foi the equation of the line PA' 

is — = 0 j and binco A is, by hypothesis, on this line, its fiist two cooi’di- 

nates must be equal, and may therefoie bo assumed equal to 1, the thud 
cooidinate is aibitiary Similaily foi bhe other points. Now, from the above 
theoiems and then coiollaiies we leadily obtain in succession the following : 
The codidmates of the line A'B' are [1, 0, 0], 

The coordinates of the line AB are [1 — a — 1, 3 1], 

Hence the coordinates of their intersection C'^ are 
C'" = (0, 1-Z,, a-l). 

Similaily, we find the coordinates of the intersection A" of the lines B'C', BC 
A" = (1 - c, J - 1, 0) ; 

and, finally, the coordinates of the intersection B" of the lines C'A', CA to be 
JS" = (c-l, 0, 1-a) 

The points A", B", C" are leadily seen to satisfy the condition foi collinearity. 


EXERCISES 

1 Work through the dual of the example just given, choosing the sides of 
one of the triangles and the axis of perspectivity as the fundamental lines of 
the system of cooidinates Show that the work may be made identical, step 
for step, with that above, except foi the interpretation of the symbols. 

2 Show that the system of coordinates may be so chosen that a quadi angle- 
quadiilateral configuration is represented by all the sets of coordinates that 
can be foimed from the numbers 0 and 1. Dualize 

3. Derive the equation of the polar line of any point with regard to the 
triangle of reference. Dualize. 


65. Pencils of points and lines. Projectivity. A convenient ana- 
lytic representation of the points of a pencil of points or the lines of 
a pencil of lines is given by the following dual theorems : 


Theorem 5. Any point of a 
pencil of points may he Tepre-- 
sented by 

4- \jg), 

where A = and S = 

(5j, 63 ) are any two distinct 

points of the pencil. 


Theorem 5'. Any line of a 
pencil of lines may be represented 
by 

where m = [m^, m^, m 3 ] and n = 
\n^y n^y ^^g] are any two distinct 
lines of the pencil. 


Proof, We may confine ourselves to the proof of the theorem on 
the left. By Theorem 4, Cor. 2 , any point (x^, x^) of the pencil of 

points on the line AB satisfies the relation 
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^2 ^3 

( 1 ) Ct2 <^3 = 0 * 

K h h 

We may then determine three numbers p, V> such that we have 

(2) px, = Xa'a, + X/6,. = 1, 2, 3) 

The number p cannot be 0 under the hypothesis, for then we should 
have from (2) the proportion \ : \ : 63, which would imply 

that the points A and B coincide. We may therefore divide by p, 
Denotmg the ratios XgV/o ^nd X^/p by \ and X^, we see that every 
point of the pencil may be represented in the manner specified. 
Conversely, every point whose coordinates are of the form specified 
clearly satisfies relation (1) and is therefore a point of the pencil 
The pomts A and B 111 the above representation are called the lasc 
^points of this so-called ^parametric representation of the elements of 
a pencil of points. Evidently any two distinct points may be chosen 
as base pomts m such a representation. The ratio \/\ is called the 
parameter of the pomt it determines. It is here written in homoge- 
neons form^ which gives the point A for the value Xj^ = 0 and the 
pomt B for the value X^ = 0. In many cases, however, it is more 
convenient to write this parameter in nonliomogeneous form, 

p := + X6j, + X&3, Wg + X63), 

which is obtained from the preceding by dividing by X^ and replacing 
\/\ In this representation the point B corresponds to the 
value X == 00 . We may also speak of any point of the pencil under 
this representation as the point X^iXg or the point X when it corre- 
sponds to the value X^/X^ = X of the parameter. Similar remarks and 
the corresponding terminology apply, of course, to the parametric 
representation of the Imes of a flat pencil It is sometimes convenient, 
moreover, to adopt the notation A -f- \B to denote any point of the 
pencil whose base points are -4, B or to denote the pencil itself ; also, 
to use the notation m-^ pn to denote the pencil of lines or any line 
of this pencil whose base lines are m, n 
In. order to derive an analytic representation of a projectivity 
between two one-dimensional primitive forms in the plane, we seek 
first the condition that the point X of a pencil of points A + XB be 
on the line p of a pencil of lines m + pn. By Theorem 3 the condition 
that the point X be on the line p is the relation 
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teS 

^ (ot. + jjLn) (oSj + X6.) = 0. 

1=1 

When expanded this relation gives 

issS {tsS t=8 tsaS 

to, a, = 0. 

1 1 1=1 t^l 

This IS a bilinear equation whose coefficients depend only on the coor- 
dinates of the base points and base lines of the two pencils and not 
on the individual points for which the condition is sought Placing 

2jw,6, = C', = '^m^h^ =—A, '^m,a, =—B, 


this equation becomes C/jX + Dfi — J[X — ^ = 0, 
which may also be written^ 

( 1 ) n- 


4“ JB 
' (7X + d' 


The result may be stated as follows : Any perspeGtim relaUon between 
two one-dimensional primitive forms of different hinds is obtained by 
establishing a projective correspondence between the parameters of the 
two forms. Since any projective correspondence between two one- 
dimensional primitive forms is obtained as the resultant of a sequence 
of such perspectivities, and since the resultant of any two Imear frac- 
tional transformations of type (1) is a transformation of the same 
type, we have the following theorem : 

Theorem 6. Any projective correspondence between two one-dimevr 
sional primitive forms in the plane is obtained by establishing a 
projective rdation 

'“•^x+s 

between the parameters fi, X of the two forms. 

In particular we have 

CoroIjLARY 1. Any projectivity in a one-dimensional primitive 
form in the plane is given by a relation of the form 

aX + /3 

where X is the parameter of the form, 

* The determinant does not vanish because the correspondence between 

X and /A is (1, 1). 




(ah — ^87 0) 
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OoBOLLAKY 2. If X^, Xj, X^ are the parameters of four elemmi.L'f 
Aj, A^, Aj, A^ of a one-dimenswuud prbwitioe form, the cross ratio 
B is given ly 

B {A^A„ A,AJ = B (X,X„ X3X,) = - 

A projectivity between two different one-dimensional forms may 
be represented m a particularly simple form by a judicious cliouje ot 
the base elements of the parametric representation. To fix idiias, lot 
us take the case of two projective pencils of points. Choose any two 
distmct points J., B of the first pencil to be the base points, and lot 
the homologous points of the second pencil be base points of tlie 
latter. Then to the values X = 0 and X = oo of the first i)encil must 
correspond the values /a = 0 and jm^co respectively of the second. 
In this case the relation of Theorem 6, however, assumes the form 
fi = hX, Hence, since the same argument applies to any distmct 
forms, we have 

Corollary 3, If two dwtinct projective oiU'-diviensional primitw 
forms in the plane are represented parmietricMli/ so that the hase 
elements form two homologous pairs, the projectivity is represented hy 
a relation of the form p = lc\ between the parameters p, X of the two 
forms. 

This relation may he still further simplified Taking again the rase 
discussed above of two projective pencils of points, wo have seen that, 
in general, to the pomt {a^ + 6,, a^ + + 63), i 0. to X = 1 , rorro- 

spends the point « + B/, <+/>:&;, i.o. the innut 

Since the point R'= (&/, J/, is also reiireseiited by the set o£ (•.()(‘>pdi- 
nates (AJ/, Wf), it follows that if we choose the latter values for the 
coordinates of the base point to the value X s= 1 will ('.oitosjmhuI 
the value /* = 1 , and hence we have always ^ = X. In other words, 
we have 

CoHOLLAEY 4. If two distinct one-dimensional forms are project he, 
the base elements may le so chosen that the parameters of any two 
homologous dements are egual. 

Before closmg this section it seems desirable to call attention 
explicitly to the forms of the equation of any lino of a poucil tuiil of 
the equation of any point of a pencil which is implied by Theorem 5' 
and Theorem 6 respectively. If we place m = + m^x^ 4. m,®, and 
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n = it follows from the first theorem mentioned 

that the equation of any hne of the j)Gncil whose center is the inter- 
section of the hues m = 0, ^ = 0 is given by an equation of the form 
fin ^ 0. Similarly, the equation of any point of the line joining 
A ~ -f- = 0 and B = -f- = 0 is of the 

form A +\B = 0. 

66. The equation of a conic. The results of § 65 lead readily to 
the equation of a coma By this is meant an equation in point (line) 
coordinates which is satisfied by all the points (lines) of a conic, and 
by no others. To derive this equation, let A, B be two distinct points 
on a conic, and let 

m = -f- = 0, 

(1) n = n^x^ + n^x^ + n^x^ = 0, 

be the equations of the tangent at A, the tangent at B^ and the line 
AB respectively. The conic is then generated as a point locus by 
two projective pencils of lines at A and B, m which m, at A are 
homologous with at respectively This projectivity between 
the pencils 

ffl. + Xjp = 0, 

^ = 0 

is given (Theorem 6, Cor. 3) by a relation 

(3) fi^hX 

between the parameters \ of the two pencils. To obtain the equa- 
tion which is satisfied by all the points of intersection of pairs of 
homologous lines of these pencils, and by no others, we need simply 
elimmate fi, X between the last three relations. The result of this 
elimination is 

(4) 

winch is the equation required. By multiplymg the coordinates of 
one of the lines by a constant we may make A = 1 

Conversely, it is obvious that the points which satisfy any equation 
of type (4) are the points of intersection of homologous lines in the 
pencils (2), provided that fi — kX If m, n, jp are fixed, the condition 
that the conic (4) shall pass through a point a^) is a linear 

equation in h Hence we have 
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Theokem 7 , If n = 0, 

jp =: 0 are the, equations of two 
distinct tangents of a conic and 
the line joining their points of con- 
tact respectively, the point equa- 
tion of the conic is of the form 
p^ — kmn = 0 . 

The coefficient h is determined hy 
any third point on the conic. Con- 
versely, the points which satisfy 
an equation of the above form 
constitute a conic of which 
and = 0 are tangents at points 
on p=:Q. 

OOROLLARY. By properly choos- 
ing the triangle of reference, the 
point equation of any conic may 
be put in the form 

where = 0, ajg = 0 are two tavr 
gents, and is the line join- 

ing their points of contact 


Theorem: 7 ' If 

( 7 = 0 ' are the equations of two 
distinct points of a conic and the 
intersection of the tangents at these 
points respectively, the line equa- 
tion of the conic is of the form 
C"- TcAB « 0 , 

The coefficient h is determined by 
any third line of the conic Con- 
versely, the lines which satisfy an 
equation of the above form consti- 
tute a conic of which A^O and 
B ^ 0 are points of contact of the 
tangents through C/ = 0. 

Corollary. By properly choos- 
ing the triangle of reference, the 
line equation of ct/ny conic may 
he put in the form 

— Icu^u^ = 0 , 

where 0, ^3= 0 are two points, 
and -Wg = 0 is the intersection of 
the tangents at these points. 


It IS clear that if we choose the point ( 1 , 1, 1) on the conic, we have 
A = 1. Supposing the choice to have been thus made, wo inquire 
regarding the condition that a line \u^, be tangent to the conic 

This condition is equivalent to the condition that the line whose 
equation is 

10^X2 + u^x^ + WgOJg = 0 

shaR have one and only one point in common with the conic. Elimi- 
nating a?3 between this equation and that of the conic, the points 
common to the line and the conic are determined by the equation 

UX + - 0 . 

The roots of this equation are equal, if and only if we have 

4 u ^ u ^ = 0, 
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Since this is the line equation of all tangents to the conic, and since 
it is of the form given in Theorem 7', Cor , above, we have here a new 
proof of the fact that the tangents to a point conic form a line conic 
(cf Theorem 11, Chap V). 

When the Imear expressions for n,p are substituted in the equa- 
tion p^ — hnn = 0 of any conic, there results, when multiplied out, a 
homogeneous equation of the second degree in which may 

be written in the form 

(1) + 2 aijiCiajj + 2 + 2 <*, 3 * 2*8 = 0. 

We have seen that the equation of every conic is of this form. We 
have not shown that every equation of tins form represents a conic 
(see § 85, Chap. IX). 

EXERCISE 

Show that the conic 

+ «22^2 + ^33^3 + 2 «12A’ A + ^ + 2 a^^X^Xg = 0 

degenerates into (distinct or coincident) stiaight lines, if and only if we have 

®ii ^12 ^10 
^12 *^22 ®2S ~ ^ 

^18 ^28 ^aa 

Dualize (A, E, P, H^) 

67. Linear transformations in a plane. We inquire now concjem- 
ing the geometric properties of a linear transformation 

pxl= <lu!Bj+ «!,<»,+ aj,®,, 

(1) p3il = a,!®! + <»3,®3 + a,,®,, 

pxl = + <*33®, + <*88®,. 

Such a transformation transforms any point Xg) of the plane 

into a unique point (ic/, x^, a;/) of the plane. EeoiprocaUy, to every 
pomt x' will correspond a unique point x, provided the determinant 
of the transformation 

^11 ^12 ^18 

A= a,i <*,3 <*33 
**81 ®88 ®88 

is not 0. For we may then solve equations (1) for the ratios <8,: aj, 
in terms of a^'ia:,':®/ as follows; 

p\ = + J3X 4 - ^ 81 ®,', 

p ®, — Aj^X^ 4" .*^2a®3 4" ■^8a®8> 

P'*8 = ^18®/ + -4*8*8 + 4,3a!; ; 


( 2 ) 



188 


COORDINATE SYSTEMS [(iHAr.Vll 

here the coeffioknts axe the cofactors of the elements respec- 
tively in the determinant A. i • j 

Further, equations (1) transform every line in the plane into a 
umque hue In fact, the points oi satisfying the equation 

-h -I- MgiBg = 0 

are, by reference to equations (2), transformed into points satisfy- 
mg the equation ^ 

(Aiiiti + x' + -I- -I- A^u,) x., 

-1- {A,,u^ + A,, IS, -f- A,,«,) < * 0, 

which 18 the equation of a line. If the coordinates of this new lino be 
denoted by [<, < we clearly have the following relations between 
the codrdmates «,] of any line and the coordinates [< W. «,'] 

of the hne into which it is transformed by (1): 

C'M'j A.^jU^ -|— A ^2^4, I Ajg^tg, 

(3) <rWa' = A,iMi-l-A5,«2-l-A,3?is, 

CUg = AgjW^ -b Ag,*?^, -]- AggWg. 

We have seen thus far that (1) represents a collineation in the plane 
m pomt coordinates The equations (3) represent the same collineation 
m line codrdmates 

It IS readily seen, finally, that this collmeation is projective, lor 
this purpose it is only necessary to show that it transforms any 
pencil of lines mto a projective pencil of lines But it is clear that it 
m — 0 and «. = 0 are the equations of any two lines, and if (1) trans- 
forms them respectively mto the lines whose equations are m' = 0 
and n'=0, any line ?w-t-X»=0 is transformed into m'-t-X«'=0, 
and the correspondence thus established between the lines of the 
pencils has been shown to be projective (Tlieorem 6). 

Havmg shown that every transformation (1) represents a projective 
collineation, we will now show conversely that every projective 
coUmeation in a plane may be represented by equations of the form 
(1) To this end we recall that every such collineation is completely 
determmed as soon as the homologous elements of any complete 
quadrangle are assigned (Theorem 18, Chap. IV). If wo can show 
that likewise there is one and only one transformation of the form 
changing a given quadrangle into a given quadrangle, it will 
follow that, since the linear transformation is a projective collmeation, 
it is the given projective oollinealaon. 
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Given any projective coUineation in a plane, let the fundamental 
points (0, 0, 1), (0, 1, 0), (1, 0, 0), and (1, 1, 1) of the plane (which 
form a quadrangle) be transformed respectively mto the points 

A. = ^ ^ ^ ^ (pv ^ 2 > form- 

ing a quadrangle. Suppose, now, we seek to determine the coefficients 
of a transformation (1) so as to effect the correspondences just indi- 
cated Clearly, if (0, 0, 1) is to be transformed into we 

must have 




^28 ”” 




\ being an arbitrary factor of proportionality, the value 0) of which 
we may choose at pleasure. Similarly, we obtain 

^12 “ ^22 ^ ^82 ” 

~ ^21 ^ ^^ 2 » ^81 “ ^^ 3 * 

Since, by hypothesis, the three points A, B, C are not coUinear, it 
follows from these equations and the condition of Theorem 4, Cor. 2, 
that the determinant ^ of a transformation determined in this way 
IS not 0 Substitutmg the values thus obtained in (1), it is seen that 
if the point (1, 1, 1) is to be transformed into (d^, the following 
relations must hold : 

K= V + ^3/^+^3^- 

Placing p = 1 and solving this system of equations for v, fjL, we 
obtam the coefiicients of the transformation. This solution is 
unique, since the determmant of the system is not zero. Moreover, 
none of the values X, /a, v will be 0 ; for the supposition that z/ = 0, 
for example, would imply the vanishing of the determinant 


which in turn would imply that the three points D, E, A are collinear, 
contrary to the hypothesis that the four points A, B, (7, D form a 
complete quadrangle. 

Collecting the results of this section, we have 
Theorem 8. Any jprojectim coUineation in the jplane may le repre- 
sented %n ‘point co6Td%nates by equations of form (1) or in line coordi- 
nates by equations of form (3), and %% each case the determinarvt of 
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the transformation ts different from 0 , conversely, any transforma- 
tion of one of these forms ^n which the determinant %s different from 0 
re^presents a ^projective collineapion %n the jplane, 

COEOLLAET 1. In nonliomoyeneous point coordinates the equations of 
a projective coUineation are 


+ *82^ + “m 
^ a,!® + + ttga 


®u 

“is 

“18 


«SS 

“ss ¥=0. 


“8S 

“88 


CoROLLABY 2. If the singular line of the system of nonhomogeneous 
point coordinates is transformed into itself, these equations can be 
written od = a^x + l^y + q, 

f = ape + b^ + Cg, 


“i \ 

% h 


¥= 0 . 


68. Collineations between two different planes. The analytic form 

of a coUineation between two different planes is now readily derived 
Let the two planes be a and and let a systena of coordinates be 
established in each, the point coordinates in a being and 

the point coordinates in ^ being Further, let the isomor- 

phism between the number systems m the two planes be established 
in such a way that the correspondence established by the equations 

is projective. It then foUows, by an argument (cf. § 69, p. 166), 
which need not be repeated here, that any coUineation between the 
two planes may be obtained as the resultant of a projectivity in the 
plane oCy which transforms a pomtX, say, into a point jlT', and the pro- 
jectivity Z = X' between the two planes. The analytw form of any 
projective coUineation "between the two planes is therefore : 

2/i=^u«^i+ V 2 + 

2^2 = ^21^1 +V2+V8^ 

2^8= Vi+ V 2 + 

with the determinant A of the coefficients different from 0, Andy covr 
verselyy every such transformation in wh%ch A 0 represents a projec- 
tive coUineation between the two planes. 

69 . Nonhomogeneotis coordinates in space. Point coordinates in 

space are introduced in a way entirely analogous to that used for the 
introduction of point coordinates in the plane. Choose a tetrahedron 
of reference OJJ7W and label the vertices 0 « 0^=* 0,^, 00 ^, 
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F= ooj,, W=m^ (fig. 84) ; and on the lines 0,oo„, 0^oo„, 0,oo*, called 
respectively the ayaids, the y~axk^ the z-axis, establish three scales by 
choosing the points 1^, 1^, 1^, The planes Ocdo^oo^,, Ooo^oo^, are 

called the xy-plane, xz-plane^ yz-plane respectively. The point 0 is 
called the origin. If F is any point not on the plane oo^oo^co^, which 
is called the singular plane of the coordinate system, the plane 
F oo^co^ meets the oj-axis m a point whose nonhomogeneous coordinate 
in the scale (0^, 1^., co^) we call a. Similarly, let the plane Poo^co^ 
meet the y-axis m a pomt 
whose nonhomogeneons 
cobrdmate in the scale 
(Oy, ly, ooy) is I ; and let 
the plane Fco^cOy meet the 
; 2 J”axis in a pomt whose 
nonhomogeneons coordi- 
nate in the scale (0^, 1^, co J 
is c. The numbers a, 6, c 
are then the nonhomo- 
geneous as-, and Zrcoor- 
dinates of the point F 
Conversely, any three 
numbers (Z, 6, c determine 
three points A, B, 0 on 
the (Xh, y-, and ^a^-axes respectively, and the three planes ^coyco^, Boo^oo^, 
CcOg.co^ meet in a point F whose coordinates are a, 6, c. Thus every 
point not on the singular plane of the coordinate system determines 
and is determined by three coordinates. The point F is then repre- 
sented by the symbol (a, J, c). 

The dual process gives rise to the coordinates of a plane. Point 
and plane coordinates may then be put into a convenient relation, as 
was done in the case of point and Ime coordinates in the plane, thus 
giving rise to a system of simultaneous point and plane coordinates 
in space. We will describe the system of plane coordinates with 
reference to this relation. Given the system of nonhomogeneons point 
coordinates described above, establish in each of the pencils of planes 
on the lines FIT, UW^ UV a scale by choosing the plane TJVW as 
the zero plane 0„ = = 0^ in each of the scales, and letting the planes 

0 VWy 0VW,0 XTV be the planes oo„, ooy, oo^ respectively. In the -i^-scale 
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let th.at plane through VW be the plane 1„, which meets the .^•-axis 
in the point — 1^ Similarly, let the plane 1^ meet the ^-axis in the 
point — Ij,; and let the plane 1^ meet the 2 ?-axis in the point — 
The ^£-scale, v-scale, and ^^-scale being now completely determined, 
any plane tt not on the point 0 (which is called the aingular point 
of this system of plane coordinates) meets the a;-, y-, and «~axes in 
three points X, AT, N wliich determine in the w-, v-, and w-scalea planes 
whose coordinates, let us say, are Z, itiy n. These three numbers are 
called the nonhomogeneous plane coordinates of tt. They completely 
determme and are completely determined by the plane tt. The plane 
TT IS then denoted by the symbol [Z, m, 

In this system of coordinates it is now readily seen that the conn 
dition that the point (a, &, c) he on the plane [Z, m, nl is that the relation 
Za 4- m6 + nc + 1 == 0 he satisfied. It follows readily, as in the planar 
case, that the plane [Z, ni, n] meets the 03-, y-, and z-axea in points 
whose coordinates on these axes are — 1/Z, — 1/m, and — l/?i respec- 
tively.* In deriving the above condition we will suppose that the 
plane 7r=:[Z,m,9i] does not contain two of the points V, V, leav- 
ing the other case as an exercise for the reader. Suppose, then, that 
and oo^ are not on tt. By projecting the y;8i-plane with 
TI as center upon the plane tt, and then projecting tt with V as center 
on the ic^plane, we obtam the following perspectivities ; 

[( 0 , y, 2)] = [(JB, y, 2)] = [(», 0 , 2)], 

where (*, y, z) represents any point on tt. The product of these two 
perspectivities is a projectivity between the y^-plane and the £r 2 -plane, 
by which the singular line of the former is tran8fornie<l into the sin- 
gular line of the latter. Denoting the af-coordinato of points in the 
y 2 -plane by z\ this projectivity is represented (according to Theorem 
8, Gor. 2, and § 68) by relations of the form 


( 1 ) y — + c^, 

z' — z. 

We proceed to determine the coeflScients Cj. Tlie point of 

intersection of ^ with the y-axis is (0, -1/m, 0). and is clearly 


* This statement remains valid even if one or two of the nnmhflr* ? 

Hi" 
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transformed by the projectiviiy in question into the point (0, 0, 0) 
Hence (1) gives - 


The point of intersection of tt with the sf-axis is, if ^ 2 . =5^0, (0, 0, -- 1 / 72 .) 
and IS transformed into itself. Hence (1) gives 


n m 


If ??/ = 0, we have at once \ = 0. 

Pinally, the point of intersection of tt with the rr-axis is 1/Z, 0, 0)> 
and the transform of the point (0, 0, 0) Hence we have 


or 

Hence (1) becomes 


£1 

I 




- 0 , 



y 


i 

— X 

m 



1 


a relation which must be satisfied by the coordinates (x, y, z) of any 
point on TT. This relation is equivalent to 

+ my + + 1 == 0. 

Hence (a, 6, c) is on [I, m, n], if 

( 2 ) + = 0 . 

Conversely, if (2) is satisfied by a point (a, &, a), the point (0, 6, c)= JP 
IS transformed by the projectmty above into (a, 0, c) = and hence 
the lines P U and Q V which meet in (a, 6, c) meet on tt, 

DEr’iNiTiON. An equation which Definition, An equation which 
is satisfied by all the points {x, y, gt) is satisfied by all the planes 

of a plane and by no other pomts on a point and by no other planes 
IS called the po%nt equation of the is called the plane equation of the 
plane. point. 

The result of the preceding discussion may then be stated as follows : 
Thboeem 9. The point equation Theoeem 9', The plane equation 
of the plane [Z, m, 71 ] is of the point (a, 6, c) is 

lx + my + 7121 + 1 = 0, au + cw + 1^ Q. 
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70 . Homogeneous coordinates in space. Assign to the vertices 0 , 27 , 
V, W of any tetrahedron of reference the symbols ( 0 , 0 , 0 , 1 ), ( 1 , 0 , 0 , 0 ), 
(0, 1, 0, 0), (0, 0, 1, 0) respectively, and assign to any fifth point T 
not on a face of this tetrahedron the symbol ( 1 , 1 , 1 , 1 ). The five 
pomts 0 , 27 , F, TF, T are called the frame of refcretioe of the system 
of homogeneous coordinates now to be descnbed. The four lines join- 
mg T to the points 0 , U, F, W meet the opposite faces m four points, 
which we denote respectively by (1, 1, 1> 0)> (0> 1> 1)> (^» 1)» 

( 1 , 1 , 0 , 1 ). The planar four-point ( 0 , 0 , 0 , 1 ), ( 0 , 0 , 1 , 0 ), ( 0 , 1 , 0 , 0 ), 
(0, 1, 1, 1) we regard as the frame of reference (0, 0, 1), (0, 1, 0), 
(Ij 0, 0), (1, 1, 1) of a system of homogeneous coordinates in the plane. 
To any point in this plane we assign the coordinates ( 0 , ajj, *3, if 
its coordinates in the planar system ]ust indicated are {x^, Tn 

like manner, to the points of the other three faces of the tetrahedron of 
reference we assign coordinates of the forms (ajj, 0, x^, (x^, x^, 0, x^}, 

and (x^, ajj, a:,, 0 ) The coordinates of the points in the faces oiiposito 
the vertices (1, 0, 0, 0), (0, 1, 0, 0), (0, 0. 1, 0), (0, 0, 0, 1) satisfy respec- 
tively the ec[uationa ai^ = 0, ajj = 0, a:, = 0, aj^ — 0 

To the pomts of each edge of the tetrahedron of reference a notation 
has been assigned corresponding to each of the two faces which meet 
in the edge. Consider, for example, the line of intersection of the 
planes x^—O and x^= 0 . Eegarding this edge as a line of x^s=> 0 , the 
coordinate system on the edge has as its fundamental points (0, 0, 1, 0), 
( 0 , 0 , 0, 1), (0, 0 , 1 , 1 ). The first two of these are vertices of the tetra- 
hedron of reference, and the third is the trace of the line joining 
(0, 1, 0, 0) to (0, 1 , 1 , 1). On the other hand, regarding this edge as a 
line of x^— 0 , the coordinate system has the vertices (0, 0, 1, 0) and 
(0, 0, 0, 1) as two fundamental points, and has as (0, 0, 1, 1) the trace 
of the line joining (1, 0, 0, 0) to (1, 0, 1, 1). But by construction the 
plane (0, 1, 0, 0) (1, 0, 0, 0) (1, 1, 1, 1) contains both (0, 1, 1, 1) and 
(1, 0, 1, 1), so that the two determinations of (0, 0, 1, 1) are identical 
Hence the symbols denoting points in tlie two planes ajjBs 0 and 
a!jj= 0 are identical along their line of intersection. A similar result 
holds for the other edges of the tetrahedron of reference. 

Theorem 10 . Deeinition. If P is any point not on a face of the 
tetrahedron of ref^eme, there exist four numbers x^, »„ x,, x^, aU 
dtfferewt from zero, such that the projections of P from the four vertices 
(1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1) respectively upon (Mr . 
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opposite faces are (0, x,, x^), 0, ajg, xj, (x,, x^, 0, a?J, (aj^, x,, x,, 0) 

These four numbers are called the homogeneous coordinates of F and 
F is denoted by {x^y x^, x^, a?J Any ordered set of four numbers, not 
all zero, determine uniquely a point in space whose coordinates they are. 


Froof. The line ]omiug P to (1, 0, 0, 0) meets the opposite face in 
a point (0, a? 2 , x^, x^, which is not an edge of the tetraliedron of refer- 
ence, and such therefore that none of the numbers x^, x^, x^ is zero. 
Likewise the line joining F to (0, 1, 0, 0) meets the opposite face in 
a point (x/, 0, x^', x^), such that none of the numbers x(, xl is zero. 
But the plane P(l, 0, 0, 0) (0, 1, 0, 0) meets 0 in the Ime joining 
(0, 1, 0, 0) to (0, £» 2 , and meets x^^O in the line joming 

(1, 0, 0, 0) to {x^y 0, x^, xl). By the analytic methods already devel- 
oped for the plane, the first of these lines meets the edge common 
to = 0 and rCg = 0 in the point (0, 0, x^, x^, and the second meets 
it ill the point (0, 0, a?/, xl). But the points (0, 0, x^, x^) and 
(0, 0, xl, xl) are identical, and hence, by the preceding paragraph, we 
have xjx^^xl/xl. Hence, if we place xlxjxl, the point 
{xl, 0, xl, xl) IS identical with {x^, 0, x^, The line joining P to 
(0, 0, 1, 0) meets the face iUg = 0 in a point (a? ", xl^, 0, xl). By the 
same reasoning as that above it follows that we have xlf jxlf ^xjx^ 
and xlfxl^^ so that the point {x!f, xlf, 0, xjf) is identical with 

(a?!, x^, 0, x^. Einally, the line joining P to (0, 0, 0, 1) meets the face 
0 in a point which a like argument shows to be {x^, x^, x^, 0). 

Conversely, if the coordinates {x^, x^, x^, x^ are given, and one of 
them is zero, they determine a point on a face of the tetrahedron 
of reference. If none of them is zero, the hues joining (1, 0, 0, 0) 
to (0, x^y x^^ x^ and (0, 1, 0, 0) to {x^, 0, x^, are in the plane 
(1, 0,0, 0)(0, 1, 0, 0)(0, 0, ajg, ajJ, and hence meet in a point which, 
by the reasoning above, has the coordinates {x^, x^, x^, x^ 

CoEOLLAEY. The notations {x^yX^,x^,x^ and {hx^,hx^,hx^,Tcx^ 
denote the same point for any value of h not equal to zero 


Homogeneous plane coordinates in space arise by the dual of the 
above process. The four faces of a tetrahedron of reference are denoted 
respectively by [1, 0, 0, 0], [0, 1, 0, 0], [0, 0, 1, 0], and [0, 0, 0, 1]. 
These, together with any plane [1, 1, 1, 1] not on a vertex of the 
tetrahedron, form the frame of reference. The four lines of inter- 
section of the plane [1, 1, 1, 1] with the other four planes in the order 
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above are projected from the opposite vertices by planes which are 
denoted by [0, 1, 1, 1], [1, 0, 1, 1], [1, 1, 0, 1], [1, 1, 1, 0] respectively 
The four planes [0, 1, 0, 0], [0, 0, 1, 0], [0, 0, 0, 1], and [0, 1, 1, 1] form, 
if the first 0 in each of these symbols is suppressed, the frame of 
reference of a system of homogeneous coordmates in a bundle (the 
space dual of such a system in a plane). The center of this bundle 
is the vertex of the tetrahedron of reference opposite to [1, 0, 0, 0]. 
To any plane on this point is assigned the notation [0, mJ, if 
its coordinates in the bimdle are In hke manner, to the 

planes on the other vertices are assigned coordmates of the forms 
[Mj, 0, mJ, [Mj, Mj, 0, «J, [ttj, ttj, 0], The space dual of the last 
theorem then gives : 

Theoeem 10^ Definition. If ir is any plane not on a vertex of tloe 
tetrahedron of reference, there exist four numbers u^ u^, u^, u^, all differ- 
ent from zero, such that the traces of rr on the four faces [1, 0, 0, 0], 
[0, 1, 0, 0], [0, 0, 1, 0], [0, 0, 0, 1] respeetivdy are projected from the 
opposite veHices by the planes [0, u^, mJ, \u^, 0, u^, «J, [u^, u^, 0, mJ, 
[Mj, Mj, 14,, 0] These four numbers are called the homogeneous coordinates 
of IT, and TT is denoted by [u^, u^ i4j. Any ordered set offowr imm- 
hers, not all zero, determine uniquely a plane whose coordinates they are. 

By placing these systems of pomt and plane coordinates in a proper 
relation we may now readily derive the necessary and sufficient con- 
dition that a pomt (»!, as,, a:,, asj be on a plane K, i 4 „ i 4 „ i 4 j. This 
condition will turn out to be 

141®! + '*^2*2 + = 0. 

We note first that in a system of point coordinates as described above 
the six points (- 1, 1. 0, 0), (- 1, 0, 1, 0), (- 1, 0, 0, 1), (0, - 1, 1, 0), 
(0, 0, — 1, 1), (0, - 1, 0, 1) are coplanar, each bemg the harmonic con- 
jugate, with respect to two vertices of the tetrahedron of reference, of 
the point into which (1, 1, 1, 1) is projected by the line joming the 
other two verti^s The plane containing these is, in fact, the polar 
of (1, 1, 1, 1) with respect to the tetrahedron of reference (cf. Ex 3 
p. 47). Now choose ‘ ' 

as the plane [1, 0, 0, 0] the plane =. 0, 

as the plane [0, 1, 0, 0] the plane ®, = 0, 

as the plane [0, 0, 1, 0] the plane 0, 

as the plane [0, 0, 0, 1] the plane = 0, 
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3 ilie plane [1, 1, 1, 1] the plane contaiumg the points (— 1, 1, 0, 0), 

^ 1 , 0 , 1 , 0 ), (- 1 , 0 , 0 , 1 ). 

With this choice of coordinates the planes [1, 0, 0, 0], [0, 1, 0, 0], 
), 0, 1, 0], and [1, 1, 1, 0] through the vertex say, whose ijoint 
ibrdiuates are (0, 0, 0, 1), meet the opposite face in lines 

hose equations in that plane are 

aji=:0, x^-0, x^—0, x^-^x^ + x^—0. 

ence the first three coordinates of any plane Wg, 0] on 

'e the hne coordinates of its trace on x^ = 0, in a system so chosen 
lat the point x^, x^) is on the line Wg] if and only if the 

lation u^x^ + it^x^ + WgiCg = 0 is satisfied Hence a point (x^, x^, x^, 0) 
3s on a plane \u^y u^y u^y 0] if and only if we have u^x^+u^x^-i^ 
(iCg = 0. But any point {x^y x^y x^y x^ on the plane \u^y u^y Wg, 0] has, 
r definition, its first three coordinates identical with the first three 
•ordinates of some point on the trace of tliis plane with the plane 
= 0. Hence any point {x^y x^y x^, x^ on ['iq, u^y u^y 0] satisfies the 
ndition u^x^ + u^x^ + WgiCg + u^x^ = 0 Applying this reasoning to 
ch of the four vertices of the tetrahedron of reference and dualizing, 
3 find that %f one coordinate of \ii^y u^y u^y is zerOy the necessary 
hd sufficient condition that this plane contain a point {x^y x^y x^y x^ 
that the relahon 

= 0 

satisfied; and if one coordinate of {x^y x^y ajg, x^ is zerOy the neces- 
ry and suJfic^ent condition that this point he on the plane 
likewise that the relation jitst given he satisfied 
Confinmg our attention now to points and planes no coordinate of 
lich IS zero, let xJx^^Xy xjx^^yy xJx^^Zy and let uju^^u, 
fu^^Vy uju^^w. Since Xy y, z are the ratios of homogeneous 
ordinates on the lines x^^x^^ 0, = £Cg = 0, and x^=sx^==Q respec- 

'ely, they satisfy the definition of nonhomogeneous coordinates 
^^en in § 69. And since the homogeneous coordinates have been 
chosen that the plane {u^, u^y Wg, meets the hne ajg = OJg = 0 in 
3 point {— 0, 0, — l/% 0, 0, 1), it follows that Uy v, w are 

nhomogeneous plane coordinates so chosen that a point {x, y, z), 
ne of whose coordinates is zero, is on a plane \u, Vy w^ none of 
lose coSrdmates is zero, if and only if we have (Theorem 9) 

ux + vy + wz + l^Ql 


I 
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that is, if and only if we have 

-h UgiKg -h + Vi =" 0 

This completes for all cases the proof of 

Theorem 11. The necessary and sufficient condition that a point 
(ojp iCg, oJg, ajJ 6^ on a plane u ^ is that the relation 

u^x^ + -h u^x^ + = 0 

he satisfied. 

By methods analogous to those employed m §§ 64 and 65 we may 
now derive the results of Exs. 1—8 below. 


EXERCISES 


1 The equation of the plane through the three points A = a^, ag, a^), 

JS = (?q, ig, &3, h^, C ~ (cj, Cg, (7g, C4I is 

a?i ajg a-g 

O-l CEg flg <*4 _ 

61 \ &8 &4 
Cl Cg Cg C4 

Dualize 

2 The necessary and sufficient condition that four points ^1, J5, C, D be 
coplanar is the vanishing of the determinant 


% ^2 ^8 ^4 

6i 62 Jj 64 

^1 ^2 ^5 ^'4 
dj dg dg 

3. The necessary and sufficient condition that three points A, B, C 
collinear is the vanishing of the thiee-rowed determinants of the matrix 



4. Any point of a pencil of points containing .1 and B may be represented by 
P = (XgCj + XgOg + Xj^^g, Xg«g + Xj^&g, X2a4 + X^/^^). 

5 Any plane of a pencil of planes containing m = [wii, TWg, ^4] and 
It = [n^, ng, Tig, nj may be represented by 


TT [Xg^jL + Xpij, Xgmg + X^Wg, Xgmg + X^ng, Xgm^ + X^n^]. 

6 Any projectivity between two oneniimensional primitive forma (of points 
or planes) in space is expressed by a relation between their parameters X, u 
of the form 


/* 


_ oX + ^ 
"" yX 4- 8 


If the base elements of the pencil are homologous, this relation reduces to 

fi> = p\ 



fn 
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f 

i I 


7 If Aj, Ag, Xg, A 4 aie the parameters of four points or planes of a pen^il^C 
then Cl obs ratio IS \\\\ 


Ai — A4 Ag — /V4 

8 Any point (plane) of a plane of points (bundle of jplanes) containing 
the noncolhueai points Ay C (planes a, y) may be repiesented by 

B — (Aj_fl5]_ “h Ag^^j “1* AgC^j AjL^tg "f" ^3^2* ^2^8 ^1^4 “t* Ag^*^ Hh AgC^)* 


9. Derive the equation of the polar plane of any point with regard to the 
tetrahedron of reference 

10. Derive the equation of a cone. 

*11. Derive nonhomogeneous and homogeneous systems of coordinates in 
a space of four dimensions. 


71. Linear transformations in space. The properties of a linear 
transformation in space 

pxl = an®! + + ajjajj + «u®4. 

/•j^\ ^'7*3 “ ®31^1 ^22^3 ^33^8 ^34^4> 

'' '' />a33'=a3iaji+a32®3 + Va + ®s4®4> 

pxl = + a42*3 + ®4.®8 + ®44®4 


are similar to those found in § 68 for the linear transformations in a 
plane. If the determinant of the transformation 


«n 

^12 


if 

®81 

®33 

®41 

«42 


«1S 

«14 

^28 

®24 

^88 

®S4 

^48 

®44 


is different from 
verse, viz. ; 

( 2 ) 


zero, the transformation (1) will have a unique in- 

P^^x — AjjiTj "1“ "h 

P^^2 “ -^22^3 H~ -^82®$ "1“ 

P ^s“ "i* "i” “^ss^s *1" ■^48^4. 

p'x^ = AjX + + A,*®*' + A^jts'l, 


where the eoefiioients A^ are the cofactors of the elements respec- 
tively in the determinant A. 

The transformation is evidently a coUineation, as it transforms the 

«iiBj -h ttgOig + MgOJ, -f - 0 

into the plane 

+ A^Ut + Ai,Mg + A^^uD x’ 

+ + -^28*^2 + -^28“8 + A^UI) Xl 

"i" {Agf^x -l“ Aggiij + AggTig -f- Aj^Ti^) x! 

+ (Ag^Tfi -F A^,«j -f Agjtt* + A^^u|j xl = 0. 


I 
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Hence the ooUineation (1) produces on the planes of space the trans- 


formation 

( 3 ) 


a-u^ ~ + A^Uj^ 4 - 

fful = + Agatta + I + ^<ai«'4. 

ar^hl = d" -^KA^’v 

<r%l = +■ 


To show that the transformation (1) is projective consider any 
pencil of planes 

(a^Xi + a^aig + CLgX^ + + X{hjp!!^ + \Xg + = 0. 

In accordance with (2) this pencil is transformed mto a pencil of the 
form 

(a/®! + aj'jBj + alxg + alx^ + X- (6i'®i + = 0, 

and these two pencils of planes are projeotivo (lix. 6, p. 198). 

Finally, as in § 67, we see that there is one and only one tmns- 
formation (1) changmg the points (0, 0, 0, 1), (0, 0, 1, 0), (0, 1, 0, 0), 
(1, 0, 0, 0), and (1, 1, 1, 1) into the veiiices of an oi’bitrary complete 
five-pomt in space. Since this transformation is a projective collinea- 
tion, and smce there is only one projective collinoatioii transforming 
one five-pomt into another (Theorem 19, Chap. IV), it follows that 
every projective coUmeation in space may he represented by a liiusur 
transformation of the form (1). This gives 

Theoeem 12. A.ny projeetim eoUvnaUion <>/ Hpacn nmy Jm repre- 
smied-im, point coordinates by equations of the for m (1), or in phme 
coordinates by equatwns of the fortn (3). In eueh case the drtcnninant 
of the tramformatim, is different frmn zero. Conversely, any tmm- 
fomation of this form in which the determinant is different from zero 
represents a projective eoUineation of space. 

COEOLLAEY 1. In nonhomogeneom point coordinates a projective 
eollin6at%on is represented by the linear fraciiotml cqimtwns 

HJ _ + ®J2?/ + 4- ^ 

+ «48« + «44 ’ 

ff — 4" 4" 4" 

4- a,^ + ttggz 4 * 

g/ ®M® 4- 4;;_a,ji 

+ «4!i2/ 4- ««« 4- «« ' 
wi which the determinant A is different from zero. 
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CoEOLLARY 2, If the $%ngulaT plane of the nonhomogeneous system 
is transformed into %tself these eguaUons reduce to 
od = a^oc + O'dl/ + 

y^^d^x + d^y+l)^z + b^, \ \ \ :?£:0. 

«'=: C^X + + C^, ^1 ^2 ^8 

72. Finite spaces. It will be of interest at this point to emphasize 
agam the generality of the theory which we are developing. Since 
all the developments of this chapter are on the basis of Assumptions 
A, E, and P only, and since these assumptions imply nothing regard- 
ing the number system of points on a line, except that it be commu- 
tative, it follows that we may assume the points of a line, or, indeed, 
the elements of any one-dimensional form, to be in one-to-one recip- 
rocal correspondence with the elements of any commutative number 
system. We may, moreover, study our geometry entirely by analytic 
methods. From this point of view, any point in a plane is simply a 
set of three numbers (x^, a?g), it being understood that the sets 

and (Jcx^, hx^ are equivalent for all values of A in the 
number system, provided h is different from 0. Any line in the plane 
is the set of all these points which satisfy any equation of the form 
+ = 0, the set of all lines being obtained by giving 

the coefficients (coordinates) all possible values in the 

number system (except [0, 0, 0]), with the obvious agreement that 
Wjj, Wg] represent the same line {k^O). By 

letting the number system consist of all ordinary rational numbers, 
or aU ordinary real numbers, or all ordinary complex numbers, we 
obtain respectively the analytic form of ordinary rational, or real, or 
complex projective geometry in the plane. All of our theory thus 
far applies equally to each of these geometries as well as to the 
geometry obtained by choosing as our number system any field 
whatever (any ordinary algebraic field, for example). 

In particular, we may also choose a finite field, i e, one which con- 
tains only a finite number of elements The simplest of these are 
the modular fields, the modulus being any prime number^,* If we 

* A modular field with modulus p is obtained as follows : Two integers w, n' 
(positive, negative, or zero) are said to be congruefn^ modulo p^ written iisn', mod.p, 
if the difference w — is divisible by jp. Every integer is then congruent to one 
and only one of the numbers 0, 1, 2, • • • , p — 1 These numhm are taken as the 
elements^ 6f mr jtelAy and any number obtained from these by addMony subtractiony 
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consider, for example, the case == 2, our number system contains 
only the elements 0 and 1 There are then seven points, which we 
will label A, B, 0, D, E, G, as follows : ^ == (0, 0, 1), B = (0, 1, 0), 
G = (l, 0, 0), D=(0, 1, 1), = 1, 0), = 1, 1), G = (l, 0, 1). 

The reader will readily verify that these seven points are arranged 
in lines according to the table 


A B 0 D E F a 

B G B E F G A 

B E F G A B C, 

each column constituting a line For example, the line = 0 clearly 
consists of the pomts (0, 0, 1) = A, (0, 1, 0) = B, and (0, 1, 1) = D, these 
being the only pomts whose first coordinate is 0 "We have labeled 
the pomts of this fimte plane in such a way as to exhibit clearly its 
abstract identity with the system of triples used for illustrative pur- 
poses in the Introduction, § 2.* 

EXERCISES 

1. Verify analytically that two sides of a complete ^[uadrangle containing a 
diagonal point are harmonic with the other two diagonal points. 

2 Show analytically that if two pi 03 ective pencils of lines in a plane have 
a self -con esponding line, they are perspective. (This is equivalent to Assump- 
tion P ) 

3 Show that the lines whose equations aie == 0, rPg + 

a:8 + vXi=0 are concuirent if X/av = — 1; and that they meet the opposite 
sides of the triangle of reference respectively in collinear points, if X/xv = 1 

4; Find the equations of the lines joining (c^, Cg, Cg) to the four x^oints 
(1, dz Ij ± l)j and determine the cross ratios of the pencil, 

and midtiplicationj if not equal to one of these elemeniSj is replaced by the elemerd 
to which it IS congruent. The modular field with modulus 6, for example, consists of 
the elements 0, 1, 2, 3, 4, and we have as examples of addition, subtraction, and 
multiplication 1 + 8 = 4, 2 + 8 = 0 (since 6s0, mod. 6), 1 — 4 = 2, 2*8=1, etc. 
Furthermore, if a, 6 are any two elements of this field 0), there is a unique 
element x determined hy the congruence a® =5, mod. this element is defined 
as the quotient b/a (For the proof of this proposition the reader may refer to any 
standard text on the theory of numbers.) In the example discussed we have, for 
example, 4/3 = 8, 

^ For references and a further discussion of finite projective geometries see a 
paper hy 0 Veblen and W. H. Bussey, Finite Projective Geometnes, Transactions 
of the American Mathematical Society, Vol. VII (1906), pp, 241-260 Also a sub^ 
sequent paper by 0. Veblen, Coilineations in a Finite Projective Geometry, Trans-*- 
actions of the American Mathematical Society, Vol. VIII (1007), pp, 266-268. 
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5. Show that the throw of lines deiermined on (Cj, Cg, c^) by the four 
points (l,ih 1,± 1) IS projective with (equal to) the throw of lines determined 
on ^3) by the points (%, ±a^f if tbe following relations hold; 

«! + flg + ttg = 0, 

+ a^ci 4* a^ci = 0, 

ttgagSi + a^aj)i + afyhi = 0, 

and that the six cross ratios are — a^/a^, -* — ct^/^ 2 » 

— ttg/^i Mod. Anal. Geoni , p 50). 

6 Wiite the equations of transformation for the five ty[-)es of planai col- 
lineations desciibed in § 40, Chap. IV, choosing points of the tiiangle of 
refeience as fixed points 

7. Generalize Ex. 6 to space 

8 Show that the set of values of the paiameter A. of the pencil of lines 
771 + An = 0 is isomorphic with the scale determined in this pencil by the lines 
for which the fundamental lines are respectively the lines A = 0, 1, oo* 

9 Show directly fioni the discussion of § 61 that tlie points whose non- 
homogeneous cooidinates x, y satisfy the equation y = a? aie on the line joining 
the oiigin to the point (1, !)• 

10 Theio IS then established on this line a scale whose fundamental points 
are respectively the origin, the pomt (1,1), and the point in which the line ni eets 
the line The lines joining any pomt P in the plane to the points ooy, coa. 
meet the line y ~ a? in two points whose coordinates in the scale just determined 
aie the nonhomogeneous coordinates of P, so that any point in the plane 
(not on lad) IS represented by a pair of points on the line y = a;. Hence, show 
that in general the points (a?, y) of any line in the plane deteimine on the 
line y — a; a projectivity with a double point on /«, ; and hence that the equa- 
tion of any such line is of the foini y = aa; + ft. What lines are exceptions to 
this proposition? 

11 . Discuss the modular plane geometiy in which the modulus is^i = 3 ; 
and by properly labeling the points show that it is abstractly identical -v^ith 
the system of quadruples exhibited as System (2) on p. 6. 

12 . Show in geneial that the modular projective plane with modulus p 
contains p® + p + 1 points and the same number of lines j and that there are 
p + 1 points (lines) on every line (point). 

13 . The diagonal points of a complete quadrangle in a modular plane pio- 
jective geometry are collinear if and only if p = 2 

14 . Show that the points and lines of a modular plane all belong to the 
same net of rationality. Such a plane is then properly projective without the 
use of Assumption P. 

15 . Show how to construct a modular three-space. If the modulus is 2, 
show that its points may be labeled 0, 1, . . . , 14 in such a way that the 
planes are the sets of seven obtained by cyclic permutation from the set 
0 1 4 6 11 12 13 (i.e. 1 2 5 7 12 13 14, etc.), and that the lines are ob- 
tained from the lines 0 1 4, 0 2 8, 0 5 10 by cyclic permutations. (For a 
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study of this space, see G M. Conwell, Annals of Mathematics, Vol 11 
(1910), p. 60 ) 

16. Show that the ten diagonal points of a complete hve-point in space 
(0, 0, 0, 1), (0, 0, 1, 0), (0, 1, 0, 0), (1, 0, 0, 0), (1, 1, 1, 1) aie given by the 
remaining sets of coordinates in which occur only the digits 0 and 1. 

17. Show that the ten diagonal points m Ex 16 determine in all 45 planes, 
of which each of a set of 25 contains foui diagonal points, while each of the 
remaining 20 contains only three diagonal points. Through any diagonal 
point pass 16 of these planes. The diagonal lines, i.e. lines joining two 
diagonal points, are of two kinds through each of the diagonal lines of the 
first kind pass five diagonal planes ; through each line of the second kind pass 
four diagonal planes 

18 Show how the results of Ex 17 are modified in a modular space with 
modulus 2 , with modulus 3. Show that in the modular space with modulus 
5 the lesults of Ex. 17 hold without modification. 

^ 19. Derive homogeneous and nonhornogeneous cooidinate systems for 
a space of n dimensions, and establish the formulas for an n-dimensional 
projective collineation. 


> . ^ I 



CHAPTER Vm 

PROJECTIVITIES IN ONE-DmEKSIOITAL FORMS* 

73. Characteristic throw and cross ratio. 

Theorem 1. If M, N are douUe points of a projeetimty on a line, 
and AA', BB' are any two pairs of Iwmologous points (ie. if 
MNAB MJSTA'B), then MNAJI MNBB'. 

Proof. Let S, S' be any two distinct points on a line through 
M (fig. 85), and let the lines 3A and S' A' meet in A", and SB and 



S'B' meet m B". The points A", B", N" are then coUinear (Theorem 23, 
Ohap. IV). If the line A"B" meets SS' in a point Q, we have 

A" , B" 

MNAAI ~ MQSS' == MNBB'. 

A A 

This proves the theorem, which may also he stated as follows : 

The throws consisting of the pair of douUe points in a given order 
and any pair of homologous points are all egual. 

Definition. The throw T {MN^ AA'), consisting of the double points 
and a pair of homologous points of a projectivity, is called the charac- 
teristic throw of the projeotivity ; and the cross ratio of this throw 
is called the characteristic cross ratio of the projeotivity. f 

* All the developnlents of this chapter are on the basis of Assumptions A ‘R’- 

t Since the double points enter symmetrically, the throws 
T {NM, AA^ may be used equally well for the characteristic th 
spending cross ratios R {MN, A A') and B A A*) are recip'^''' 

(of. Theorem 13, Cor. 8, Chap. VI). 
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Corollary 1. A projectmty on a line %oith two given distinct 
double points is uniquely determined by its characteristic throio or 
cross ratv). 

Corollary 2. The characteristic cross ratio of any involution with 
double points is — 1. 

This follows directly from Theorem 27, Cor 1, Chap. IV, and 
Theorem 13, Cor 2, Chap VI 

If w, n are nonhomogeneous coordinates of the double points, and 
h IS the characteristic cross ratio of a projectivity on a line, we have 

^ x — m _ 
x-^n 

for every pair of homologous points x, d This is the analytic expres- 
sion of the above theorem, and leads at once to the following analytic 
expression for a pro jectivity on a line with two distinct double points 
m^n\ 

Corollary 3 Any projectivity on a line with two distinct double 
points 771, n may be represented by the equation 

, £c — m 

— j = fC , 

X —-n X — n 

jb', SB heing any jpair of homologous points. 

For when cleared of fractions this is a bilinear equation in a;', ® 
which obviously has m, » as roots. Moreover, since any projectivity 
with two given distinct double points is uniquely determined by one 
ad(htional pair of homologous elements, it follows that any projeo- 
tivity of the kind described can be so represented, in view of the fact 
that one such pair of homologous points will always determine the 
multipher le. These considerations offer an analytic proof of Theo- 
rem 1, for the case when the double points M, N are distinct. 

It is to be noted, however, that the proof of Theorem 1 applies 
equally well when the points M, N coincide, and leads to the follow- 
ing theorem : 

Theoeem 2. If in a pa/raholic projectwity with double point M the 
povn^ JJ! and. BB’ are two paws of homologous points, the paraboVk 

progeetimty with double point M which puts A into B also puts A' 
into 

COEOLLAEY. The charactmstw cross ratw of cmy parabolic projec- 
timty IS unUy. 
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The characteristic cross ratio together with the double point is 
therefore not sufficient to characterize a paiabolic projectivity com- 
pletely Also, the analytic form for a projectivity with double points 
m, obtained above, breaks down when m = n. We may, however, 
readily derive a characteristic property of parabolic projectivities, 
from which will follow an analytic form for these projectivities. 

Theorem If cu ^parabolic projectivity laith doitble point M trans- 
forms a point A into and A! into A!\ the pair of points A, A^^ is 
harmonic with the pair A^M; i,e we have H (ATA', 

Proof By Theorem 23, Chap IV, Cor., we have Q(MAA', MJ'^A'). 
Analytically, if the coordinates of Jff, A, A\ A" are m, x, x\ x^^ 
respectively, we have, by Theorem 13, Cor. 4, Chap. VI, 

— ? — = — ^ f- ^ 

ic'— m x — m a?" — m 

This gives 

_1 1 _ 1 

yj —m X — m A' — m A — m * 


which shows that if each member of this equation be placed equal to 
t, the relation 


( 1 ) 



1 


x — m 


■h t 


IS satisfied by every pair of homologous points of the sequence obtained 
by applying the projectivity successively to the points A, A', A", • . 
It IS, however, readily seen that this relation is satisfied by every pair 
of homologous points on the Ime. For relation (1), when cleared of 
fractions, clearly gives a bihnear form in A and x, and is therefore a 
projectivity; and this projectivity clearly has only the one double 
point m. It therefore represents a parabolic projectivity with the 
double point m, and must represent the projectivity in question, since 
the relation is satisfied by the coordinates of the pair of homologous 
points A, A', which are sufficient with the double point to determme 
the projectivity. 

We have then : 

Corollary 1. Any parabolic projectivity with a double pointy M, 
may be represented by the relation (1). 

Definition. The number t is called the characteristic constant of 
the projectivity (1). 
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Corollary 2. Conversely, if a projeetivity with a doiMe point 
Jf trcLnsforms a, point A. into A', and A' into A^', such that we have 
H {MA', AA"), the projeetivUy w parabolic. 

Proof The double point, M and the two pairs of homologous 
pomts A A', A' A" are sufficient to determine the projectivity uniquely; 
and there is a parabolic projectivity satisfymg the given conditions. 

74. Projective projectivities. Let tt he a projectivity on a line I, 
and let ir^ be a projectivity transformmg the points of I into the 
points of another or the same line I'. Tlie projectivity TTiTrirf ^ is then 
a projectivity on I'. For transforms any point of I' into a point 
of I, rr transforms this point into another point of I, wliich m turn is 
transformed into a point of I' by ir^. Tlius, to every point of I' is made 
to correspond a unique point of V, and this correspondence is projec- 
tive, since it is the product of projective correspondences. Clearly, 
also, the projectivity Wj transforms any pair of homologous points of 
TT into a pair of homologous points of 

Definition. The projectivity is called the transform of it 

by TTj ; two projectivities are said to be projective or conjugate if one 
is a transform of the other by a projectivity. 

The question now arises as to the conditions under which two pro- 
jectivities are projective or conjugate. A necessary condition is evi- 
dent. If one of two conjugate projectivities has two distinct double 
pomts, the other must likewise have two distinct double points; if 
one has no double points, the other likewise can have no double points ; 
and if one is parabohc, the other must be parabolic. The further 
conditions are readily derivable in the case of two projectivities with 
distinct double points and in the case of two parabolic projectivities. 
They are stated in the two following theorems : 

Theorem 4. Two projectivities each of which has two distinct double 
points are conjugate if and only ifthei/r characteristic throws are equal. 

Proof. The condition is necessary. For if tt, tt' are two conjugate 
projectivities, any projectivity ttj transforming w into tt' transforms 
the double pomts Jf, if of tt into the double points M', if' of it', and 
also transforms any pair of homologous points of tt iuto a pair 
of homologous points A', A/ of tt' ; i e. 

rrfflNAAjj^M'N'A'Al. , , , t . 

But this states that their characteristic throws are e^ual 
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The condition is also suflicieni; for if it is satisfied, tlio projec- 
tivity TT, defined by 

clearly transforms tt into tt'. 

COROLLAEY. Any two involutions with douUe points are conjugate. 

Theorem 6, Any two paraholic projectivities are conjugate, 

Froof, Let the two parabolic projectivities be defined by 
7r{MMA)^MMA^, and 3F A!) ^ MUl 

Then the projectivity defined by 

= MAAl 

clearly transforms tt into tt'. 

Since the characteristic cross ratio of any parabolic projectivity is 
unity, the condition of Theorem 4 may also be regarded as holding 
for parabolic projectivities. 

75. Groups of projectivities on a line. Definition. Two groups G 
and G' of projectivities on a line are said to be conjugate if there 
exists a projectivity tt^ which transforms every projectivity of G into a 
projectivity of G', and conversely. We may then write 
and G' is said to be the transform of G ly 

We have already seen (Theorem 8, Chap III) that the set of all 
projectivities on a line form a group, which is called the general pro- 
jective groitp on the line. The following are important subgroups : 

1. The set of all projectivities leaving a given point of the line 
invariant. 

Any two groups of this type are conjugate Por any projectivity 
transforming the invariant point of one group into the invariant point 
of the other clearly transforms every projectivity of the one into 
some projectivity of the other Analytically, if we choose a? = oo as 
the invariant point of the group, the group consists of all projectivities 
of the form 

0 )'= asc + K 

2. The set of all projectivities leaving hoo given distinct points 
i/nvarianL 

Any two groups of this type are conjugate. Por any projectivity 
transforming the two invariant points of the one into the invariant 
points of the other clearly transforms every projectivity of the one 
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into a projectivity of tlie other Analytically, if are the two 

invariant points, the group consists of all projectivities of the form 

1 — ^ 1, 

^ - /v^ 

%Aj Uj2 w tX/g 

The product of two such projectivities with multipliers Jc and Jc^ is 
clearly given by 

= iCih 

0 ^^ — . n, <T> ♦T* — /yi 

Tins shows that any two projectivities of this group are commuta- 
tive. This result gives 

Theorem 6. Any two 2 yrojectwities which have two douUe points 
in common are commutative. 

This theorem is equivalent to the commutative law for multiplication. 
If the double points are the points 0 and oo, tho gioup consists of all piojoc- 
tiYities of the form = ax* 


3. The set of all parabolic projectivities with a common double point 
In order to show that this set of projectivities is a group, it is only 
necessary to show that the product of two parabolic projectivities 
with the same double point is parabolic This follows readily from 
the analytic representation. The set of projectivities above described 
consists of all transformations of the form 


1 



f, 


where is the common double point (Theorem 3, Cor. 1). If 


11 11 
= f and == 1- L 

x — {U — ajj ® 

are two projectivities of this set, the product of the first by the second 
is given by . . 

SS 1- + ^2> 

a;— iZJi ic — oji ^ ® 


which is clearly a projectivity of the set. It shows, moreover, that 
any two projectivities of this group are commutative. Whence 

Theorem 7. Any two parabolic projectivities on a line with the 
same double point are commutative. 

This theoi'em is independent of Assumption P, although this assumption 
IS implied in the pi oof we have given. The theorem has already been proved 
without this assumption in Example 2, p. 70. 
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Any two groups of th^s type are conjugate, Por every pro]ect3Vity 
iraiisforming the double point of one group into the double point of 
the other transforms the one group into the other, since the projec- 
tive transform of a parabolic projectivity is parabolic 

Definition. Two subgroups of a group G are said to be conjugate 
under G if there exists a transformation of G which transforms one 
of the ‘Subgroups into the other. A subgroup of G is said to be self- 
conjugate or invariant under G if it is transformed into itself by 
every transformation of G; ie if every transformation in G trans- 
forms any transformation of the subgroup into another (or the same) 
transformation of the subgroup. 

We have seen that any two groups of any one of the three types 
are conjugate subgroups of the general projective group on the line. 
We may now give an example of a self-conjugate subgroup. 

The set of all parahohc projectivities in a group of Type 1 above is 
a self-conjugate s%d)group of this group. It is clearly a subgroup, since 
it IS a group of Type 3. And it is self-conjugate, since any conjugate 
of a parabolic projectivity is parabolic, and since every projectivity of 
the group leaves the common double point invariant. 


EXERCISES 


1. Wiite the equations of all the projective transformations which permute 
among themselves (a) the points (0,1), (1,0), (1,1), (h) the points (0, 1), 
(1,0), (1,1), (u, ft), (c) the points (0,1), (1,0), (1,1), (-1,1). What 
are the equations of the self-conjugate subgroup of the group of transforma- 
tions (a)? 

2. If a projectivity = (oa; + &)/(ca; + <?) having two distinct double ele- 
ments be written in the form of Cor. 3, Theorem 1, show that 




a — cx-i 
a — cx^ 


j ; and that 
ft — dXf. 


Cl + ^)2_(a + d)\ 
k ^ ad ^ be 


3. If a parabolic projectivity a/ = (aa; + ft)/(ra? -i- d) be written in the form 
of Theorem 8, Cor. 1, show that m = (a — d)/2 c, and t = 2 c/(a -h d) 

4. Show that a projectivity with distinct double points a;j, and charac^ 
teristic cross ratio h can be written in the form 


a; 0 1 
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5. fciliow ili.it tlui parabolic projectivity oE Theorem 3, Cor. 1, may be 


■wriUen in the form 


0 


1 

t tx^ +10 
a? 0 1 
1 1 
1 t 0 


6. If by means of a suitably chosen transfoimation of a group any of the 
elements transformed may be tiansformed into any othei element, the grouii 
is said to be tranaitwt^ If by a suitably chosen transfoimation of a group any 
set of n distinct elements may be tiansformed into any otbei set of n distinct 
elements, and if this is not true for all seta of + 1 distinct elements, the 
gioup IS said to be n-jdy t7'ansitlve. Show that the general projective groni) on 
a line is tiiply transitive, and that of the subgroups listed in § T.'i the first 
is doubly tiansitive and the other two are simply tiaiisitive. 

7. If two projectivities on a line, each having two distinct double points, 
have one double point in common, the characteristic cross latio of then prod- 
uct is equal to the product of theii characteristic cross ratios. 


76. Projective transformations between conics. We have consid- 
ered liitherto projectivities between one-dimensional forms of the 
first degree only. We shall now see how projectivities exist also be- 
tween one-dimensional forms of the second degree, and also between 
a one-dimensional form of the first and one of the second degree. 
Many familiar theorems will hereby appear in a now light. 

As typical for the one-dimensional forms of the second degree wo 
choose the conic. The corresponding theorems for the cone then 
follow by the principle of duality. 

Let TTj be a projective collineatioii between two fdanes a, and 
let 0® be any conic in a. Any two projective pencils of lines in a 
are then transformed by tt^ into two projective pencils of lines in 
such that any two homologous lines of the pencils in a are trans-^ 
formed into a pair of homologous lines in for if ir be the projec- 
tivity between the pencils in a, Tr^TTTrf ^ will be a projectivily between 
the pencils in (X^ (cf. § 74). Two projective pencils of lines generating 
the conic 0^ thus correspond to two pencils of linos in os^ generating 
a conic C^. The transformation then transforms every point of (7® 
into a unique point of Similarly, it is seen that transforms 
every tangent of into a uixique tangent of 

Definition. Two conics are said to be protective if to every point of 
one corresponds a point of the other, and to every tangent of one 
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corresponds a tangent of the other, in such a way that this correspond- 
ence may he brought about by a projective collineatioii between the 
planes of the conics The projective collineation is then said to 
generate the projectivity between the conics. 

Two conics in dilTeient pianos are piojective, for example, if one is the pio- 
jection of the other from a point on neithei of the two planes If the second 
of these is projected back on the plane of the first from a new center, we 
obtain two conics in the same plane that are projective We will see presently 
that two projective conics may also coincide, in which case we obtain a pro- 
jectivity on a conic. 

Theorem 8. Two conics that are projective with a third are 
projective, 

Troof, This is an immediate consequence of the definition and the 
fact that the resultant of two collineations is a collineation. 

We proceed now to prove the fundamental theorem for projec- 
tivities between two conics. 

Theorem 9. A projectivity between two conics is uniquely deter- 
mined if three distinct points {or tangents) of one are made to corre- 
spond to three distinct points {or tangents) of the other 



Proof, Let (7^, 01 be the two conics (fig. 86), and let A, B, G be 
three points of and A\ C" the correspondmg points of C^, Let 
P and P' be the poles of AB and AB^ with respect to and 0® 
respectively. If now the collineation rr is defined by the relation 
ir{ABCF)^AB^C^P^ (Theorem 18, Chap. IV), it is clear that the 
conic (7® is transformed by rt mto a conic through the points B\ 
with tangents AB^ and P'P^, This conic is uniquely determined by 
these specifications, however, and is therefore identical with 01, The 
collineation tt then transforms 0^ into Cj in such a way that the 
points A, P, 0 are transformed into A\ P', (7' respectively. Moreover, 
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suppose tt' were a second collmeation transforming into Ol in the 
way specified Then 7r'““^7r would he a collineation leaving B, C, P 
invariant, i.e 7r = 7r'. 

The argument applies equally well if are on the conic (7^ 

1 e. when the two conics (7“, Cl coincide. In this case the projectivity 
is on the conic 0. This gives 

COBOLLARY 1. A pTojectivity on a conic i$ nniguely determined when 
three pairs of homologous elements [points or tangents) are given. 

Also from the proof of the theorem follows 

Corollary 2. A collineation in a plane which transforms three 
distinct points of a come into three distinct points of the same conic and 
which transforms the pole of the line joining two of the first three 
points into the pole of the line joining the two corresponding points 
transforms the conic into itself. 

The two following theorems establish the connection between pro- 
jectmties between two conics and projectivities between one-dimen- 
sional forms of the first degree. 

Theorem 10 If A and are Theorem 10'. If a and V are 
any two points of hoo projective any two tangents of two projective 
conics and Cl respectively ^ the conics and Cl respectively ^ the 
pencils of lines with centers at A pencils of points on a and V are 
and Bf are projective if every pair projective if every pair of homoU 
of homologous lines of these pencils ogous points on these lines is on 
pass thro^igh a pair of homologous a pair of homologous tangents of 
points on the two conics respectively, the conics respectively. 

Proof, It will suffice to prove the theorem on the left. Let A be 
the pomt of Ol homologous with A, The collmeation which generates 
the projectivity between the conics then makes the pencils of lines at 
A and A projective, in such a way that every pair of homologous 
lines contains a pair of homologous points of the two conics. The pen- 
cil of lines at J?' is projective with that at A if they correspond in 
such a way that pairs of homologous Hues intersect on Ol (Theorem 
2, Chap. V). This establishes a projective correspondence between 
the pencils at A and J?' in which any two homologous lines pass 
through two homologous pomts of the conics and proves the theorem. 

It should be noted that in this projectivity the tangent to D* at A 
^corresponds to the line of the pened at passing through A. 
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Corollary. Gomersely^ %f two 
conies correspond %n such a way 
that every pair of homologous 
points on a pair of homologous 
lines of two projeotvoe pencils of 
lines whose center's are on the 
conics^ they are projective. 


Corollary. Conversely^ if two 
conics correspond in such a way 
that every pair of homologous tan- 
gents is on a pair of homologous 
pioints of two projective pencils of 
points whose axes are tangents of 
the conics^ they are projective. 


Proof This follows from the fact that the projeotivity between the 
pencils of lines is uniquely determined by three pairs of homologous 
lines A projectivity between the conics is also deternnned by the 
three pairs of points (Theorem 9), in which three pairs of homolo- 
gous lines of the pencils meet the conics. But by what precedes 
and the theorem above, this projectivity is the same as that described 
in the corollary on the left The corollary on the right may be proved 
similarly If the two comes are m the same plane, it is simply the 
plane dual of the one on the left. 

By means of these two theorems the construction of a projectivity 
between two conics is reduced to the construction of a projectivity 
between two primitive one-dimensional forms. 

It is now in the spirit of our previous definitions to adopt the 
following : 


Definition. A point conic and 
a pencil of lines whose center is a 
point of the conic are said to be 
perspective if they correspond in 
such a way that every point of 
the conic is on the homologous 
Ime of the pencil. A point conic 
and a pencil of points are said to 
be perspective if every two homol- 
ogous points are on the same line 
of a pencil of lines whose center 
is a point of the conic. 


Definition. A line conic and 
a pencil of points whose axis is 
a line of the conic are said to be 
perspective if they correspond in 
such a way that every line of the 
conic passes through the homolo- 
gous pomt of the pencil of points. 
A Ime conic and a pencil of lines 
are said to be perspective if every 
two homologous lines meet in a 
point of a pencil of points whose 
axis is a line of the conic. 


The reader will now readily verify that with this extended use of 
the term perspective, any sequence of perspectivities leads to a pro- 
jectivity, For example, two pencils of lines perspective with the same 
point conic are projective by Theorem 2, Chap, V ; two point conics 
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perspective with the same penal o£ luies or with the same pencil of 
points are projective by Theorem 10, Cor., etc. ^ 

Another illustration of this extension of the notion of perspectivily 
leads readily to the following important theorem : 

Thbokem 11. Two conies which arc not in the same 2>lam and have 
a common tangent at a point A are sectwns of one anti the swme cone. 

Proof. If the two comes (7^ Cl (fig 87) are made to con-espond 
in such a way that every tangent * of one is associated with that 

tangent x'ol the other 
-sv which meets as in a 

point of the common 
jVv tangent a of the conics, 

/ projective. 

j/y Tor the tangents of 

the conics are then 
A perspective with the 

same pencil of points 

(cf. Theorem 10', Cor.). Every pair of homologous tangents of the two 
Mmes determines a plane. If we consider the point 0 of intersection 
of three of these planes, say, those determined by the pairs of tangents 
IV cc' dd’, and project the conic Cl on the plane of C® from 0, there 
res’ults a conic in the plane of C®. Tins conic has the lines 6, a, d for 
tangents and is tangent to a at A; it therefore coincides with C 
(Theorem 6', Chap. V). The two conics C®, Gl then have the same 
projection from 0, which proves the theorem.* 



EXEKCISBS 


1 . State the theorems oonoennng cones dual to the theorems of the preoed- 

ing sections. , , . j. v-. 

2 By dualizing the definitions of the last article, define what is meant hy 

the perspeotivity between cones and the primitive one-dimensional forms. 

3 If two projective conics have three self-corresponding points, they are 
perspective with a common pencil of lines. 

4. If two projective conics have four self-corresponding elements, they 

coincide. 

5. State the space duals of the last t'wo propositions. 


•It will be seen later that this theorem leads to the propositlwi, that any conic 
may be obtained as the projection of a op:(^«! I^h^ht tp |t 1i^ a dwwn* 

* ‘ ■ " ■ ' ■ 4 ' . * * ' 1 i ' n ‘ ; 

. . M ' M I h n . ! U I f I f 1 1 ; . ' 
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6 If a pencil of lines and a conic in the plane of the pencil are projective, 
but not pci spec tivc3, not more than thiee lines of the pencil pass through then 
homologous points on the conic Considei the iioiiits of intersection of 

the given conic with the conic generated by the given pencil and a pencil of 
lines peispective with the given conic ) Dualize, 

7. The homologous lines of a line conic and a projective pencil of lines in 
the same plane intersect in points of a » cuive of the third order*' such that 
any line of the plane has at most three points m common with it. (This fol- 
low^s readily from the last exercise ) 

8 The homologous elements of a cone of lines and a projective pencil of 
jdanes meet in a space curve of the third older’* such that any plane has 
at most thiee points in common with it, 

9. Dualize the last two propositions 


77. Projectivities on a conic. We have seen that two projective 
conics may coincide (Theorems 8-10), in which case we obtain a 
projective correspondence among the points or the tangents of the 



conic. The construction of the projectivity in this case is very 
sinijjle, and leads to many important results. It results from the 
following theorems*. 

Theorem 12. If J, are any Theorem 12^ If a, a' are any 
two distinct homologous jpoints of two distinct homologous tangents 
aprojectimtyonaconic,andB^B^; of a projectivity on a conic, and 
0, C'; etc , are any other pairs of I, V; c, d; etc., are any other pairs 
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homologous points, tho lines AIB of homologous taiujents, ilu points 
and AB', A'G and AC, do, meet a'h awl ah', a'o and ad, dr., are 
tn points of the same hne ; and rollinrar mth thr, same, point; 
this line IS independent of the pair and th is pidnl is iiulrprndeiU of 
4 4 ' chosen. 'diosen. 

Proof Tlie pencils of lines A' {ABO • • •) and A{A'B'U'‘ • ■) avo pro- 
jective (Theorem 10), and since they have a solf-comispoudiiiff line 
4 4 >, they are perspective, and the pairs of homolof^oiis lines of tliesa 
two pencils therefore meet in the points of a line (lig. 8H), This 
proves the first part of the theorem on the left. That the lino thus 
determmed is mdependent of the homologous jiair AA' cihosea then 
follows at once from the fact this hne is the Pascal lino of the simjilo 
hexagon AB'QA'BC', so that the lines B'G and BO' and all other 
analogously formed pairs of hues meet on it. The theorem on the 
right follows by duality. 

DiFDfmoK. The line and the point determined by the above dual theo- 
rems are called the arm and the center of the projectivity respectively. 

CoKOLLAKYl. A {nonidentioaV) OoKOLiiAKY 1', A (nonidenti- 
projectimty on a conie is uniquely cal) projectivity on a conic is 
determined when the am of pro- wmquely determined when the 
jectivUy and one pair of distinct center and one pair of distinct 
homologous points are given. homologous tangents are given. 

These corollaries follow directly from the construction of the pro- 
jectivity arising from the above theorem. Tliis construction is as 
follows : Given the axis o and a pair of distinct homologous points 
AA', to get the point P' homologous with any point P on the conic; 
join P to A'; the point P' is then on the line joining A to the point 
of intersection of A'P with o. Or, given the center 0 and a pair of 
distinct homologous tangents aa', to construct the tangent p' homolo- 
gous with any tangent p ; the line joinitig the point a'p to the center 
meets a in a point of pi. 


OOEOLLABY 2 Every dvuUe OoBOLLABy 2'. Every double 
point of a projectiviiy on a conie line of a projectivity on a conic 
is on the axis of the projectivity; contains the Oenter of the projec- 


V < 

and, conversely, every point cow^ 
m>n to the axis and the co^ic is 
a double point 


tviAty; and, every tan- 
gent o/ ihrg%gh the oenter 

' & a.dc^lf 
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Corollary 3. A jpTojectivity 
among the points on a come is 
paralolic 'if and only %f the ams 
is tangent to the conic. 


Corollary 3^ A projeciivity 
among the tangents to a conic is 
parabolic %f and only ^f the center 
is a point of the conic. 


Theorem 13 A projectivity among the points of a conic determines 
a projectivity of the tangents in 'which the tangents at pairs of homoU 
ogo'us points are homologo'ws 

Proof This follows at once from the fact that the collineation in 
the plane of the conic winch generates the projectivity transforms 
the tangent at any point of the conic mto the tangent at the homol- 
ogous point, and hence also generates a projectivity between the 
tangents. 

Theorem 14. The center of a projectivity of tangents on a conic 
and the axis of the corresponding projectivity of points are pole and 
polar with respect to the conic. 


A 



Proof Let A A', BB\ CC^ (fig. 89) be three pairs of homologous 
points (AA being distmet), and let AB and AB^, AC and AO^, meet 
in points B and S respectively, which determine the axis of the pro- 
jectivity of points. Now the polar of B with respect to the conic is 
determined by the intersections of the pairs of tangents at A, B and 
A, J?' respectively ; and the polar of S is determined by the pairs of 
tangents at A\ C and A, (7' respectively (Theorem 13, Chap. V). The 
pole of the axis BS is then determmed as the intersection of these 
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two polars (Theorem 17, Chap V). But by definition these two polars 
also determme the center of the projectivity of tangents. 

This theorem is obvious if the projectivity has double elements ; the proof 
given, however, applies to all cases. 

The colhneation generating the projectivity on the conic transforms 
the conic into itself and clearly leaves the center and axis invariant. 
The set of all collineations in the plane leaving the conic invariant 
form a group (of. p 67). In determining a transformation of this 
group, any point or any line of the plane may be chosen arbitrarily 
as a double point or a double line of the collmeation ; and any two 
points or lines of the conic may be chosen as a homologous pair of 
the collineation. The collmeation is then, however, unitpely deter- 
nuned. In fact, we have already seen that the projectivity on the 
conic is uniquely determined by its center and axis and one pair of 
homologous elements (Theorem 12, Cor. 1); and the tlieorem just 
proved shows that if the center of the projectivity is given, the axis 
IS uniquely determined, and conversely 

Corollary 1 A plane projective collineation which leaves a non- 
degenerate come m ^ts plane invariant is of Type I if it has hoo 
douUe points on the conic, sinless it is of period two, in wlrnh case it 
is of Type IV; and is of Type III if the corresponding projectivity 
on the conic ^s parabolic 

Corollary 2. An elation or a collineation of Type II transforms 
&oery nondegenerate conic of its plane into a d%fferent conic. 

Corollary 3. A plane projective collineation which leaves a conic 
in its plane invariant and has no double point on the conic has one 
and only one double point in the plane. 

Theorem 15 The group of projective collineations in a plane leav- 
ing a nondegenerate conic invariant is simply isomorphic"^ with the 
general projective group on a line. 

Proof Let A be any pomt of the invariant conic. Any projectivity 
on the conic then gives rise to a projectivity in the flat pencil at A in 
which two lines are homologous if they meet the conic in a pair of 
homologous points. And, conversely, any projectivity in the flat 

* Two groups are said to be simply isomorphic if it is possible to establish a (1,1) 
correspondence between the elements of the two^ groups such that to the product of 
any two elements of one of the groups corresponds th^B product of the two corre- 
sponding elements of the other. - 

^ , i ^ : ; ' ’ ' 

• ‘ I - U I f i « ' . , ■ . 
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pencil at A gives rise to a projectivity on the conic. The group of all 
projectivities on a conic is therefore simply isomoiphic with the group 
of all projectivities m a flat pencil, since it is clear that m the corre- 
spondence described between the projectivities in the flat pencil and 
on the conic, the products of corresponding pairs of projectivities wiU 
be corresponding projectivities. Hence the group of plane coUineations 
leaving the conic invariant is simply isomorphic with the general pro- 
jective group in a flat pencil and hence with the general projective 
group on a line 

78. Involutions. An involution was defined (p. 102) as any projec- 
tivity in a one-dimensional form which is of period two, i.e. by the 
relation U = 1(1 =#= 1), where I represents an mvolution. This relation 
is clearly equivalent to the other, I = I~^(I=#= 1), so that any pro]ec- 
tivity (not the identity) m a one-dimensional form, which is identical 
with its inverse, is an mvolution It wiU be recalled that since an in- 
volution makes every pair of homologous elements correspond doubly, 

i.e. J to A' and to A, an involution may also be considered as a 
pairing of the elements of a one-dimensional form ; any such pair is 
then called a conjugate pair of the mvolution. We propose now to 
consider this important class of projectivities more in detail. To this 
end it seems desirable to collect the fundamental properties of invo- 
lutions winch have been obtamed m previous chapters. They are as 
follows : 

1. If the relation 7r^(A) = A holds for a single element A {not a 
douUe element of tt) of a one-dimensional form^ the projectivity it is 
an involution, and the relation holds for every element of the form 
(Theorem 26, Chap. IV). 

2. An involution is uniguely determined whem two pairs of conjur 
gate elements are given (Theorem 26, Cor., Chap. IV). 

3. The opposite pairs of any guadrangular set are three pairs of 
an involution (Theorem 27, Chap. IV). 

A, If M, N are distinct double elements of any projectivity in a 
one-dimensional form and A, yl' and B, Bf are any two pairs of 
homologous elements of the projectivity, the pairs of elements MU, Aff 
A!B are three pairs of an involution (Theorem 27, Cor. 3, Chap. lY), 

5. If M,N are double elements of an mvolution, they are distinct, 
and every conjugate pair of the involution is harmonic with M, N 
(Theorem 27, Cor. 1, Chap, IV). 
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6. JLn involution %$ uniquely determinedy %f two do Me elements are 
giveUy or if one double element and another conjugate pair are given, 
(This follows directly from the preceding.) 

7. An involution is represented analytically by a bilinear form 

a (izi + it;') — J = 0, or by the transformation 


_ ctic + 6 
ex --a 


a^+ 0 


(Theorem 12, Cor. 3, Chap. VI). 

8. An involution with dovhle elements m, n may be represented by 
the transformation 

al -—m __ X'-m 
x^^n x — n 


(Theorem 1, Cors. 2, 3, Chap. VIII), 

We recall, finally, the Second Theorem of Desargues and its various 
modifications (§ 46, Chap. V), which need not he repeated at this 
place. It has been seen in the precedmg sections that any projec- 
tivity in a one-dimensional primitive form may be transformed into a 
projeotivity on a conic. We shall find that the construction of an in- 
volution on a conic is especially simple, and may be used to advantage 
in deriving further properties of involutions. Under duality we may 

confine our consideration 
0 'v to the case of an involu- 

tion of points on a conic. 
Theorem 16. The lines 



of an involution on a conic 
all pass through the center 
of the imolution, 

JProof Letji,u4^(flg. 90) 
be any conjugate pair (A 
not a double point) of m 
involution of points on a 
conic The line A A is then an invariant line of the collineation gener- 

ating the involution. Every line joining a pair of iistintjt (^njugate 
points of the involution is therefore invariant, and the generating 
collineation must be a perspective colHneatioii, sirjee any .jCoflilaeaiion 
leaving four lines invariant is either lI I 


Pi<j. 90 



:thf 1 |d^tit|jr 
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(Theorem 9, Cor. 3, Chap III) It remains only to show that the 
center of this perspective colhiieation is the center of the involution. 
Let JB, {B not a double pomt) be any other conjugate pair of the 
mvolution, distinct from A^. Then the lines AB^ and A^B inter- 
sect on the axis of the involution. But since B, B^ correspond to each 
other doubly, it follows that the lines AB and A^B^ also intersect 
on the axis. Tliis axis then joins two of the diagonal points of the 
quadrangle AA!BB^ The center of the perspective collineation is 
deterinmed as the intersection of the lines A A! and BB\ le it is 
the third diagonal point of the quadrangle AxilBBK The center of 
the collmeation is therefore the pole of the axis of the involution 
(Theorem 14, Chap. V) and is therefore (Theorem 14, above) the center 
of the involution 

Since this center of the mvolution is clearly not on the conic, the 
generating collineation of any involution of the conic is a homology, 
whose center 0 and axis o are pole and polar with respect to the conic. 
A homology of period two is sometimes called a harmonic homoU 
ogy^ since it transforms any pomt P of the plane into its harmonic 
conjugate with respect to 0 and the point in which OF meets 
the axis. It is also called a projeGt%ve reflection or a point4ine reflec- 
tion, Clearly this is the only kind of homology that can leave a conic 
invariant 

The construction of the pairs of an involution on a conic is now 
very simple. If two conjugate pairs A^A! and P, P' are given, the lines 
AjA! and PP' determine the center of the involution The conjugate 
of any other point Q on the conic is then determined as the mtersec- 
tion with the conic of the line joining 0 to the center. If the involu- 
tion has double points, the tangents at these points pass through the 
center of the involution; and, conversely, if tangents can be drawn to 
the conic from the center of the involution, the points of contact of 
these tangents are double points of the involution. 

The great importance of involutions is in part due to the following 
theorem : 

Theoeem 17. Any projeotivity in a one-dimensional form may be 
obtained as the prodwt of two involutions. 

Proof Let 11 be the projectivity in question, and let A be any 
point of the one-dimensional form which is not a double point 
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rurther, let n(A) = A' and II (A') = A" Then, if I^ is tlio involution 
of wliicli A' IS a double point and of which AA" is a conjugate pair 
(Prop. 6, p. 222), we have 

\.U(AA>) = A'A, 

so that m the projeotivity I,.- 11 the pair A A' corresponds to itself 
doubly. Ii n 13 therefore an involution (Prop. 1, p. 221), If it be 
denoted by I^, we have Ii-n = l2, or II -Ii I^, which was to be 
proved 

This proof gives at once : 

Corollary 1 Any ^projectivity IT may Ic rcpTCMnied as the prod- 
%ict of two involutions^ n = Ij^*l2, cither of tohieh (but not both) has 
an arbitrary point {not a double point of IT) for a doiMe poinL 

Proof We have seen above that the involution 1^^ may have an 
arbitrary point (A) for a double point If lu the above argument we 
let I3 be the involution of which A' is a double point and AA^ is a 
conjugate pair, we have II 12(^4'-^'!'') = whence IT • Ig is an invo- 

lution, say Ij. We then have IT == Ig, in which Ig lias the arbitrary 
point A for a double point. 

The argument given above for the jiroof of the theorem applies 
without change when i.e. when the projeotivity IT is an in- 

volution This leads readily to the following important theorem : 

Corollary 2 If A A is a conjugate pair of an involution I, the 
involution of which A, A are double points transforms I into itself^ 
and the two involutions are commutative. 

Proof The proof of Theorem 17 gives at once where 

is determmed as the involution of which are double ijointa We 
have then 1^ I =; Ig, from which follows, by taking the inverse of both 
sides of the equality, I - === 1^, or • I Mjl, or 1 • Ij =* h 

As an immediate corollary of the preceding we have 

Corollary 3. The product of two involutions with double points 
A, A and respectively transforms into itself the involution in 
which A A and B B^ are two conjugate pairs. 

Involutions related as are the two in Cor. 2 above are worthy of 
special attention. 

Definition, Two involutions are said to be liarmomo if their 
product is an involution. 
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Theorem 18. Two hamonie involutions are commutative. 

Proof. If Ij, Ijj are harmonic, we have, by definiUon, Ii • Ig = !», where 
I, 13 an involution. Tins gives at once the relations • I, • Ig = 1 and 
I I =I -I 

Xg — J.2 Xj. 

CoROLLAEY Conversely y if two distinct involntions arc commutative^ 
they are harmonic. 

For from the relation Ii *12 = 12*^1 follows (1^*12)®=!; ie. 
is an involution, since Ij, 

Definition. The set of involutions harmonic with a given involu- 
tion is called a pencil of involutions. 

It follows then from Theorem 17, Cor. 2, that the set of all involu- 
tions in which two given elements form a conjugate pair is a pencil. 
Thus the double points of the involutions of such a pencil are the 
pairs of an involution 

79. Involutions associated with a given projectivity. In deriving 
further theorems on involutions we shall find it desirable to suppose 
the projectivities in question to be on a conic. 

Theorem 19. If a projectivity on a conic is represented as the product 
of two involutionSy the axis of the projectivity is the line joining the 
centers of the two involutions 

Proof Let the given projec- 
tivity be n = Ig • I^ ; I^, Ig being 
two involutions. Let O^, Og be 
the centers of I^, Ig respectively 
(fig 91), and let A and B be 
any two points on the conic 
which are not double points of 
either of the involutions 1^ or Ig 
and which are not a conjugate 
pair of or Ig. If, then, we 
have n {AB) = A^B\ we have, by 
hypothesis, \{AB) = Af^.^ and 

=5= A^B^] A^y B^ being uniquely determined points of the conic, 
such that the lines AA^^^y BB^ intersect in 0^ and the lines A.^A!y B^B' 
intersect in Og. The Pascal line of the hexagon AA^A^BB^B' then 
passes through 0^, 0^ and the intersection of the lines AB^ and A^B. 
But the latter point is a point on the axis of II. This proves the theorem* 
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COKOLLABT. A projectivity on a conio is tlw prodvri of firo involu- 
tions, the center of one of which may U any arUimry point {not a 
double point) on the aans of the projeetivity ; the center of the other 
is then uniquely determined. 

Proof Let tlie projeetivity 11 be determined by itf=i axia I and any 
pair of homologous points A, A' (fig. 91). Let be any point on the 
axis not a double pomt of II, and let Ij be the involution of which 
IS the center. If, then, I^(A) = A^, the center 0.^ of the involution 
Ij such that n = l 3 Ii IS clearly determined as the intersection of the 
Ime A^A' with the axis. Eor by the theorem the product fpf is a 
projeetivity having I for an axis, and it has the points A, A' as a homol- 
ogous pair. This shows that the center of the first involution may 
be any pomt on the axis (not a double point). The modification of 
this argument in order to show that the center of the second involu- 
tion may be chosen arbitrarily (mstead of the center of the first) is 
obvious. 


Theoeem 20. There is one and only one involution commutative 
with a given nonparaholio noninvolutorie projeetivity. If the ^^Tojee- 
timty is represented on a conic, the center of this involution is the 
center of the projeetivity. 

Proof Let the given nonparaholio projeetivity TI be on a conic, 
and let I be any involution commutative with TI ; i.e. such that we 
have n • I = I - n. This is equivalent to IT • I • 11”^ =* I. Tliat is to say, 
I is transformed into itself by 11. Hence the center of I is transformed 
into itself by the collineation generating H, But by hypothesis the 
only invariant pomts of this collineation are its center and the points 
(if existent) in which its axis meets the conic. Since the center of I 
cannot be on the conic, it must coincide with the center of II. More- 
over, if the center of I is the same as the center of H, I is trans- 
formed into itself by the collineation generating H, H-I.!!-^*!. 
Hence H • I = I • H. Hence I is the one and only involution, commu- 
tative with n. 

OoEOLLABT 1, There is no involution commutative with a paraholic 
projeetivity. 


Definition'. The involution commutative ‘’Vfith a given nonpara- 
bohe noninvolutorie projeetivity is oaUed Solution, Mongihg to 
the given projeetivity. An involution | , 

. 1 ’ ' ’ ' ; 1 1 . i ‘ i 1 1 > i ' i ' 
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ConoLLABY 2 If a nonparaboUc projectivity has double ^points, the 
vmolution helongiug to the projectirnty has the same double points. 

For if the axis of the projectivity meets the conic in two points, 
the tangents to the conic at these points meet in the pole of the axis 

It is to be noted that the involution I belonging to a given projec- 
tivity n transforms 11 into itself, and is transformed into itself by IT. 
Indeed, from the relation IT- 1 = 1' 11 follow at once the relations 
I-n I = n and n*I-n'~^s=L Conversely, from the equation 
n.i.n-" foUows nj=i.n. 

Theorem 21. The necessary and suficient condition that two invo- 
lutions on a conic be harmonic is that their centers be conjugate with 
respect to the conic. 

Proof. The condi- 
tion is sufficient For 
let I^, Ig be two invo- 
lutions on the conic 
whose centers 0^, 0^ 
respectively are con- 
jugate with respect 
to the conic (fig. 92). 

Let A be any point 
of the conic not a 
double point of either involution, and let \{A)^A^ and l^{Aj)^AK 
If, then, {A’) = A[, the center is a diagonal point of the quadrangle 
AA^AAl, and the center 0^ is on the side A^A'. Since, by hypothesis, 
Og is conjugate to with respect to the conic, it must be the diago- 
nal pomt on A^A'y i.e, it must be coUinear with AA^ We have then 
I^*Ij^(AA') =iAA, i.e. the projectivity Ig-Ii is an involution Ig. The 
center Og of the involution Ig is then the pole of the line 0^0^ with 
respect to the conic (Theorem 19), The triangle is therefore 

self-polar with respect to the conic. It follows readily also that the 
condition is necessary. For the relation -12 = 13 leads at once to 
the relation I 2 = l 3 ^-la, If 0^, Og, Og are the centers respectively of 
the mvolutions Ig, Ig, the former of these two relations shows 
(Theorem 19) that Og is the pole of the line 0^0^; while the latter 
shows that Og, is the pole of the line 0^0^. The triangle is 

therefore self-polar. 
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CoROLLAKY 1. Ghiven any hoo invohUwois, there exists a third invo- 
lution which is harmonic with each of the given involutions 

For if we take the two involutions on a conic, the involution whose 
center is the pole with respect to the conic of the line ]oinmg the 
centers of the given involutions clearly satisfies the condition of the 
theorem for each of the latter 

Corollary 2 Three involutions each of which is harmonic to the 
other two constitute^ together with the identity, a group. 

Corollary 3, The centers of all involutions in a pencil of involu- 
tions are collinear. 

Theorem 22. The set of all projectivities to which 'belongs the same 
involution I forms a commutative group. 

Proof If n, Hj, are two projectivities to each of which belongs the 
involution I, we have the relations I-n-I = n and I-Eti'IssIIi, 
from which follows I-TI"^ 1 = 11"^ and, by multiplication, the rela- 
tion m U-IIi I = I-n*ni*I = n* lip which shows that the set 

forms a group. To show 
that any two projectivities 
of this group are commu- 
tative, we need only sup- 
pose the projectivities 
given on a conic. Let A 
be any point on this 
conic, and let 11 (.4) = A^ 
and IlfA^) — Al, so that 
* n (-4) = Al. Since the 
same involution I belongs, 
by hypothesis, both to 11 and IIp these two projectivities have the 
same axis ; let it be the line I (fig. 93). The point ni(-4) = A^ is now 
readily determined (Theorem 12) as the intersection with the conic of 
the line joining A^ to the intersection of the line AAl with the axis I 
In like manner, 11 (^^) is determined as the intersection with the 
conic of the Ime joinmg A to the intersection of the line A^A^ with 
the axis I Hence 11 (^J =?= A^, and hence 11 ^ ni(.^) -4/. 

It IS noteworthy that when the common axis of the projectivities 
of this group meets the conic in two points, which ^ are thepi Common 
double points of all the projectivities of the group, tl^^ ^^opp is the 
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same as the one listed as Type 2, p 209. If, however, our geometry 
admits ol a line in the plane of a conic but not meeting the conic, the 
argument ]ust given proves tlie existence of a commutative group 
none of the projectivities of which have a double point 

Theorem 23. Tioo imolntiom have a conjagate pair {or a douUe 
point) in common if and only if the product of the two involutions 
has two do Me points {or is parttboho) 

Proof Tins follows at once if the involutions are taken on a conic 
For a common conjugate pair (or double point) must be on the line 
joming the centers of the two involutions. This line must then meet 
the conic in two points (or be tangent to it) in order that the involu- 
tions may have a conjugate pair (or a double point) m common. 

EXERCISES 

1. Dualize all the theorems and coiollaiies of the last two sections. 

2. The product of two involutions on a conic is jiaiabolic if and only if the 
line joining the centeis of the involutions is tangent to the conic. Dualize. 

3. Any involution of a pencil is uniquely determined when one of its con- 
jugate pahs IS given 

4. Let n be a noninvolutoiic piojectivity, and let I be the involution be- 
longing to 11; further, let IL{AA') = A' A", A being any jioint on which the 
piojectivity operates which is not a double point, and let 1{A'')=: A ^ Show, 
by taking the piojectivity on a conic, that the points A'A^ are harmonic 
with the points A A", 

5. Derive the theoiem of Ex. 4 directly as a corollaiy of Prop. 4, p, 221, 
assuming that the projectivity II has two distinct double iioints. 

6 From the theorem of Ex. 4 show how to construct the involution be- 
longing to a projectivity n on a line without making use of any double points 
the projectivity may have 

7. A projectivity is uniquely determined if the involution belonging to It 
and one pair of homologous points are given. 

8. The product of two involutions I]_, Ig is a projectivity to which belongs 
the involution which is harmonic with each of the involutions 

9. Conversely, every iirojectivity to which a given involution I belongs can 
be obtained as the product of two involutions haimonic with I. 

10. Show that any two piojectivities Ilg may be obtained as the 
product of involutions in th^ form Hi =I Ilg^Ig I; and hence that the 
product of the two projeotivities is given by Ha’ = Ig’h* 

11. Show that a iDrojeotivity II I Ij may also be written II = Ig*!, Ig 
being a uniquely determined involution , and that in this case the two invo- 
lutions Ij, are distinct unless IT is involutoric. 
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12. Show that if Ij, Ij, Ij are three involutions of the same pencil, the 
relation (Ij I2 13)®= 1 must hold 

13 If no', W, cc' aie the oooidinates of three iiaiis of points lu involutaou, 

t -t -L/ _ .y — 


show that 


a'— h h'— c 
a' — c h' — a c' 


= 1 . 


80. Harmonic transformations. The definition of harmonic involu- 
tions m the section above is a special case of a more general notion 
which can be defined for (1, 1) transformations of any kind whatever. 

Definition Two distinct transformations A and B are said to bo 
harmmvs if they satisfy the relation — 1 or the ecpiivulcnt 

relation (BA"^)® = 1, provided that AB~^^^ 1. 

A number of theorems which are easy consequences of this defini- 
tion when taken in conjunction with the two preoedmg sections are 
stated m the following exercises (Cf. 0. Segre, Note sur les liomo- 
graphies bmaires et leur faisceaux, Journal fur die reine und ange- 
wandte Mathematik, Vol. 100 (1887), pp. 317-330, and H. Wiener, 
Ueber die aus zwei Spiegelungen zusammengesetzton Verwandt- 
achaften, Berichte d. K. sachsisohen GeseUschaft der Wissenschaften, 
Leipzig, Vol. 43 (1891), pp. 644-673 ) 


EXERCISES 

1 If A and B are two distinct involutorio transformations, they are har- 
monie to their product AB. 

2. If three involutorio transformations A, B, T satisfy the relations 
(ABF)- = 1 , ABF 54 1 , they are all tin eo harmonic to the transformation AB. 

3. If a transformation 3 is the product of two involutorio transformations 
A, B (i.e 5 = AB) and F is an involutonc transfoimation harmonic to S, then 
we have (ABF)® = 1 

4. If .4, B, C, A', B', a are six points of a line, the involutions A, B, F, 
such that ViAA') = B'B, A(BB') = CC, B(^CC) = A'A, are all hai-monio to 
the same projectivity. Show that if the six points are taken on a conic, this 
proposition is ecLulvaJent to Pascal’s theorem (Theorem 3, Chap. V). 

5. The set of mvolutions of a one-dimensional form which are harmonic 
to a pven nonparahoho projeotivity form a pencil. Hence, if an involution 
mth double points is harmomo to a projeotivity with two double points, the 
two pairs of double points form a harmonic set. 
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7. Aliy two involutions of tho same one-dinionsioiial form determine a 
j)eucil of involutions. Given two involutions A, B and a point il/, show how 
to construct the othei double iioint of that involution of the xioncil of which 
one double iioiiit is il/ 

8 The involutions of conjugate points on a line I viiJi regard to the conics 
of any pencil of conics in a iihinc with I loini a iiencil of involutions. 

9. If two noniiaiabolic 2 >iojcctivities aie commutative, the involutions 
belonging to them coincide, unless both projectivities aie involutions, in which 
case the involutions may be harmomc 

10. If [EE] is the set of jirojectivities to which belongs an involution I and 

A and B are two given jioints, then we have [n(A)] [11 (B)]. 

11. A conic through two of the foui common iioints of a pencil of conics 
of Type I meets the conics of the iiencil in pans of an involution. Extend 
this theorem to the other types of iiencils of conics. Dualize 

12. The pairs of second points of intei-section of the opposite sides of a 
comiilete quadrangle with a conic circumscribed to its diagonal triangle are in 
involution (Stmin, Die Lehie von den Geometiischen Verwandtschaften, 
Vol I, p. 149). 

81. Scale on a conic. The notions of a point algebra and a scale 
which we have developed hitherto only for the elements of one- 
dimensional primitive fonna may also be studied to advantage on a 
conic. The constructions for the sum and the product of two points 
(numbers) on a conic are remarkably simple. As in the case on the 
line, let 0, 1, co be any three arbitrary distinct points on a conic C\ 
Eegarding these as the fundamental points of our scale on the conic, 
the sum and the product of any two points ic, y on the conic (which 
are distinct from oo) are defined as follows : 

Definition. The conjugate of 0 in the involution on the conic 
having co for a double pomt and as, y for a conjugate pair is called 
the s%m of the two points a?, y and is denoted hyx + y (fig. 94, left). 
The conjugate of 1 in the involution determined on the conic by the 
conjugate pairs 0, oo and aj, y is called the product of the points a?, 
y and is denoted by as • 3/ (fig. 94, right). 

It will be noted that tinder Assumption P this definition is entirely 
equivalent to the definitions of the sum and product of two points on 
a line, previously given (Chap, VI). To construct the point x + y on 
the conic (fig. 94), we need only determine the center of the involution 
in question as the intersection of the tangent at 00 with the line joining 
the points a?, y. The point a? + y is then determined as the intersection 
with the conic of the line joinmg the center to the point 0, Similarly^ 
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to obtaia tbe product of tbe points as, y we determine the center of the, 
mvolution as the intersection of the lines Oco and ,^•y. The point x y 
IS then the intersection with the conic of the line joining this center to 




the point 1. The inverse operations (subtraction and division) lead to 
equally simple constructions Since the scale tlius defined is obviously 
projective with the scale on a line, it is not necessary to derive again 
the fundamental propeities of addition and subtraction, multiplication 
and division It is clear from this consideration that the poinU of a 
come form a field with reference to the opercitions jmt defined. This 
fact will be found of use in tile analytic treatment of conics. 

At this point we will make use of it to discuss the existence of the 
square root of a number in the field of points. It is clear from the 



precedmg discussion that if a numt^er OJ satisfies the equation tx? = a, 
the tangent to the conic at the point oe must pass through the inter- 
section of the lines Ooo and 1 a (fig,. 95). -4 nwnbet a w^l therefore 
hwoe a square root in the field jf and only if a tangent i^an Se drawn U 
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the conic from the intersection of the lines Ooo and la; andy conversely , 
if the number a has a square root in the field, a tangent can he drawn 
to the conic from this %io%)it of vntersechon. It follows at once that if 
a number a has a square root x, it also has another wliich is obtained 
by drawing the second tangent to the conic from the point of inter- 
section of the lines Oco and la. Since this tangent meets the conic 
in a pomt which is the harmonic conjugate of x with respect to Ooo, 
it follows that this second square root is — x. It follows also from 
this construction that the point 1 has the two square roots 1 and — 1 
in any field in which 1 and — 1 are distinct, ie whenever is satisfied. 

We may use these considerations to derive the followmg theorem, 
which will be used later 

Theorem 24. If AA\ BB' are any two distinct pairs of an vnvolu- 
tion, there exists one and only one pair CC^ distinct from BB^ such 
that the cross ratios 


BB) and 
B {AA!y CC) are 
eqiLal, 

Proof Let the 
involution be taken 
on a conic, and let 
the pairs AA^ and 
BB^ be represented 
by the points Ooo 



00 

Eig. 96 


and la respectively (fig. 96). Let xx^ be any other pair of the invo- 


lution. We then have, clearly from the above, xx!=^ a, Further, the 


cross ratios in question give 


1 X 

lSi(Oco, 1 a) = - ? B(0oo, 5= — • 


These are equal, if and only if x^ = ax, or if xx^ = ax\ But this implies 
the relation a — ax^, and since we have a¥=0, this gives x^=l. The 
only pair of the involution satisfying the conditions of the theorem 
is therefore the pair (7(7' = — 1, — a. 


EXERCISES 

1. Show that an involution which has two harmonic conjugate pairs has 
double points if and only if — 1 has a square root in the field 

Z Show that any involution may be repiesented by the equation 
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1 The eauation of Ex. 13, p. 230, is the condition that the lines joining 
nn' hh\ cc' on a conic aie coiicui rcnii. 

^hTlhat If the involution = « has a conjugate ].a,r W/ such that 
the cross ratio B(0=o, hi/) has the value X, the niunbei eX has a miuare root 

in the field 

82 Parametric representation of a conic. Let a scale be established 
on a conic C* by choosing three distinct points of the conic as the 
fundamental points, say. G = 0, Jf = oo. A = 1 Then let us estabhsh 
a system of nonhomogeneous point coSrdinates in the plane of the 
^ conic as follows; Let 

the line OJIf he the x- 
axis, with 0 as origin 
and. JIf as oo^, (fig, 97). 
Let the tangents at 0 
and JIf to the conic 
meet in a point JV, and 
let the tangent ON be 
the y-axis, with N as 
cOy. finally, let the 
point A be the point 
(1, 1), so that the line 
AN meets the a:-axis 
in the point for which 
a; =5 1, and AM meets 
the y-axis in the point for which y = 1, Now let P = X he any pohit 
on the coma The coordinates («, y) of P ai-e determined hy the 
mterseotions of the lines PJV" and PJIf with the is-axis and the y-axis 
respectively. We have at once the relation 

y=sX, 

since the points 0, oo, 1, X on the conic are perspective from JIf with 
points 0, 00 , 1, y on the y-axis. To determine as in terms of X, we note, 
first, that from the constructions given, any line through N meets the 
conic (if at all) in two points whose sum in the scale is 0. In par- 
ticular, the points 1,-1 on the conic are coUineair with N and the 
point 1 on the ®-axis, and the points X, — X on tlw coQic are coUinear 
with N and the point x on the ;^9xis. Shice the Jattep point is al^O 
on the hue joining 0 and oo op,t|ie COiw, tlie c^ustructito jtor multi- 
pUcation on the cemic oa 
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the £i?-axis meets the conic (if at all) in two points whose product is 
constant, and hence equal to — The line joining the point x on the 
aj-axis to the point — 1 on the conic therefore meets the conic again in 
the point But now we have 0, co, 1, X® on the conic perspective 
from the point — 1 on the conic with the points 0, oo, 1, x on the 
aj-axis. This gives the relation 

X = 

We may now readily express these relations in homogeneous form 
If the triangle OMU is taken as triangle of reference, OJS" being 

= 0, OM being = 0, and the point A being the point (1, 1, 1), 
we pass from the nonhomogeneous to the homogeneous by simply 
placing X == y = xjx^. The points of the come (f may then 
le represented hy the relations 

(1) a3j::a?2:a73==\®:\:l 

This agrees with our preceding results, since the elimination of X 
between these equations gives at once 

a?® - 0, 

which we have previously obtained as the equation of the conic. 

It is to be noted that the point M on the conic, which corresponds 
to the value X = oo, is exceptional in this equation. This exceptional 
character is readily removed by writing the parameter X homogene- 
ously X — Xj'Xg, Equations (1) then readily give 

Theoiiem 25. a conic may he represented analytically hy the egua- 
tions X ® . X^Xg : X^. 

This IS called a parametric representation of a conic. 

EXERCISES 

1 . Show that the equation of the line joining two points Xi, Xj on the conic 
(1) above is — (Xj + Xg) + XiXg^a = 0 , and that the equation of the tan- 
gent to the conic at a point Xi is — 2 X^x^ + XiX^ ^ 0. Dualize. 

2. Show that any collineation leaving the conic (1) invariant is of the form 

x { ; iTg : xi =; a^x^ + 2 : ayxi + (aS + Py) • y^x^ + 2 yhx^ -f B^x^. 

(Hint Use the parametric representation of the conic and let the projectivity 
generated on the conic by the collineation he X/ = oX^ + ySXg, Xa = yXi + SX,.) 
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83. The degree of a geometric problem. The specification of a line 
by two of its points may be regarded as a geometric operation.*' The 
plane dual of this operation is the specification of a point by two 
lines In space we have hitherto made use of the following geometric 
operations the specification of a line by two planes (this is the 
space dual of the first operation mentioned above) ; the specification 
of a plane by two intersectmg lines (the space dual of the second 
operation above) ; the specification of a plane by three of its points 
or by a point and a line ; the specification of a pouit by three planes 
or by a plane and a Ime. These operations are known as li/near 
operations or operations of the first degree, and the elements deter- 
mined by them from a set of given elements are said to be obtained 
by linear constnictions, or by comtruetions of the first degree. The 
reason for this terminology is found in the comsponding analyUc 
formulations Indeed, it is at once clear that each of the two linear 
operations in a plane corresponds analytically to the solution of a 
pair of Imear equations ; and the linear operations in space clearly 
correspond to the solution of systems of three equations, each of the 
first degree. Any problem which can be solved by a finite sequence 
of Imear constructions is said to be a linear problem or a problem 

of the first degree. Any such problem has, if determinate, one and 
only one solution. 


la the usual representation of the ordinary leal projeotivo gooinetoy in a 
P^ane by means of points and lines diawn, let ns say, with a pencil on a sheet 

a'-e evidently those that can be carried 
out by the use of a straightedge alone There is no familiar mechanical 

'Z determination), the operation is 

operation defined for anv Referred to in the text is then a one-valued 

fthe order of thu Tinin+ ‘^*®**”°* points and associating with any such pair 

(the order of the points is in this case immaterial) a new element, via. a hnl 
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device for di awing lines and planes in space. But a pictuie (which is the 
section by a plane of a projection fioin a point) of the lines and points of 
nitei section of linearly constructed planes may bo constructed with a stiaight- 
edge (cf. the definition of a plane). 

As examples of linear problems we mention {a) the determination 
of the point homologous with a given point in a projectivity on a 
line of which three pairs of homologous points are given; (S) the 
determmation of the sixth point of a quadrangular set of which five 
points are given ; ((;) the determination of the second double point 
of a projectivity on a line of which one double point and two pairs of 
homologous points are given (this is equivalent to (6) ) ; {d) the deter- 
mination of the second point of intersection of a line with a conic, one 
point of intersection and four other points of the conic being given, etc. 

The analytic relations existing between geometric elements offer 
a convenient means of classifying geometric problems.*^ Confining 
ourselves, for the sake of brevity, to problems in a plane, a geometric 
problem consists in constructing certain points, lines, etc., which bear 
given relations to a certain set of points, Imes, etc, which are sup- 
posed given in advance. In fact, we may suppose that the elements 
sought are points only ; for if a line is to he determined, it is sufficient 
to determine two points of this line ; or if a conic is sought, it is suffi- 
cient to determine five points of this conic, etc. Similar considera- 
tions may also be applied to the given elements of the problem, 
to the effect that we may assume these given elements all to be 
points. This merely involves replacing any given elements that are 
not points by certain sets of points having the property of uniquely 
determining these elements Confining our discussion to problems in 
which this is possible, any geometric problem may be reduced to 
one or more problems of the following form : Given in a plane a 
certain fimte number of points^ to construct a point which shall bear 
to the given points certain given relations. 

In the analytic formulation of such a problem the given points 
are supposed to he determined by their coordinates (homogeneous or 
nonhomogeneous), referred to a certain frame of reference. The ver- 
tices of this frame of reference are either points contamed among the 
given points, or some or all of them are additional points which we 

^ The remainder of this section follows closely the discussion given in Castel 
nuovo, Le^ioni di geometria, Rome-Milan, Vol. I (10Q4), pp. 407 ft* 
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suppose added to the given points The set of all given points then 
gives nse to a certain set of coordinates, -which we will denote by 
1, a, &, c, • • ,* and which are supposed known These numbers to- 
gether with aU numbers obtamable from them by a finite number of 
rational operations constitute a set of numbers, 

K = [1, a, b,c ,-- .], 

which we will call the domain of rationality defined hj the data f In 
addition to the coordinates of the known points (which, for the sake 
of simplicity, we will suppose given in nonhomogeneous form), the 
coordinates (a;, y) of the point sought must be considered The con- 
ditions of the problem then lead to certain analytic relations which 
these coordinates ic, y and a, 6, c • must satisfy. Eliminating one 
of the variables, say y, we obtain two equations, 

the first containing m but not y ; the second, in general, containing 
both X and y The problem is thus replaced by two problems : the 
first depending on the solution of /i(a!) = 0 to determine the abscissa 
of the unknown pomt; the second to determine the ordinate, assum- 
ing the abscissa to be known 

In view of this fact we may confine ourselves to the discussion of 
problems depending on a smgle equation -with one unknown. Such 
problems may be classified according to the equation to which they 
give rise. A problem is said to be algebraic if the equation on which 
its solution depends is algebraic, i.e. if this equation can be put in 
the form 

(1) l-a„-0, 

in which the coefficients a^, a„ are numbers of the domain of 

rationality defined by the data. Any problem which is not algebraic 
IS said to be traThseendental. Algebraic problems (which alone will 
be considered) may in turn be classified according to the degree n of 


* In case homogeneons coordinates are used, a, &, c, • • • denote the mutual ratios 
o£ the coordinates of the given elements. 

t A moment’s consideration will show that the points whose ooBrdinates are 
numbers of this domain are the points obtainable from the data by linear construc- 
tions Geometrically,^ any domain of rationality on a line tnay be defined as any 
class of points on a line which is closed under harmonic consti1idtio:&s $ i^e. such 
that if A, 5, dare any three points of the class, '■ ' ' ‘ 

respect to B and C is a pomt of the class. 




§ 83 ] 


BEGEEE OF A GEOMETEIG PEOELEM 


239 


the equation on which their solutions depend. We have thus problems 
of the first degree (already referred to), depending merely on the solution 
of an equation of the first degree; problems of the second degree, 
depending on the solution of an equation of the second degree, etc. 

Account must however be taken of the fact that equation (1) 
may be redMoilU within the domain K ; in other words, that the left 
member of this equation may be the product of two or more poly- 
nomials whose coefficients are numbers of K. In fact, let us suppose, 
for example, that this equation may be written in the form 

^l(®) • == 0. 

where <]>^ are two j)olynomials of the kind indicated, and of degrees 

and respectively = n). Equation (1) is then equivalent 

to the two equations 

(j[>i(aj) = 0, <j>^{x) = 0. 

Then either it happens that one of these two equations, e g. the first, 
furnishes all the solutions of the given problem, in which case <l>^ being 
assumed irreducible in K, the problem is not of degree n, but of degree 
n^<ni or, both equations furnish solutions of the problem, in which 
case ^2 also being assumed irreducible m K, the problem reduces to 
two problems, one of degree and one of degree In speaking of 
a problem of the ? 2 *th degree we will therefore always assume that 
the associated equation of degree n is irreducible in the domain of 
rationality defined by the data. Moreover, we have tacitly assumed 
throughout this discussion that equation (1) has a root ; we shall see 
presently that this assumption can always be satisfied by the intro- 
duction, if necessary, of so-called improper elements. It is important 
to note, however, since our Assumptions A, E, P do not in any way 
limit the field of numbers to which the coordinates of all elements 
of our space belong, and since equations of degree greater than one 
do not always have a root m a given field when the coefficients of 
the equation belong to this field, there exist spaces in which problems 
of degree higher than the first may have no solutions. Thus in the 
ordinary real projective geometry a problem of the second degree 
will have a (real) solution only if the quadratic equation on which 
it depends has a (real) root. 

The example of a problem of the second degree given in the next 
section will serve to illustrate the general discussion given above. 


t » i ^ 
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84. The intersection of a given line with a given conic. Given, a 
conic defined, let us say, by three points A, B, C and the tangents at 
A and B , to find the points of intersection of a given line with this 
conic. Using nonhomogeneous coordinates and choosing as £C-axis one 
of the given tangents to the conic, as y~axis the line joining the points 
A and B, and as the point (1, 1) the point C, the equation of the conic 
may he assumed to be of the form 

— 0 . 

The equation of the given line may then he assumed to he of the form 
The domain of rationality defined by the data is in this case 

K = [1,j3, 2]. 

The elimination, of y between the two equations above then leads to 
the equation 

(1) ar* —px — 2=0. 

This equation is not in general reducible in the domain K. The 
problem of determimng the points of iuterseotaon of an arbitrary line 
in a plane with a given conic in this plane is then a problem of the 
second degree If equation (1) has a root in the field of the geometry, it 
is clear that this root gives rise to a solution of the problem proposed ; 
if this equation has no root in the field, the problem has no solution. 

If, on the other hand, one point of mtersection of the line with the 
conic is given, so that one root of equation (1), say » = r, is known, 
the domam given by the data is 

K'=[l, P,g.,r], 

and m this domain (1) is reducible, m fact, it is equivalent to the 
equation 

(x + r—p) (a! — r) = 0. 

The problem of finding the remaining point of mtersection then 
depends merely on the solution of the linear equation 

JB + r — jp= 0; 

*^ere is no loss in generality In assuming this form; lor if in the choice of 
oofirdma^ the equation of the given Ime were of the form x = c, we should' merely 
other tangent as x-axis to hnng the problem into the fom hero 
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that IS, the problem is of the first degree, as already noted among 
the examples of linear problems. 

It is important to note that equation (1) is the most general form 
of equation of the second degree. It follows that mmj proUem of the 
second degree in a plane can he reduced to the construction of the points 
of intersection of an arhitrary line ivith a particular conic. We 
shall return to tins later {§ 86). 

85, Improper elements. Proposition Kg. We have called attention 
fretpently to the fact that the nature of the field of points on a line 
is not completely determined by Assumptions A, E, P, under which 
we are working We have seen in particular that this field may be 
finite or infinite. The example of an analytic space discussed in the 
Introduction shows that the theory thus far developed applies equally 
well whether we assume the field of points on a line to consist of all 
the ordinary rational numbers, or of all the ordinary real numbers, 
or of all the ordinary complex numbers. According to which of these 
cases we assume, our space may be said to be the ordinary rational 
space^ or the ordinary real spacct or the ordinary complex space. 
Now, in the latter we know that every number has a square root. 
Moreover, each of the former spaces (the rational and the real) are 
clearly contained in the complex space as subspaces. Suppose now 
that our space S is one in which not every number has a square 
root. In such a case iL is often convenient to be able to think of our 


space S as forming a subspace in a more extensive space S', in which 
some or all of these numbers do have square roots. 

We have seen that the ordinary rational and ordinary real spaces 
are such that they may be regarded as subspaces of a more exten- 
sive space in the number system associated with which the square 
root of any number always exists. In fact, they may be regarded as 
subspaces of the ordinary complex space which has this property. 
Eor a general field it is easy to prove that if * * •, are any 
finite set of elements of a field F, there exists a field F, containing 
all the elements of F, such that each of the elements a^, a^, is a 


square in F', This is, of course, less general than the theorem that 
a field F' exists in which every elepie^t pi F is a square^ but it is 
sufficiently gen^Oi^al of, ^ ^ ^ 



242 


GEOMETRIC COHSTEUGTIONS 


[Chap IX 


Proposition If any fi/nite nurnber of invohUions are given in 
a sjpace S satisfying Assumjptions A, E, P, there exists a space S' of 
which S is a subspace,* such that all the given involutions have 
double points in S' 

A proof of this theorem will he found at the end of the chapter. 
The proposition is, from the analytic point of view, that the domain 
of rationality determined by a quadratic problem may be extended so 
as to include solutions of that problem. The space S' may be called 
an extended space. The elements of S may be called proper elements^ 
and those of S' which are not m S may be called improper A projec- 
tive transformation which changes every proper element into a proper 
element is likewise a proper transformation; one which transforms 
proper elements into improper elements, on the other hand, is called 
an improper transformation. Taking Proposition for the present as 
an assumption like A, E, P, and Hq, and noting that it is consistent 
with these other assumptions because they are aU satisfied by the ordi- 
nary complex space, we proceed to derive some of its consequences. 

Theorem 1. A proper one-dimensional projectivity without proper 
double elements may always be regarded in an extended space as 
having two improper double elements. (A, E, P, Hq, Kg)f 

Proof. Suppose the projectivity given on a conic If the involu- 
tion which belongs to this projectivity had two proper double points, 
they would be the intersections of the axis of the projectivity with 
the conic, and hence the given projectivity would have proper double 
points. Let S' be the extended space m which (Kg) the involution 
has double points. There are then two points of S' in which the 
axis of the projectivity meets the conic, and these are, by Theorem 20, 
Chap VIII, the double points of the given projectivity. 

Corollary 1. If a line does not meet a conic in proper points, it 
may be regarded in an extended space as meeting it in two improper 
points, (A, E, P, Ho, Kg) - 

Corollary 2. Every quadratic equation with proper coefficients has 
two roots which, if distinct, are both proper or both improper, (A, E, 
P, Ho, Kg) 

* We use the word subspace to mean any space, eveiy point of which is a point 
of the space of which it is a suhspaoe With this understanding the subspace may 
be identical with the space of which it is a subspace. The ordinary complex space 
then satisfies Proposition K 2 . t Cf. Ex , p. 261. 
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For ilie double points of any ])rojectivity satisfy an equation of 
the form cji? q- a) ,v — /; = 0 (Theorem 1 J , Cor 4, Chap VI), and 
any quadratic ecpiation may be put into this form. 

Tiikorem 2 Jny two involiUiom in, the mnie otHHhnimisional form 
have a coniiujate pair in common, ’wlmh may he proper or improper, 
(A, E, P, Ho, K,) 

This follows at once from the preceding and Theorem 23, Chap. VIII. 

Corollary, In any involution there exists a co%j%t(jaU pair, proper 
or improper, which is harmonie loith any given conjugate pair, (A, 
E, P, Ho, K.) 

For the involution which lias the given pair for double elements 
has (by the theorem) a pair, proper or improper, in common with the 
given involution. The latter pair satisfies the condition of the theorem 
(Theorem 27, Cor. 1, Chap. IV). 

We have seen earlier (Theorem 4, Cor., Chap VIII) that any two 
involutions with double points are conjugate. Under Proposition Kg 
we may remove the restriction and say that any Uoo involutions are 
conjugate in an extended space dependent on the two invoUitions. If 
the involutions are on coplanar lines, we have the following • 

Tiieoukm 3. Two involutitms on distinct lines in the same plane 
are perspiective {the center of perspectivity being proper or improper), 
provided the point of intersection of the lines is a double point for 
both or for neither of the involutions, (A, E, P, Kj) 

Proof, If the point of intersection 0 of the two lines be a double 
point of each of the involutions, let Q and B he an arbitrary pair 
of one involution and and JS' an arbitrary pair of the other involu- 
tion The point of intersection of the lines *60' and BB' is then a 
center of a perspectivity which transforms elements which determine 
the first involution into elements which determine the second. If 
the point 0 is a double point of neither of the two involutions, let 
M be a double point of one and if' of the other (these double points 
are proper or else exist in an extended space /S' which exists by 
Proposition Kg). Also let V and hV' be the conjugates of 0 in the two 
involutions. Then by the same argument as before, the point of 
intersection of th6 lines MM^, may be taken as the center of 
the perspectivity. 
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It was proved in § 66, Chap. VII, that the equation of any point 
conic is of the form 

(1) + Va + Va + 2 + 2 + 2 = 0 ; 

but it was not shown that every equation of this form represents a 
conic The hne = 0 contains the pomt (0, x^, x,) satisfying (1), 
provided the ratio x^ : Xg satisfies the quadratic equation 

® + 2 a^,x^x^ + a^x^ = 0. 


Similarly, the lines x^ = Q and ajj = 0 contam pomts of the locus 
defined by (1), provided two other quadratic equations are satisfied 
By Proposition Kj there exists an extended space m which these 
three quadratic equations are solvable. Hence (1) is satisfied by the 
coordmates of at least two distmct pomts P, Q (proper or improper).* 
A linear transfonnation 

pxl = h^^x^ + i^^x^ + \^g 
( 2 ) ” ^ 21^1 ^ 22^2 d ” ^ 23^8 

pxi = \jX^ + 


evidently transforms the points satisfying (1) into points satisfying 
another equation of the second degree. If, then, (2) is so chosen as 
to transform P and Q mto the points (0, 0, 1) and (0, 1, 0) respec- 
tively, (1) will be transformed into an equation which is satisfied by 
the latter pair of points, and which is therefore of the form 

(3) ax^ + OjX^^ H- + c^x^x^ = 0. 

If Cj = 0, the pomts satisfying (3) lie on the two lines 

x^ — 0, + Cjflig -t- = 0 ; 


and hence (1) is satisfied by the points on the lines into which these 
hues are transformed by the inverse of (2). If ¥= 0, the trans- 
formation 


= 


( 4 ) 


x^ = ~^x^ + xi 

«8 = “s' 


* Proposition Ka has been nsed merely to establish the existence of points satisfy 
fymg (1). In case there are proper pomts satisfying (1), the whole argument can be 
made without K 2 
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transforms tlie iiomts (.Uj, satisfying (3) mto points (.u/, xj, ,rj) 
satisfying 

(5) + (c,x' + c,x() x> = 0. 

But (5) IS ill the form which was proved m Theorem 7, Chap. VII, 
to he the equation of a conic. As the points which satisfy (5) are 
transformed by the inverse of the product of the collineations (2) and 
(4) into points which satisfy (1), we see that in all cases (1) repre- 
sents a point conic (proper or improper, degenerate or nondegenerate). 

This gives rise to the two following dual theorems : 

Theorem 4. Eoery eguat%oih of the form 

+ V'8 + 2 + 2 + 2 = 0 

represents a point come [proper or improper) wlneh may^ however, 
degenerate ; and, co7iversely, every point conic may he represented hy 
an egnation of this form. (A, E, P, Hq, K^) 

Theorem 4' Every equation of the form 

+ 2 + 2 A^^u^u^ + 2 = 0 

repreaents n line conic (p'opcr or im 2 rro'pcr) which may, however, de- 
generate ; and, conversely, every line conic may he represented lyy an 
equation of this form. (A, 3<], P, II,,, Kj) 

86. Problems of the second degree. We have seen in § 83 that 
any problem of the first degi’ee can be solved completely by means 
of linear constructions ; but that a problem of degree higher than the 
first cannot be solved by linear constructions alone. In regard to 
problems of the second degree in a plane, however, it was seen in 
§ 84 that any such problem may bo reduced to the problem of find- 
ing the points of intersection of an arbitrary liiro in the plane with 
a particular conic in the plane. This result we may state in the 
following form: 

Theokem 5. Any proUem of the second degree in a plane may le 
solved iy linear constructions if the interseetions of every line in the 
plane with a single condo in this plane are assumed hnown. (A, E, 
P, K,) 

In the usual representation of the projective geometry of a real plane by 
means of points, lines, etc., draw with a pencil, say, on a sheet of paper, the 
linear constructions, as has already been noted, are those that can be per- 
formed with the use of a straightedge alone. It wiU be show later that any 
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conic in the xeal geometry is equivalent projectively to a circle The instru- 
ment usually employed to draw circles is the compass It is then clear that 
in this lepresentation any piohlem of the second degree can he solved hy means of 
a sii aigfitedge and compass alone The theoiem just stated, however, shows that 
if a single circle is drawn once foi all m the i>lane, the straightedge alone 
suffices for the solution of any problem of the second degree in this jilane. 
The discussion immediately following serves to indicate briefly how this may 
be accomplished. 

We proceed to show how this theorem may be used iu the solution 
of problems of the second degree. Any such problem may be reduced 
more or less readily to the first of the followmg ; 

Problem 1. To find the double points of a projectimty on a line of 
which three pairs of homologous points are given. We may assume 



that the given pairs of homologous pomts all consist of distinct poinU 
(otherwise the problem is Imear) In accordance with Theorem 5 
we suppose given a conic (in a plane with the line) and assmnt 
known the intersections of any line of the plane with this conic. Lc 
0 be any point of the given conic, and with 0 as center project thi 
given pairs of homologous pomts on the conic (fig. 98). These defim 
a projectivity on the conic. Construct the axis of this projectivit; 
and let it meet the conic in the points P, Q The lines OP, OQ thei 
meet the given line in the required double points. 

Problem 2, To find the points of intersection of a given line wit 
a conic of which Jive points are given. Let A, B, C, B, E be the give 
points of the conic The conic is then defined by the projectivit, 
I>{A, B, C)-^E{A, B, C) between the pencils of lines at P and I 
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This projectivity gives nse to a projectivity on the given line of 
wliicli three jiairs of homologous points are known. The double 
points of the latter projectivity are the points of intersection of the 
line with the conic The problem is thus reduced to Problem 1. 

PiiOJiLUM 3. We have seen that it is possible for two triangles in 
a plane to be perspective from four different centers (of. Ex 8, p 106) 
The inaxiinum number of ways in which it is conceivable that two 
triangles may be perspective is clearly equal to the number of per- 
mutations of three things throe at a tune, ie. six The question then 
arises, h ti possiUe to c(mstrutit two triam/les that are perspective from, 
six different centers? Let the two triangles be ABG and J'JJ'C', and let 

a!i=0, *3=0, *3=0 

be the sides of the first opposite to A, Ti, 0 respectively. Let the 
sides of the second opposite to A', J)', C respectively be 

“I" *3 "i* *3 = 0, "I- 0, *3 1^*2 -f“ 1^^*3 = 0. 

The condition for ABO ~ A'B'C' is that the points of intersection of 
coiTesponding sides be collmear, i e. 

0 1 -1 

(1) -F 0 1 =F-1'=0. 

-V 1 0 

In like manner, the condition for BGA^ A' B' O' is 

A 

0 -Z" l> 

(2) -10 1 =F"-Z'=0. 

-A' 1 0 

From these two conditions follows 
0 -7ii" h' 

-1" 0 1 =W"-7j"=0, 

1-10 

which is the condition for OAB = A'B'O'. Hence, if two triangles are 
in the relat'ions ABO — A'B'O' and BOA==A'B'(f, they are also in 
the relation OAB ^ A'B'O'. Two triangles in this relation are said to 
be triply perspective (of. Ex. 2, p, 100)«,The domain of rationality 
defined by the data of our problem, is (dearly 
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Since numbers m tins domam may bo found winch satisfy ciiuatioim 
(1) and (2), the problem of constructing two triply iiorspeotive tri- 
angles IS linear 

The condition for ACB^ A'B'C is 

( 3 ) W-l" = Q. 

If relations (1), (2), and (3) are satisfied, the triangles will be per- 
spective from four centers Let h be the common value of h' and I" 
(3), and let I be the common value of I' and h" (1) Relation (2) tlien 
gives the condition f = 0. The relations 

y=:l"=lc, 

then define two quadruply perspective triangles. The problem of 
constructmg two such triangles is therefore still linear. 

If now we add the condition for CBA = A'B'C, the two triangles 

will, by what precedes, be perspective from six different centers The 
latter condition is 

(4) 

With the preceding conditions (1), (2), (3) and the notation adopted 
above, this leads to the condition 

The equation 7c*— 1 = 0 is, however, reducible in K; indeed, it i.s 
equivalent to 

7c~l=0, F + *-l-l = 0. 

The first of these equations leads to the condition that A', B', C are 
coUmear, and does not therefore give a solution of the problem The 
problem of constructing two triangles that are sextuply perapective 
is therefore of the second degree. The equation 

A* -|- 7: •+• 1 = 0 

has two roots w, (proper or improper and, in general,* distinct). 
Hence our problem has two solutions. One of these consists of the 
triangles 

= 0, = 0, fljj = 0 j 

+ = 0, -I- -f- «?», = 0 

* They can comrade only if the number system is such that 1 + 14-1 = 0: e.g. in 
a finite space involvmg the modulus 3. 
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Two of Uio sides of the second Lnanglo may be improper.^ The 
points of intersection of the sides of one of these triangles with the 
sides of the other are the following nine points : 


( 0. 

-1, 1) 

( 0, -w) 

( 0. 

W, ~ 10®) 

(-1. 

0, 1) 

0, 1 ) 

(-W, 

0, 1 ) 

(-1. 

1, 0) 

{ w, -1, 0 ) 

( 

-1, 0 ) 


They form a configuration 

0 4 

3 12 

which contains four configurations 

9 3 
3 9 

of the land studied in § 36, Chap IV. All triples of points in the 
same row or column or term of the determinant expansion of their 
matrix are collinear.f If one line is omitted from a finite plane (in 
the sense of § 72, Chap VII) having four points on each line, the 
remaining nine points and twelve lines are isomorphic with this 
configuration. 


EXERCISES 

The pTohlemH in a plane given helow that are of (he second degree are to he solved 
hjj linear construeiwnSi with the asstmiption that the points of intei'seclion of any line 
in the plane with a given fxed conic in the plane are known; ie, ^^wilh a straight- 
edge and a g uen circle in the plane,*^ 

1. Construct the points of intersection of a given line with a conic deter- 
mined by (i) four points and a tangent through oiuiof them ; (a) three points 
and the tangents through two of them ; (in) five tangents. 

2. Construct the conjugate pair coimnon to two involutions on a line. 

3. Given a conic determined by five points, construct a triangle inscribed 
ill this conic whose sides pass through throe given points of the plane. 

# It may be noted that in the ordinary real geometry two sides of the second 
triangle are necessarily Improper, so that in this geometry our problem has no 
real solution. 

t They all lie on any cubic curve of the form a® + + SXxiaJa®* = 0 for 

any value of X, and are, in fact, the points of inflexion of the cubic. This oonflgura- 
tlon forms the point of departure ifor a variety of investigations leading into many 
different hranphes of mathf 
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4. Given a triangle -42.^202 msciibed in a tiiangle In how 

many ways can a tnangle be inscubed in and ciiciiiuHciibed 

to Show that in one case, in which one vertex of may be 

chosen arbitianly, the problem is iineai (cf. § J3G, Chap TV) , and that in 
another case the problem is quadratic. Show that this pioblem gives all con- 


figurations of the symbol 


9 3 
3 9 


Give the consti notions foi all cases (c£. 


S. Kantor, Sitzungsberichte der mathematisch-naturwiasenschaftbclieu Classe 
der Kaiserlichen Akademie der Wissenschaften zu Wien, Vol. LXXXIV 


(1881), p 915) 

5. If opposite vertices of a simple plane hexagon aro on 

three concurrent lines, and the lines PiPg, ^ 3 ^ 1 , J^bPq ai e concurrent, then the 
hues P 2 p 8 f ^ 4 ^ 6 f ^ 6^1 concurrent, and the figure thus formed is a 

configuration of Pappus 

6. Show how to consti uct a simple n-point insciibed in a given simple 
n-point and circumscribed to another given sample n-poiut. 

7 Show how to insciibe in a given conic a simple n-point whose sides 
pass respectively through n given points 

8 Construct a conic through four points and tangent to a line not meeting 
any of the four points 

9 Construct a conic thiough thiee points and tangent to two lines not 
meeting any of the points. 

10 Consti uct a conic thiough four given points and meeting a given line 
in two points harmonic with two given points on the line. 

11. If A is a given point of a conic and X, Y are two variable points of the 
conic such that AX, AY always pass through a conjugate pan of a given 
mvolution on a line the line XY will always pass thiough a fixed point B* 
The line AB and the tangent to the conic at A pass through a conjugate pair 
of the given involution 

12. Given a collineation in a plane and a line which does not contain a 
fixed point of the collineation ; show that thei e is one and only one point on 
the line which is transformed by the collineation into another point on the line. 

13. Given four skew lines, show that there are in general two hues which 
meet each of the given four lines ; and that if there are three such lines, theie 
IS one through every point on one of the lines. 

14. Given in a plane two systems of five points A^A^A^Aj^A^ and 

ByB^B^B^B^ , given also a point X in the plane, determine a point Y such 
that we have X (Ay^A^A^A^A^-j^Y In general, there is one 

and only one such point F. Under what condition is there more than one V 
(R. Sturm, Mathematische Annalen, Vol. I (1869), p, 633.*) 


* This is a special case of the so-called problem of projectivity. For references 
and a systematic treatment see Sturm, Die Lehre von den geometrischen Ver- 
wandtsohaften, Vol. I, p 348. 
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87. Invariants of linear and quadratic binary forms. An expres- 
sion of the form is called a linear Unary form, in the 

two variables x^, x^ The word hnear refers to the degree in the 
variables, the word Unary to the number (two) of the variables. A 
convenient notation for such a form is a^. The equation 

«x==«l®l+ V2=0 


defines a unique element .4 of a one-dimensional form in which a 
scale has been established, viz. the element whose homogeneous co- 
ordinates are (x^, ajJ = (a^, — a^). If 6^ = \x^ + is another hnear 
bmaiy form determining the element B, say, the question arises 
as to the condition under which the two elements A and £ coincide 
This condition is at once obtained as the vanishing of the determinant 
A formed by the coefiicients of the two forms ; i.e. the elements A 
and £ will coincide if and only if we have 


A = 




= 0 . 


■ —yxl+ 8xJ, 


0 . 


Now suppose the two elements A and B are subjected to any pro- 
jective transformation II : 

a 

ry S 

The forms a^ and will be transformed into two forms a^, and 
respectively, which, when equated to 0, define the points A', £' into 
which the pomts A, B are transformed by II, The coefficients of 
the forms a^,, in terms of those of a^, \ arg readily calculated as 
follows , ^ ^ ^ ^ 

== (a®! -I- 7®,) xl + (iS®! + S®,) xl, 

which gives 

al=>m^+'^a^, al=:^a^ + 8a^. 

Similarly, we find 

6/ = -f 76,, 6/ = + S&j. 


Now it is clear that if the elements A, B coincide, so also will the 
new elements A', B' coincide. If we have A *=» 0, therefore we should 


also have A' 1 
We have 


al a,' 

K 


= 0 . That this is the case is readily verified. 




«®i-H 7«g 0ai+ Stfs 



«! ttj 


« /8 


\ h 


7 , 8 
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by a •well-knowa theorem ia determinants This relation may also 
be wntten 

A'= 

The determinant A is then a function of the coefficients of the forms 
K property that, if the two forms are subjected to a lin- 

ear homogeneous transformation of the variables (with nonvauishing 
determinant), the same function of the coefficients of the new forms 
is equal to the function of the coefficients of the old forms multiplied 
by an expression which is a function of the coefficients of the trans- 
formation only. Such a function of the coefficients of two forms is 
called a (simultaneous) invariant of the forms. 

Suppose, now, we form the product a^ • of the two forms a^, 

If multiphed out, this product is of the form 

a “ = + 2 A + aaa®|- 

Any such form is called a quadratic Unary form. Under Proposi- 
tion Kg every such form may be factored into two hnear factors 
(proper or improper), and hence any such form represents two ele- 
ments (proper or improper) of a one-dimensional form. These two 
elements will coincide, if and only if the discriminant = a*, - 
• “as qnadratic form vanishes. The condition I>„ = 0 there- 
fore expresses a property which is invariant under any projecUvity. 
If, then, the form a* be subjected to a projective transformation, the 
discnmmant of the new form a^ must vanish whenever van- 
ishes. There must a^!l;ordingly be a relation of the form D„, = k ■ !)„. 
If be subjected to the transformation 11 given above, the coefficients 
®ii> “m of the new form are readily found to he 

®11 ~ + 2 -I- ffggry® , 

( 1 ) ®ia = a^^a^ -f ffjg {ah -t- fif) <* 2 , 78 , 

®a2 — + 2 a^h -I- ffijgS®. 

By actual computation the reader may then verify the relation 

= ®ia — “ii^aa ^ ' (»u “ “naaa) = ~ • I»„. 

The discrimmant of a quadratic form a% is therefore called an 
imaHant of the form. 
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Suppose, now, we consider two binary quadratic forms 
fl.| = a^^xl + 2 + a^l, 

K = hA + 2 + SoX- 

Each of these (under represents a pair of points (proper or im- 
proper). Let us seek the condition that these two pairs be harmonic. 
This property is invariant under projective transformations ; we may 
therefore expect the condition sought to be an invariant of the two 
forma. We know that if ai’o the TimlLomogmeous codrdmates 
of the two points represented by = 0, we have relations 

®ii 

with similar relations for the nonhomogeneous coordinates \ of 
the points represented by & ® = 0. The two pairs of points a^, \ 

will be harmonic if we have (Theorem 13, Cor. 2, Chap. VI) 

^'3 "" ^3 

This rdation may readily be changed into the following: 

«i«3 + “ H®i + ®a) (^ + ^ 2 ) = 

which, on substituting from the relations just given, becomes 
-»<*= "lAad- 2 «ia5i2= 0. 

This is the condition sought. If wo form the same fimction of the 
coefficients of the two forms b'J obtained from a®, 6 ® by subjecting 
them to the transformation 11, and substitute from equations (1), we 
obtain the relation 

JD^=:iaS~0yY.D^. 

In the three examples of invariants of binary forms thus far 
obtained, the function of the new coefficients was always equal to 
the function of the old coefficients multiplied by a power of the 
determinant of the transformation. This is a general theorem regard- 
ing invariants to which we shall refer again in § 90, when a formal 
definition of an invariant will be given. Before closing this section, 
however, let us consider briefly the cross ratio B (a^a„ \h^) of the 
two pairs of points represented by a® = 0, 6® »= 0. This cross ratio 
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IS entirely unchanged when the two forms are subjected to a pro- 
jective transformation. If, therefore, this cross ratio be calculated in 
terms of the coefficients of the two forms, the resulting function of 
the coefficients must be exactly equal to the same function of the 
coefficients of the forms al, hi , the power of the determinant referred 
to above is in this case zero. Such an invariant is called an ahsohite 
inmnant, for purposes of distinction the invariants which when 
transformed are multiplied by a power 9^= 0 of the determinant of 
the transformation are then called rdatwe %nvariants. 


EXERCISES 


1 Show that the cross latio K (fyfht hh) referred to at the end of the 


last section is 


B (ajaj, 6A) = 




and hence show, by reference to preceding results, that it is indeed an absolute 
invariant, 

2. Given three pans of points defined by the three binary quadratic forms 
aj = 0, = 0, == 0 ; show that the three will be in involution if we have 


^11 

«12 

^22 

hi 

&12 

^22 

^*11 

^12 

^22 


= 0 . 


Hence show that the above determinant is a simultaneous invariant of the 
three forms (cf. Ex 13, p. 230). 


88. Proposition K^. If we form the product of n linear binary 
forms Cl a” • • • * we obtain an expression of the form 

i-na„_^Xja:^-'^ + a^xl 

Au expression of this form is called a Innary homogeneotia form or 
guantio of the nth degree. If it is obtained as the product of n linear 
forms, it will represent a set of n points on a line (or a set of n ele- 
ments of some one-dimensional form) 

If it is of the second degree, we have, by Proposition Kg, that there 
exists an extended space in which it represents a pair of points. At 
the end of this chapter there will be proved the following generali- 
zation of Kg : 
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Proposition K„. If a^;, al • ■ an a finite number of Unary homo- 
geneous forms whose coefficients are yro^per m a space S which satisfies 
Assumptions A, E, P, there exists a space S', of which S is a sub- 
space, in the number system of which each of these forms is a product 
of linear faetors. 

As ill § 85, S' is called an extended space, and elements in S' but 
nob m S are called improper elements Proposition K„ thus implies 
that an equation of the form = 0 can always he thought of as 
representing n (distinct or partly coincidmg) improper points in an 
extended space ui case it does not represent any proper points 

Proposition K„ could be introduced as an (not independent) assump- 
tion in addition to A, E, P, and H„ Its consistency with the other 
assumptions would be shown by the example of the ordinary com- 
plex space in which it is equivalent to the fundamental theorem 
of algebra. 

89. Taylor’s theorem. Polar forms. It is desirable at this point 
to borrow an important theorem from elementary algebra 

Definition. Given a term Ajf of any polynomial, the expression 
nAx”~''- is called the derivative of Ax!^ with respect to x^m symbols 

■^AxP — nAx”~^. 
dxt ‘ 

The derivative of a polynomial with respect to x, is, by definition, the 
sum of the derivatives of its respective terms. 

O 

This definition gives at once ~ A = 0, if A is independent of Xi. 
Applied to a term of a binary form it gives 

^ =s nkxl~'^x^, hx^x^ — mJex^x^-K 

With this definition it is possible to derive TayWs theorem for the 
expansion of a polynomial. *We state it for a binary form as foEows : 

Given the binary form 

/(®i> ®s) = “ ®o®i + wai®* ^ 

For the proof of this theorenpi on the baeis of the definition just given, of* Fine, 
College Algebrt^, pp.; 4^0-462. ^ 
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If lierein we substitute for ajj, ajj respectively the ex],)ressions .i\ + Xii/i, 
a!j + Xy 2 > obtain, 

/(«! + ’’^Vv =/K. * 2 ) + ^ It + 2^2 

Here the parentheses are differential operators. Thus 

(s'- ^ ^ ^ + !'• S) ' 


, SY 0 

where ^ means — 
dx} dx 


.'E], 

i 


*’2 .^"''1. 


etc It IB imdily 


dxl dx^\dx^\ dx^x^ 

proved for any term of a polynomial (and hence for the polynomial 
itself) that the value of such n lugher derivative as S^f/dx^d\ is 
independent of the order of differentiation ; i.e. that we have 

ey _ gy 


Bx^3x^ 


3x-^x^ 


Definition The coefficient of X in the above eximnaion, viz. 
y^dfldx^ + y^df/dx^ is called the first polar form of {y^, y^ with 
respect to / (aSp x^] the coefficient of X* is called the setumd; the 
coefficient of X* is called the nth polar form of (y^, yj vdth respect 
to the form f If any polar form be equated to 0, it represents a set 
of points which is called the^j-siS, secontf, • • • , nth polar of the point 
(Pi, ya) with respect to the set of points represented hy f {x^, x,j) = 0. 

Consider now a binary form/(a3j, ajj) = 0 and the effect upon it of 
a projective transformation 


jj , a:/ = ax^ + 0x^, 
‘®a = 7®i+ Sajj. 


(«8 — sfe 0 ) 


If we substitute these values in / (ajj, x^), we obtain a new form 
F{xl, x^). A point (aip x^) represented by/(iBi, 83,)= 0 will bo trans- 
formed into a point (a;/, xl) represented by the form F{a{, a!^)s=0. 
Moreover, if the point (y^ y,) be subjected to the same projectivity, 
it IS evident from the nature of the expansion given above that the 
polars of (yj, y,) with respect to f (x^, x^ = 0 are transformed into 
the polars of (y/, y^) with respect to F (x^, x^) = 0. 
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We may summarize tlie results thus obtained as follows : 

Tueorkm ^ If a Unary form f is transformed by a projective 
transformation mto the form F, the set of points represented by 
is transformed into the set represented by F^Q, Any polar of a 
point with respect / = 0 is transformed into the correspond- 

ing jiolar of the point (yf, with respect to F=^0 

The following is a simple illustration of a polar of a point with 
respect to a set of points on a line 

The form = 0 represents the two points whose nonhomo- 
geneous coordinates are 0 and co respectively. The first polar of any 
point (t/p 2^a) with respect to this form is clearly y^x^ + y^x^ = 0, and 
reiiresents the point (— y ^ ; in other words, the first polar of a 
point P with respect to the pair of points represented by the given 
form IS the harmonic conjugate of this pomt with respect to the pair. 


EXERCISE 

Determine tlio geoinctncal constiuction of the (w — l)th polar of a point 
with lespect to a set of n distinct points on a line (cf. Ex 3, p 51). 


90, Invariants and covariants of binary forms- Definition. If a 
binary form < = a^^xl + na^x^^^x^ + * • • + changed by the 

transformation 


n 


: ax^+ 0x^, 


= yx^+ 


(ccB — ^87 ¥= 0 ) 


into a new form - AX'" + + . . . + any rational 

function I (^q, a^) • ♦ ' , of the coefficients such that we have 

I (Aq, * • * , AJ = <f> (a, jBi 7, S) • /(^p, , af) 

is called an invariant of the form a". A function 


C{a^t ^ ^a) 

of the coefficients and the variables such that we have 
C{A^t A^r^* }A^\ xl x^) = ^jr{a, /3, 7, 8) • • • • , 

is called a covariant of the form The same terms apply to func- 
tions I and C of the coefficients and variables of any finite number 
of binary forms with the property that the same function of the 
coefficients and variables of the new forms is equal to the original 
function multiplied by a function of a, 7, 8 only; they are' then 
called sirrmltaneom imariants or covariemts, 
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In § 87 Tve gave several examples of mvanaiits of liinary forms, 
Imear and quadrakc. It is evident from the dellnition that the con- 
dition oUained ly equating to 0 any invariant of a form (or of n 
system, of forms) must determine a property of the set of points 
represented by the form {nr forms) which is invariant muier a pro- 
jective transformation. Hence the comiilete study of the projective 
geometry of a single line would involve tl»e complete theory of invari- 
ants and covariauts of binary forms. It is not our purixise in this 
book to give an account of this theory. Rut we will mention one 
theorem which we have already seen verified in special oases. 

The functions ^{a, % 8) and '<^{a, y, 8) occurring in the 

definition above are always powers of the determinant aS — I3y of 
the projective transformation in qnestwn.^ 

Before closmg this section we will give a simple oxami>lo of a cova- 
nant. Consider two binary quadratic forms af, b'j and form the new 
quantic 

CU = (o-fix - “A) + {O' A — "’A) + {a- A — «a&i) • 

By means of equations (1), § 87, the reader may then verify without 
difficulty that the relation 

holds, which proves to be a covariant. The two points represented 
ty Crf, == 0 are the double points (proper or improper) of the involu- 
tion of which the pairs determined by a® = 0, 8* = 0 are conjugate 
pairs. This shows why the form should be a covariant. 

EXERCISE 

Piove the statement contained in the next to the last sentence. 

91. Ternary andquatemaryfoims and theirinvariants. Theremarks 
which have been made above regarding binary forms can evidently he 
generalized. A p-ary form of the nth degree is a polynomial of the wth 
degree homogeneous in p variables. When the number of variables is 
three or four, the form is called ternary or quaternary respectively. 
The general ternary form of the second degree when equated to zero 
has been shown to be the equation of a conic. In general, the set of 
points (proper and improper) in a plane which satisfy an equation 
a2 - a^x^ -f a,® “ -f a,® “ = 0 

* Eor proof, cf., for example, Grace and Young, Algebra of Invarlanta, pp. 21, 22. 



INVARIANTS 


259 


§‘)i] 

obtaaued by equaling to zero a ternary form of the «tb degree is 
called an algdiraie mrve of the nth degree {order). Similarly, the set 
of points determined iii space by a quaternary form of the wth degree 
equated to zero is called an algebrnic surface of the nth degree 

The definitions of invariants and covariants of ji-ary forms is pre- 
cisely the same as that given above for binary forms, allowance being 
Tnnilp. for the change in the number of variables Just as in the 
binary case, if an mvariant of a ternary or quaternary form vanishes, 
the corresponding function of the coefficients of any projectively 
eqmvalent form also vanishes, and consequently it rejeresents a prop- 
erty of the oori'esponding algebraic curve or surface which is tiot 
changed when the mrve or surface undergoes a projective transforma- 
tion. Similar remarks apply to covanants of systems of ternary and 
quaternary forms. 

Invariants and covariants as defined above are with respect to the 
group of all projective collineations. The geometric properties which 
they represent are properties unaltered by any projective coUineation. 
Like definitions can of course be made of invariants with respect to 
any subgroup of the total group. Evidently any function of the 
coefficients of a form which is mvariant under the group of all col- 
lineations will also be an invariant under any subgroup. But there 
will in general be functions which remain invariant under a subgroup 
but which are not mvariant under the total group. These correspond 
to properties of figures which are invariant under the subgroup with- 
out being invariant under the total group. We thus arrive at the 
fundamental notion of a geometry as associated with a given group, 
a subject to which we shall return in detail in a later chapter. 


BXSRCISSS 


1. Define by analogy with the developments of § 89, the n — 1 polars of a 
ternary or quaternary form of the nth degree. 

2. Regarding a triangle as a curve of the third degree, show that the second 
polar of a point with regard to a triangle is the polar line defined on page 46. 

3. Generalize Ex. 2 in the plane and in space, and dualize. 


4. Prove that the discriminant 


®ii 

®i* 


of the lemaiy quadratic form 


“ J 8 ««« <*8 

Ou»i + + 018*8 + 2 + «a»*s*s) = ^ 

is an invariant. What is its geometrical interpretafion ? Cf. Ex., p 187- 


t \ i 

V 4 I 


i t I 
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92. Proof of Proposition K^. Given a rational integral fmichon 
<f) (x) = V” 4- ^ + • • + 0, 

whose coefficients lelong to a given field F, and which is irrcduciUe in 
F, there exists a field F', containing F, in which the equation (j> (x) = 0 
has a root 

JjQif{x) be any rational integral function of x with coeflicieiits in 
F, and let j be an arbitrary symbol not an element of F. Consider 
the class F^ = [/(/)] of all symbols /(;), where [f(x)] is the class of 
aU rational integral functions with coefficients in R We proceed to 
define laws of combination for the elements of F^ which render the 
latter a field. The process depends on the theorem ^ that any poly- 
nomial /(ic) can be represented uniquely m the form 
f{x) = q{x)<t>{x)+r{x}, 

where q{x) and r{x) are polynomials belonging to F, — ie. with 
coefficients in F, — and where r(x) is of degree lower than the degree 
n oi (p (x) If two polynomials belonging to F are such that 
their difference is exactly divisible by (j>(x),iheji they are said to be 
congruent modulo in symbols s /g, mod. ^{x), 

1 Two elements /jy), of F^ are said to be equal, if and only 
if f^{x) and/ 2 (£c) are congruent mod ^(^). By virtue of the theorem 
referred to above, every element f{j) of F^ is equal to one and onlj" 
one element /'(/) of degree less than n. We need hence consider only 
those elements f{j) of degree less than n. Further, it follows from 
this definition that ^ (j) = 0. 

2. If /i {x) +f^ (x) =/, (x), mod. ^ (x), thea (J) + (J) -/^ (/). 

3. If (x) /, (x) =/, (x), mod. <j) (x), then {/) -f^ (/) =/, (;). 

Addition and multiplication of the elements of ¥j having thus 

been defined, the associative and distributive laws follow as immedi- 
ate consequences of the correspondmg laws for the polynomials /(li). 
It remams merely to show that the inverse operations exist and are 
unique. That addition has a unique inverse is obvious To prove 
that the same holds for multiphcation (with the exception of 0) we 
need only recall f that, smce ^(a;) and any polynomial f{x) have no 
common factors, there exist two polynomials h{x) and h{x) with 
coefficients in F such that 

h (x) •/ (flj) + k{x)-<j> (x) = 1. 

* Fine, College Algebra, p. 166. t Hue, loo, oit., p. 208, 
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This gives at once h (j) f (J) = 1, 

so Uial every elemenl f(J) distinct from 0 has a reciprocal. The class 

IS therefore a field with respect to the operations of addition and 
mutiplication defined above (of. § 52), such that 0. It follows 

at once* that x—J is a factor of ^{x) in the field F^, winch is there- 
fore the required field F', The quotient ^{x)/{x—j) is either irre- 
ducible in Fj, or, if reducible, has certain irreducible factors If the 
degree of one of the latter is greater than unity, the above process may 
be repeated leailmg to a field being a zeio of the factor in 

question Continuing iii this way, it is possible to construct a field 
Fj where — 1, in which {x) is completely reducible, 

i.e. in which <^{x) may be decomposed into n linear factors This 
gives the following corollary : 

Given a ’polynomial ^ (x) helonyiny to a given field F, there exists a 
fidd ¥' eontaining F in which <l> (x) is eompleiely reducible. 

Finally, an obvious extension of this argument gives the corollary 

Given a fi/nMe number of polynoinials each of 'which belongs to a 
given fidd F, there exists a field f, containing F, in which each of the 
given polynomiMls is co'mpletely reducible. 

This corollary is equivalent to Proposition K„. For if S be any 
space, let F be the number system on one of its lines. Then, as in 
the Introduction (p. 11), F' determines an analytic space which is 
the required space S' of Proposition K„. 

The more general question at once presents itself : Given a field 
F, does there exist a field F', containing F, in which every polynomial 
belonging to F is completely reducible ? The argument used above 
does not appear to offer a direct answer to tins question. The ques- 
tion has, however, recently been answered in the affirmative by an 
extension of the above argument which assumes the possibihty of 
"well ordering” any class-f 

EXXKCISB 

Many theoiems of this and other ohaptors are given as dependent on 
A, E, P, Ho, whereas they are provable without the use of Hq. Determine 
which theorems are true in those spaces for which Ho is false. 

* Pine, College Algebra, p. 169, 

t Cf. E. Steinltz, Algebraische Theorie der K6rper, Journal fttr reine u. ange- 
wandte Mathematik, Vol. CXXXVH (1909), p. 107 ; especially pp. 271-286. 



CHAPTER X* 

PROJECTIVE TRANSFORMATIONS OF TWO-BIMENSIONAL FORMS 

93. Correlations between two-dimensional forms. Definition. A 
projective correspondence between the elements of a plane of points 
and the elements of a plane of lines (whether they be on the same 
or on different bases) is called a comlation. Likewise, a projective 
correspondence between the elements of a bundle of planes and the 
elements of a bundle of lines is called a correlation f 

Under the principle of duality we may confine ourselves to a con- 
sideration of correlations between planes In such a correlation, then, 
to every point of the plane of points corresponds a unique line of the 
plane of lines ; and to every pencil of points in the plane of points 
corresponds a unique projective pencil of lines in the plane of lines. 
In particular, if the plane of points and the plane of lines are on the 
same base, we have a correlation in a planar field, whereby to every 
point P of the plane corresponds a unique line p of the same plane, 
and m which, if J?, ij, ij, are collinear points, the corresponding 
lines ^1, are concurrent and such that 

B -^i^) = a {PyVi, 

That a correlation T transforms the pomts [P] of a plane mto the 
lines [p] of the plane, we indicate as usual by the functional notation 

TiP)^p. 

The points on a line I are transformed by V into tlie lines on a 
point Z This determines a transformation of the lines [Z] into the 
points [P], which we may denote by F', thus: 

That r' is also a correlation is evident (the formal proof may be 
supplied by the reader). The transformation F' is called the correla- 
tion induced by F. If a correlation F transforms the lines [Z] of a 

* All developments of tins chapter are on the basis of Assumptioris A, E, P, and 
Ho Cf. the exercise at the end of the last chapter. 

t The terms reciprocity and duality are sometimes used in place of correlation, 
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plane into the points [Z] of the plane, the correlation which trans- 
forms the points [IV] into the lines [ZZ'] is the correlation induced 
hy r. If r' IS induced by T, it is clear that T is mduced by T'. 
For if we have 

we have also 

r'( • • • ) = (FA) (FA) • • • . 

and hence the induced correlation of F' transforms into etc. 

That correlations in a plane emst follows from the existence of the 
polar system of a conic. The latter is in fact a projective transforma- 
tion m which to every point in the plane of the conic corresponds a 
unique line of the plane, to every line coiTCSponds a unique pomt, 
and to every pencil of points (hues) corresponds a projective pencil 
of hues (points) (Theorem 18, Cor, Chap. V). This example is, how- 
ever, of a special type having the peculiarity that, if a pomt P corre- 
sponds to a hue p, then in the induced correlation the line p will 
correspond to the point P ; i.e. in a polar system the points and hues 
correspond doubly. This is by no means the case in every correlation. 

Definition. A correlation in a plane m which the points and 
lines correspond doubly is called a polaritp. 

It has been found convenient in the case of a polarity defined by 
a conic to study a transformation of points into lines and the induced 
transformation of lines into points simultaneously. Analogously, in 
studying collineations we have regarded a transformation T of points 
i>, ij, into points ij', J?', lH, JJ', and the transformation T' of 
the hnes i^P^ into the lines P^P^, P^P^, OT. P*^ ^ 

the same collineation. In like manner, when considering a trans- 
formation of the points and lines of a plane into its lines and points 
respectively, a correlation F operating on the points and its induced 
correlation F' operating on the lines constitute one transformation of 
the points and lines of the plane. For this sort of transformation we 
shall also use the term eorrelation. In the first instance a correlation 
in a plane is a correspondence between a plane of points (lines) and 
a plane of lines (points). In the extended sense it is a transformation 
of a planar field either into itself or into another planar field, in 
which an element of one kind (point ot line) Oorresponds to an ele- 
ment of thej^oth^i^ kind- 
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The following theorem is an immediate consequence of the defini- 
tion and the fact that the resultant of any two projective correspond- 
ences IS a projective correspondence. 

Tiieouism 1 The rumUant of two correlationH is a projective col- 
lineationf and the resultant of a correlation and a projective colhnea- 
tion is a correlation. 

We now proceed to derive the fundamental theorem for correlations 
i)etween two-dimensional forms 

Tiieohem 2. A correlation between two twO’-dimensional primitive 
forms is uniquely defined lohcn four pairs of homoloyous elements are 
l/iveoi, provided that no three elements of either form are on the same 
one-dimensional primitive form. 

Proof. Let the two forms he a plane of points a and a jilane of 
lines a!. Let he any conic in a\ and let the four pairs of homol- 
ogous elements he A, B, G, Dm. a and a\ c', d^ m a'. Let A, J5', 
G\ D' he the poles of a\ V, c\ W respectively with respect to C®. If 
the four points 7?, (7, D are the vertices of a quadrangle and the 
four points A\ B\ C\ D' are likewise the vertices of a quadrangle 
(and this implies that no three of the lines a\ c\ dl are concurrent), 
there exists one and only one collmeation transforming A into A\ B 
into B\ G into G', and D into JD' (Theorem 18, Chap. IV). Let this 
collineation he denoted by T, and let the polarity defined by the conic 
G^ he denoted by P. Then the projective transformation T which is 
the resultant of these two transforms A into a', B into etc. More- 
over, there cannot he more than one correspondence effecting this 
transformation. Por, suppose there were two, V and r^. Then the 
projective correspondence • P would leave each of the four points 
A, B, G, D fixed ; i.e. would he the identity (Tlieorem 1 8, Chap. IV), 
But this would imply = P, 

Theoeem 3, A correlation which interchanges the vertices of a 
triangle with the opposite sides is a polarity. 

Proof Let the vertices of the given triangle be A^ B, G^ and let 
the opposite sides he respectively a, &, o. Let P be any point of the 
plane ABG which is not on a side of the triangle. The line p ink 
which P is transformed by the given correlation P does not, then, pasj 
through a vertex of the triangle ABC. The correlation P is deter 
mined by the equation P {ABCP) = abep, and, by hypothesis, is suol 
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that V{aho) = ABC The points [<?] of e are transformed into the 
lines [o'] on C, and these meet c m a pencil [^'] projective with [(?] 
(fig 99) Since A corresponds to B and B io A in the projeckvity 
[®] X projectivity is an involution I. The pumt in which 



OF meets c is transformed hy F into a line on the point cp; and 
since and cp are paired in I, it follows that cp is transformed 
into the line CQ^— inamier, hp is transformed into BP. 

Hence p = (cp, Ip) is transformed into P = (CP, BP). 

TiiEOiiEM 4. Any projeotiw colUneation, H, in a plane, a, is tits 
product of two polarities. 

Proof, let Aa he a lineal element of a, and let 
n (Aa) =A'a', m (A' a') = A"a". 

Unless n is perspective, Aa may he so chosen that A, A', A" are not 
oolhnear, aa'a" are not concurrent, and no line of one of the three 
lineal elements passes through the point of another. In this cose there 
exists a polarity P such that ^(AA'A ") » a"a'a, namely the polarity 
defined hy the conic with regard to wliich AA"(aa") is a self-polar tri- 
angle and to which a' is tangent at A'. If H is perspective, the existence 
of P foUowB directly on choosing Aa, so that neither A nor a is fixed. 
We then have 

Pn.(AA’aa')>=^a’aA’A, 

and hence the tiiangle AA'(aa') is sdf-reciprocai Hence (Theorem 3) 
PH = Pj is a polarity, and therefore H =* PiP^. 


1 ' ( 


1 t j 
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94. Analytic representation of a correlation between two planes. 
Bilinear forms. Let a system of simultaneous pomt-and-lilie coordi- 
nates be established in a planar field. We then have 

Theorem 5. Any correlation in a plane is given as a transforma- 
tion of points into lines ly equations of the form 

pu[ = + a^^x^, 

(1) pul = a^^x^ + a^x^ + a^x^, 
pul = a^^Xy+ a82®a+ 

where the determinant A of the coefficients a^^ %s different from zero. 
Conversely y every transformation of this form in which the determinant 
A is different from zero represents a correlation. 

The proof of this theorem is completely analogous to the proof of 
Theorem 8, Chapter VII, and need not be repeated here. 

As a corollary we have 

Corollary 1. The transformation pul = x^, = pu\=^x^ in 

a plane represents a polarity in which to every side of the triangle of 
reference corresponds the opposite vertex. 

Also, if {ul, ul, ul) be interpreted as line coordinates in a plane 
different from that containing the points {x^y x^, x^) (and if the num- 
ber systems are so related that the correspondence X' = X between 
the two planes is projective), we have at once 

Corollary 2. The equations of Theorem 5 also represent a correla- 
tion between the plane of x^, x^) and the plane of (at/, ul) 

Returning now to the consideration of a correlation in a plane 
(planar field), we have seen that the equations (1) give the coordi- 
nates {ul, u^y ul) of the line T (X), which corresponds to the 

point X=(£i5i, a? 2 , x^) By solving these equations for x^, 

(Tx^ = Aj^jibl -h AaX + A^jUl, 

(2) <rx^ = A^X + 

-f- Aggtfg -|- A^^U^f 

we obtain the coordinates of X=::r“’^(w') in terms of the coordinates 
ul of the line to which Xis homologous in the inverse correlation 
If, however, we seek the coordinates of the point X'= F {u) which 
corresponds to any line u in the correlation F, we may proceed as 
follows : 
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Let the equation of the point Z' = x^) in line coordinates be 

n[xl + + WgiCg = 0. 

Substituting in this equation from (1) and arranging the terms as a 
linear expression in 

- 0 , 


we readily find 

TOi = a^^x[ + 

(3) = a^X + %A + 

TOg = a^X + + <^ 38 ^ 8 - 


The coordinates of in terms of the coordinates of u are then 
given by 


(4) 


VXl = 

— A2-jU^ “f- ^ggWg "f* •^28^‘^8> 
VXj^ = ■^ 38 ^^ 8 ' 


This is the analytic expression of the correlation as a transformation 
of lines into points ; i.e. of the induced correlation of F. These equa- 
tions clearly apply also in the case of a correlation between two 
different planes. 

It is perhaps well to emphasise the fact that Equations (1) express F as a 
transformation of points into lines, while Equations (4) represent the induced 
correlation of lines into points. Since we consider a con elation as a trans- 
formation of iioints into lines and lines into points, V is completely represented 
by (1) and (4) taken together. Equations (2) and (3) taken together repre- 
sent the inverse of T. 


Another way of representing F analytically is obtained by observ- 
ing that the point x^, x^) is transformed by F into the line whose 
equation in current coordinates (;»/, x^, x^) is 

wX + + «a®8 = 0» 

or, 

(5) (a^aji + + a„®,) ®' + (a««i+ 4 

+ (a,i®i+ a„®g + fflj,®,) ®a' = 0. 


The left-hand member of (5) is a general ternary hilinear form. We 
have then 

CokolIjAey 8. Ar^/ Umary iiUnearform in which the determmamt 
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95. General projective group. Representation by matrices. The 
genercd projective group of transformations in a plane (which, under 
duality, we take as representative of the two-dimensional primitive 
forms) consists of all projective collineations (including the identity) 
and all correlations in the plane. Since the product of two coUmea- 
tions IS a coUineation, the set of all projective collineations forms a 
subgroup of the general group Smee, however, the product of two 
correlations is a colhneation, there exists no subgroup consisting 
entirely of correlations.* 

According to the point of view developed in the last chapter, the 
projective geometry of a plane is concerned with theorems which 
state properties invariant under the general projective group in the 
plane. In particular, the prvncvple of duality may he regarded as a 
consequence of the presence of correlations in this group. 

Analytically, coUmeations and correlations may be regarded as 
aspects of the theory of matrices. The colhneation 

s 

(i = l, 2, 3) 

may be conveniently represented by the matrix A of the coefficients 

®ii ®18\ 

■ 

«8X «88 «88/ 

The product of two collineations A = (a^) and B = (&^,) is then given 
by the product of their matrices ; 

\x K K '^11 ^12 < 

( Ptj ) (^v) ^21 ^29 ^28 ®21 ^22 ^28 

1^81 ^83 ^83 y ^^31 ^82 ^88 i 

"h ^12^21 + ^^18^31 ^11^12 “h 612^22 "1“ ^18®82 ^11^18 ”1“ ^12^28 ^13^88 

= &2 Ax + ^22^21 + ®28^31 ^21^12 + ^22^23+^28^82 ^21^18 + ^22^38 + ^98<^88 > 

, ^81^11 + ^82% + ^88^81 ^81^12 + ^82^22 + ^88^82 ^81^18 + ^82^28 + ^88^88 , 

the element of the ith row and the /th column of the matrix BA 
being obtained by multiplying each element of the ith row of B by the 
corresponding element of theytli column of A and adding the products 
thus obtamed. It is clear that two collineations are not in general 
commutative. 

*■ A polarity and the identity form a group ; hut this forms no exception to the 
statement just made, since the identity must he regarded as a collmeation. 
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Of the two matrices 


and ^22 <*32 » 

\^l8 ^28 ^88/ 

either of which is obtained from the other by interchanging rows and 
columns, one is called the conjugate or transposed matrix of the 
other. The matrix 

-^11 *^21 -^81 
•^12 -^23 -^82 

AAA 

r-*13 *"28 ’"aSi 

is called the adjoint matrix of the matrix A. The adjoint matrix is 
clearly obtained by replacing each element of the transposed matrix 
by its cofactor Equations (2) of § 67 show that the adjoint of a 
given matrix represents the inverse of the eollineation represented hy 
the given matrix. Indeed, by direct midtiplication, 


«u 

^12 

*18' 


■^21 

-^81 

A 

0 

0' 


«22 

*28 

A 

■*■*12 

-"^22 

•^82 ~ 

0 

A 

0 ; 

*»1 

^32 

*88 J 

A 

■^23 

-‘'^88 i 

0 

0 

A 


and the matrix just obtained clearly represents the identical col- 
Imeation. Since, when a matrix is thought of as representmg a 
eollineation, we may evidently remove any common factor from all 
the elements of the matrix, the latter matrix is equivalent to the 
so-called identical matrix,* 

1 0 O' 

0 10. 

,0 0 

Furthermore, Equations (3), § 67, show that if a given matrix 
represents a eollineation in point coordinates^ the conjugate of the 
adjovnt matrix represents the same eollineation in line coordinates. 
Also from the representation of the product of two matrices just 
derived, follows the important result; 

The determinant of the product of two matrices (collineations) is 
equal to the product of the determinants of the two matrices (coU 
lineationi). 

# In the general theory of matrices these two matrices are not, however, re- 
garded as the same. It is only the interpretation of them as collineations which 
renders them equivalent. 
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From what has ]ust been said it is clear that a matrix does not 
completely define a coUmeation, unless the nature of the cobrdmates 
is specified I£ it is desired to exhibit the coordinates in the nota- 
tion, we may write the collineation a;/ = in the symbohc form 

The matrix (a„) may then be regarded as an operator transforming 
the coordmates x = {x^, x^, x^) into the coordmates x' = (a;/, x^, x^) If 
we place a„= the matrix conjugate to is (a„) Also by plac- 
ing = the adjoint matrix of is (A„). The inverse of the 
above coUmeation is then written 

x = (Iy)x'. 

Furthermore, the coUineation x'— (%)x is represented in hue coordi- 
nates by the equation 

This more complete notation will not be found necessary in gen- 
eral in the analytic treatment of collineations, when no correlations 
are present, but it is essential in the representation of correlations 
by means of matrices. 

The correlation (1) of § 94 may clearly be represented symbolically 
by the equation 

u'=(a^)x, 

where the matrix (a,^) is to be regarded as an operator transforming 
the pomt X into the hue u'. This correlation is then expressed as a 
transformation of hnes into points by 

The product of two correlations Vi={a^x and ii' = (J>J)x is there- 
fore represented by 

(cf. Equations (4), § 94), or by 

Also, the inverse of the correlation u' — x is given by 
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EXERCISE 

Show that if [11] is the set of all colhiieations in a plane and Pi is any 
con elation, the set of all correlations in the plane is [HFi], so that the two 
sets of transformations [II] and [HFi] comprise the general projective gioup 
in the plane By vntuc of this fact the subgroup of all projective collineations 
IS said to be of index 2 in the general projective group.* 


96. Double points and double lines of a collineation in a plane. 
Eefernng to Equations (1) of § 67 we see that a point x^) 

which is transformed into itself by the collineation (1) must satisfy 
the equations 

^ ^21*^1 "I* ^22^2 d” A> 

pX^ = "h ^32^2 ^38^8> 

which, by a simple rearrangement, may be written 

(^u“-p)^i+ V2 + Vs =0> 

(1) +K2-~/^)«52+ Vb =0> 

+ V2 + 


If a point x^, x^ is to satisfy these three equations, the deter- 
minant of this system of equations must vanish ; i.e. p must satisfy 
the equation 

<^ll-P ^12 ^18 

( 2 ) ^22 p (X 32 — 0 . 

^aa ^zz^P 


This is an equation of the third degree in p, which cannot have more 
than three roots in the number system of our geometry. 

Suppose that p^ is a root of this equation. The system of equa- 
tions (1) is then consistent (which means geometrically that the 
three lines represented by them pass through the same point), and 
the point determined by any two of them (if they are independent, 
i.e. if they do not represent the same line) is a double point. Solving 
the first two of these equations, for example, we find as the coordi- 
nates (/»j, x^, ajg) of a double point 


(3) 


^12 ^18 


^18 Pi 


«u-Pt «« 

^Zz’^Pl ^28 


^28 ^21 




* A subgroup [II] of a group is said to be of index n, if there exist n — 1 trans- 
formations r< (i a= 1 , 2 , . » . a - 1 ), such that the n - 1 sets [IlPf] of transformations 
together with the set [II] contain all the transformations of the group, while no two 
transformations within the same set or from apy two sets aie identical. 
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winch represent a unique point, unless it should happen that all the 
determinants on the right of this equation vanish. Leaving aside 
this possibility for the moment, we see that every root of Equation 
(2), which is called the characteristic equation of the collmeation (or 
of the representative matrix), gives rise to a unique double point. 
Moreover, every double point is obtainable in this way. This is the 
analytic form of the fact already noted, that a collmeation which is 
not a homology or an elation cannot have more than three douUe 
jpoints, unless it is the identical coUineation 

If, however, aU the determinants on the right in Equations (3) 
vanish, it follows readily that the first two of Equations (1) represent 
the same line. If the determmants formed analogously from the last 
two equations do not all vanish, we again get a unique double point ; 
but if the latter also vanish, then all three of the equations above 
represent the same Ime. Every pomt of this line is then a double point, 
and the collmeation must be a homology or an elation. Clearly this 
can happen only if is at least a double root of Equation (2) ; for 
we know that a perspective collmeation cannot have more than one 
double point which is not on the axis of the coUineation. 

A complete enumeration of the possible configurations of double 
pomts and lines of a collmeation can be made by means of a study 
of the characteristic equation, making use of the theory of elementary 
divisors ^ It seems more natural in the present connection to start 
with the existence of one fixed point (Proposition Kg) and discuss 
geometncaUy the cases that can arise. 

By Theorem 4 a collmeation is the product of two polarities. Hence 
any double point has the same polar line in both polarities, and that 
polar hne is a double line Hence the invariant figure of douUc 2 mnts 
and lines is self-duaL 

Pour points of the plane, no three of whicli are collinear, cannot 
be invariant unless the coUineation reduces to the identity. If three 
noncoUinear points are invariant, two cases present themselves. If 
the coUmeation reduces to the identity on no side of the invariant 
triangle, the coUmeation is of Type I (cf. § 40, Chap. IV). If the 
collmeation is the identity on one and only one side of tlie invariant 
triangle, the coUmeation is of Type IKf If two distinct points are 

* Cf B6cher, Introduction to Higher Algebra, Chaps XX and XXI. 
t If It IS the identity on more than one side, it is the identical coUineation. 
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invariant, but no point not on the line I joining these two is invariant, 
two possibilities again arise If the collineation does not leave every 
point of this hue invariant, there is a unique other line through one 
of these points that is invariant, since the invariant figure is self-dual. 
The collineation is then of Type IL If every point of the line is 
invariant, on the other hand, all the lines through a point of the 
line I must be invariant, since the figure of invariant elements is 
self-dual. The collineation is then of Type F. 

If only one iioint is fixed, only one line can be fixed. The coUinea- 
tioii IS then parabolic both on the line and on the point, and the 
collineation is of Type IIL 

We have thus proved that every collineation different from the 
identity is of one of the five types previously enumerated. Type I 
may be represented by the symbol [1, ], 1], the three I’s denoting 
three distinct double points. In Type IV there are also three distinct 
double points, but all points on the line joining two of them are fixed 
and Equation (] ) has one double root. Type IV is denoted by [(1, 1), 1]. 
Ill Type //, as there are only two distinct double points, Equation 
(1) must have a double root and one simj)le root This type is ac- 
cordingly denoted by the symbol [2, 1], the 2 indicating the double 
point corresponding to the double root. Type V is tlien naturally repre- 
sented by [(2, 1)], the parentheses again indicating that every point 
of the line joining the two points is fixed. Type III corresponds to a 
triple root of (1), and may therefore be denoted by [3]. We have 
then the following : 

Theorem 6. Every projective collimatwn m a plane is of one of 
the following five types : 

[ 1 , 1 , 1 ] [( 1 , 1 ),!] 

[2, 1] [(2, 1)] 

C3] 

In this table the first column corresponds to three distinct roots 
of the characteristic equation, the second column to a double root, 
the third column to a triple root. The first row corresponds to tlie 
cases in which there exist at least three double points which are 
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not collinear ; the second row to the case where there exist at least 
two distinct double points and all such points are on the same line ; 
the third row to the case in which there exists only a single double 
point. 

With every collineation in a plane are associated certain projec- 
tivities on the invariant lines and in the pencils on the invariant 
points. In case the collineation is of Type /, it is completely deter- 
mined if the projectivities on two sides of the invariant triangle are 
given. There must therefore be a relation between the projectivities 
on the three sides of the mvariant triangle (cf. Ex. 6, p 276). In a 
collineation of Type II the projectivity is parabolic on one of the 
invariant lines but not on the other. The point m which the two 
mvariant Imes meet may therefore be called singly parabolic. The 
collineation is completely determined if the pro j activities on the 
two mvariant lines are given In a collineation of Type III the pro- 
]ectivity on the invariant line is parabolic, as likewise the projectivity 
on the invariant point. The fixed point may then be called doubly 
parabolic. The projectivities on the invariant lines of a collineation 
of Type V are parabolic except the one on the axis which is the 
identity. The center is thus a singly parabolic point. In the table 
of Theorem 6 the symbols 3, 2, and 1 may be taken to indicate 
doubly and smgly and nonparabolic pomts respectively.^ 

We give below certain simple, so-called canonical forms of the 
equations defining collineations of these five types. 

Type I, Let the invariant triangle be the triangle of reference. 
The coUineation is then given by equations of the form 

pK= V.. 

in which are the roots of the characteristic equation and 

must therefore be all distinct 

Type IV, Homology, If the vertices of the triangle of reference 
are taken as invariant pomts, the equations reduce to the form written 
above ; but since one of the Imes =0, ijjg = 0, aSg = 0 is pointwise 

* For a more detailed discussion of collineations, reference may be made to 
Newson, A New Theory of Collineations, etc., American Journal of Mathematics. 
Vol. XXIV, p 109. ' 
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invariant, we must have either - a,,.j or or Thus 

the homology may l)e written 

P3i=x„ 

K== a’a. 

px[= a^x^, («as=^l). 

A harmonic homology or reflection is obtained by setting = — 1. 

Type II. The characteristic equation has one double root, p^~ 
say, and a simple root p^ Let the double point corresponding to 
Pj = Pji be Z7j=a(0, 0, 1), let the double point corresponding to p^ be 
U^ = {1, 0, 0), and let the third vertex of the triangle of reference 
be any point on the double line m, corresponding to pg, which line 
will pass through the pomt Uy The coUineation is then of the form 
px[=a^^x^, 

px[= asjjBg, 

pxl= 

since the lines = 0 and a;, = 0 are double lines and (1, 0, 0) is a 
double point. The charactenstic equation of the coUineation is clearly 

(«u - P) (“22 - P) («33 - />) = 0. 


and since this must have a double root, it follows that two of the 
numbers aijj, a^, a^g must be equal. To determme which, place 
p s= ; using the minors of the second row, we find, as coordinates 
of the corresponding double point, 

(0, (flSji *“ flljj) (flljj ®82 (®11 * 22 ) )» 

which is and hence we have The coUineation then is 

of Type II, if «!! ajj. Its equations are therefore 

pa3/«aii®i, 

p®,'= 

p,<« V2+a22®8. 


where a,* ¥= 0 and ¥» a,,. 


Type III, The characteristic equation has a triple root, pjs=pjs= p^, 
say. Let (0, 0, 1) be the single double point, and the line «i=! 0 be 
the single double Une. With this choice of ooBrdinates the coUineation 
has the form 


p»'» 

p®i^= a,j®^+ ®jj®j+ 
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By writing the characteristic equation we find, in view of the fact 
that the equation has a triple root, that ^ 22 ” form of 

the collineation is therefore 

pxl=x^, 
pxl= a^^x^+x^, 
pxl= + x^, 

where the numbers must be different from 0 

Type V, Elation Choosing (0, 0, 1) as center and as axis, 

the equations of the collineation reduce to the form given for Type III, 
where, however, must be zero in order that the line = 0 be 
pointwise mvariant. The equations for Type II also yield an elation 
in case Thus an elation may be written 

pxl=x^, 
pxl = ®2> 

pxl= 01,2032 + ajj. 

EXERCISES 

1 Determine the collineation which transforms the points A = (0, 0, 1), 
B — (0, 1, 0), C = (1, 0, 0), D — (1, 1, 1) into the points B, C, D, A respec- 
tively Show that the chaiacteiistic equation of this collineation is (/> — 1) 
(p2 + 1) = 0, which in any field has one loot. Deteimine the double point 
and double line corresponding to this root Assuming the field of numbers to 
be the ordinaiy complex field, determine the cooidinates of the remaining two 
double points and double lines. Veiify, by actually multiplying the matiices, 
that this collineation is of period 4 (a fact which is evident from the defini- 
tion of the collineation). 

2 With the same cooidinates for A, B, C, D determine the collineation 
which transforms these points respectively into the points B, A , D, C, The 
le&ulting collineation must, from this definition, be a homology. Why? De- 
termine its center and its axis By actual multiplication of the matrices 
veiify that its squaie is the identical collineation. 

3. Express each of the collineations in Exs. 1 and 2 in terms of line 
coordmates 

4. Show that the characteristic cross ratios of the one-dimensional projoc- 
tivities on the sides of the invariant triangle of the collineation = ax^, 
xj = fiaTg, = cx^ are the latios of the numbers a, h, c. Hence show that the 
product of these cross ratios is equal to unity, the double points being taken 
around the tiiangle in a given older. 

6 Prove the latter part of Ex. 4 for the cross ratios of the projectivities 
on the sides of the invaiiant triangle of any collineation of Type /. 
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6 Write the equations of a collineation of period 8 ; 4 , 5 , * * 

7 By projiorly choosing the system of nonhoinogeneous cooidmates any 
collineation of Type*/ may be. lepiesented by (*qnations ?' = rw, ?/ = bij q^ie 
♦set oi all eolhncatioiis obtained by giving the parameters nt, b all possible 
values j’oiuis a gioup. Show that the collineations jt' = oa, ;/ ~ «»//, wliere r 
is constant foi all collineations of the set, form a subgroup Show that eveiy 
collineation of this ♦subgroup leaves invaiiant every ciiivc whose equation is 
y vx^ ^ where c is any constant. Such curves aie called path cuives of the 
collineations. 

8. If P IS any point of a given path curve, p the tangent at P, and 
A, 7J, C the vortices of the invariant tiiangle, then (p, PA, PB, PC) is a 
constant. 

9. For the valuers r =~ 1, 2, i the path ciuves of the collineations of the 
subgroup described in Ex 7 are conics tangent to two sides of the invariant 
triangle at two vertices. 

10. If r = 0, the subgroup of Ex 7 consists entirely of homologies 

11. Prove that any collineation of Type 7 may be expressed in the form 

x' = I' (ax + %), 
y' -h (hx-- ay), 
with the restriction I 

12. Prove that any collineation can be expressed as a product of collmea- 
tioiis of Type 7. 

13. Let the invariant figure of a collineation of Type 11 be A, B,l, m, 
>vhere l^AB, B^hu Tho product of such a collineation hy another of 
Type 11 with invariant figure A', B, I, in' is in general of Type 11, but may 
be of Types 111, TV, oi F. TTudor what conditions do tho latter cases aiise V 

14. Using the notation of Ex. 13, the product of a collineation of Tyjie 11 
with invariant figure A , B, I, in by one with invariant figure A , B', I, in' is 
in general of Type 11, but may be of Types 111 or IV. Undei' what conditions 
do the latter cases arise ? 

15 Prove that any collineation can be expressed a.s a product of collinea- 
tions of Type IL 

16. Two collineations of Type 111 with the same invariant figure are not 
in general commutative. 

17. Any projective collineation can be expressed as a pioduct of collinea- 
tion.s of Type IIL 

18. If n is an elation whose center is C, and P any point not on tho 
axis, then P and C are harmonically conjugate with respect to 11 ‘-^(P) 
and II (P). 

19. If two coplanar conics are projective, the correspondence between the 
points of one and the tangents at homologous points of the other determines 
a correlation. 

20. If in a collineation between two distinct planes every point of the 
line of intersection of the planes is self-corresponding, the planes are per- 
spective. 
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21 In nonhomogeneons coordinates a collineation of Type I with fixed 
points (a^, cig), ftg) (^i> ^ 2 ) wiitten 


a: y 1 0 
ag 1 

^‘2 ^ 

a; y 1 0 

CL'^ 1 1 

b, hi 1 k 

Cg 1 k' 


Type 7/ may be written 

a: y 1 0 

/>2 1 U)-^ 

0 , 93 0 tai+Si 

X’ y 1 0 

\ 63 1 k 
^ t 


X 7/10 

tti 1 Gtg 

Cg 1 k'c^ 
X y 1 0 
a, ag 1 1 
fti &2 1 ifc 

Cl Cg 1 k' 


X y 1 0 

^2 ^ ^2 

^“^1 &2 1 I ^-^2 

Sg 0 mg + .'jg 

a? y 1 0 ^ 

Ctg 1 1 

&g 1 

i’l 5g 0 i 


and Type III may be written 
a; y 1 0 

cig 1 

Sg ^ 

^ ?Cj 7 C 2 0 (ai 2 + 2 j8<) «! + 2 oSi^ 4- ?«i 

2 : jr 1 0 

Oi «3 1 1 

Sg 0 / 

702 0 ai2 + 2 ySz 

r y 1 0 
Clj^ Cg I ®2 

9 ^ .93 0 iCg + Sg 

lOi 7^3 0 (a ^2 + 2 ^/)c 2 + 20 . 93 ^ + 7 C 2 

^ ~ X y 1 0 

CjL Cg 1 1 

^2 0 i 

7C2 0 ai^+ 2pt 


97. Double pairs of a correlation. We inquire now regarding tliQ 
existence of double pairs of a correlation in a plane. By a doiMe pair 
is meant a point X and a line u such that the correlation transforms 
X into u and also transforms mto X; in symbols, if V is the cor- 
relation, such that T{X) — u and T{u)^X We have already seen 
(Theorem 3) that if the vertices and opposite sides of a triangle are 
double pairs of a correlation, the correlation is a polarity. 

We may note first that the problem of finding the double pairs of 
a correlation is in one form equivalent to finding the double elements 
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of a certain collineation. In fact, a double pair u is such that 
r(-Y)=?^ and r^(X) = r(^6)=:A', so that the point of a double pair 
of a correlation F is a double point of the colhneation F®. Similarly, 
it may be seen that the lines of the double pairs are the double lines 
of the collmeatiou It follows also from these considerations that 
F is a polarity, if F‘^ is the identical colhneation. 

Analytically, the problem of determining the double pairs of a 
correlation leads to the question For what values of £Cg, x^) are 
the coordinates 

[^11*^1 “h ^^2 A “I" ^12^1 “h ^22‘^a "h ®32^a> 'h ^ 23^2 ^ss^a] 

of the line to which it corresponds proportional to the coordinates 

^82'^2+«38^8] 

of the line which corresponds to it in the given correlation ? If p is 
the unknown factor of proportionality, this condition is expressed by 
the equations 

(®11 - PO'lx) »1 + («12 - P%x) - P«8l) = 0. 

(1) K-/’aw)»i+K“P«2a)®i.+ («s3-/>«aa)®8= 0> 

(a, 1 -/>«!,) ®1 + K - pct^) + (a,g -pa^) = 0, 

which must be satisfied by the coordinates {x^, x^, x^ of any point 
of a double pair. The remainder of the treatment of this problem is 
similar to the coiTesponding part of the problem of determinmg the 
double elements of a collineation (§ 96). Tire factor of proportionakty 
p IS determined by the equation 

®13~/’®81 

(2) “ai «aa-^«aa «a8 " /’'»ss = <>, 

^81 “* P^xz ^aa ^aa 

which is of the third degree and has (under Proposition Kg) three 
roots, of which one is ] , and of which the other two may be proper 
or improper Every root of this equation when substituted for p in 
(1) renders these equations consistent The coordinates x^) 

are then determined by solving two of these. 

If the reciprocity in question is a polarity, Equations (1) must be 
satisfied identically, i.e. for every set of values (x^, ojg, x^). This would 
imply that all the relations 

%~-pajf=>0 (i,y=l, 2, 3) 

are satisfied. 
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Let us suppose first that at least one of the diagonal elements of the 
matrix of the coefficients be different from 0. If this be the 
relation gives at once p^l; and this value leads at 

once to the further relations 

% = %> (i,y=l, 2, 3). 

The matrix in question must then be symmetrical If, on the other 
hand, we have ^tii = « 22 ==^ 83 ~ 0 , there must be some coefficient 
different from 0. Suppose, for example, ^ 0 Then the relation 

— ^ 1 ^ 21 = 0 shows that neither h nor can be 0 The substitution 
of one m the other of the relations and then gives 

Zs® = 1, or yk = ± 1. The value Z; = 1 again leads to the condition that 
the matrix of the coefficients be symmetrical The value Z; = — 1 
gives aj^=0, and ^6^=: — which would render the matrix skew 
symmetrical. The determinant of the transformation would on this 
supposition vanish (since every skew-symmetrical determinant of odd 
order vanishes), which is contrary to the hypothesis The value 
Zj = — 1 is therefore impossible. We have thus been led to the fol- 
lowing theorem: 

Theorem 7. The necessary and sufficient condition that a red-- 
procity in a plane he a polarity is that the matrix of its coefficients 
he symmetrical. 

If the coordinate system is chosen so that the point which corre- 
sponds to p = 1 in Equation (2) is (1, 0, 0), it is clear that we must 
have ^ 21 “ ^12 corresponding doubly to 

(1, 0, 0) does not pass through it, the coordinates [1, 0, 0] may be 
assigned to this hne. The equations of the correlation thus assume 
the form 

(3) fml= aaa®2+a28®„ 

pul= a 82 ® 2 +« 8 s!» 8 . 


and Equation (2) reduces to 


(4) 


ai,{l-p) 


® S 2 /’®22 ®83 /’®82 

®82 P ® 2 a ®88 P ®88 


= 0 . 


The roots, other than 1, of this equation, dearly correspond to points 
on [1, 0, 0]. Choosing one of these points (Proposition Kj) as (0, 0, 1), 
we have either aa8 = <* 32 > which would lead to a polarity, or a ,5 = 0- 
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lu the latter ciisc it is cvidoiit that (4) has a double root if = ~ 
hut that otherwise it has two distinct roots. Therefore a corielatioii 
ill wdiicli (1, 0, 0) and [1, 0, 0] correspond doubly, and which is not 
a polarity, may be reduced to one of the three forms : 


J 

pul= Zi.Cjj-|-ca38, 

K= 

(0 7 b ^ ± 1 , Q) 

II 

pul=aa\, 

pul- 

pK= »W 

(flt =5*^ 0 , 1)^0) 

IV 

pu,2 = — Xq, 

pnl = aig. 

{a^O) 


The squares of these correlations are collmeations of Types J, II, IV 
respectively. 

If the line doubly corresponding to (1, 0, 0) does pass through it, 
the coordinates [0, 1, 0] may be assigned to this hue, and the equa- 
tions of the correlation become 

pul = ail -P ffgjaia + ajj®,, ^ 0, 

pUl^ “ HggiCg -j- Uggaig. 

Equation (2) at the same time reduces to 

®8a(l-p)®=0. 

and the square of the correlation is always of Type III. There are 
thus five types of correlations, the polarity and those whose squares 
are coUiiieations of Types J, II, III, IV. 

EXERCISES * 

1 The points ■which lie upon the lines to which they corresx^ond in a cor- 
relation form a conic section and the hues which He upon the iioints to 
which they correspond are the tangcntiS to a conic How are and 
related^ in each of the five types of correlations, to one another and to the 
doubly con’es]3onding elements ? 

* On the theory of correlations see Seydewitz, Arcluv der Mathematilc, 1st series, 
Vol VIII (1846), p. 82 J and Sohrfiter, Journal fUr die reme und angawandte Mathe- 
matik, Voh HXSCVII (1874), p. 106. 
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2* If a line a does not lie upon the point A' to which it coriespoiids in a 
coi relation, there is a projectivity between the points of a and the points in 
which their corresponding lines meet a. In the case of a polarity this pio- 
jectivity is always an involution. In any other correlation the lines upon 
which this projectivity is mvolutoric all pass through a unique fixed point 0 
The line o having the dual property coires]ponds doubly to 0 The doubie 
points of the involutions on the lines through 0 aie on the conic and the 
double lines of the involutions on the points of are tangent to 0 and o 
are polar with respect to C® and If a correlation determines involutions 
on three nonconcurrent lines, it is a polarity, 

3. The lines of through a point P of are the line which is ti ansformed 
into P and the line into which P is transformed by the given coi relation, 

4. In a polarity and aie the same conic 

5. A necessary and sufficient condition that a collineation be the pioduct of 
two reflections is the existence of a correlation which is left invariant by the 
collineation * 

98. Fundamental conic of a polarity in a plane. We have jusi 
seen that a polarity in a plane is given by the equations 

pttl = a^JX^+ 0,1^^+ a^x^, 

(1) + a^x^, 1 S I ‘ 

pul = + a,,®, 

Dehnition. Two homologous dements of a polarity in a plaue ar 
called jpole and polar y the point being the pole of the hne and th 
line being the polar of the point. If two points are so situated the 
one is on the polar of the other, they are said to be conjugate. 

The condition that two points in a plane of a polarity he conji 
gate is readily derived. In fact, if two points cCg, an 

pf=z{x[y xly xl) are conjugate, the condition sought is simply tin 
the point P' shall be on the hne ul], the polar of P; i 

ulx[ + ulx^ + u^xl = 0. Substituting for u^y ul their values 
terms of x^, x^, x^ from (1), we obtain the desired condition, viz. : 

(2) a^^xX + + Va®/ + «ia ) 

+ «is («X + xA) + {xX + xA) - 0. 

As was to he expected, this condition is symmetrical hr the coop 
nates of the two pomts JP and P'. By placing xl = x^ vr& obtain I 

* This IS a special case of a theorem of Dunham Jackson, Transactions of 
American Mathematical Society, Vol, X (1909), p 479. 
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condiiion that the point P be self-conjiujatc, i.e that it be on its polar. 
We thus obtain the result . 

Theorem 8 The self-mijugate points of the polarity (1) are on 
the conie whose equation is 

(3) + 2 n^^x^x, + 2 n^^x^x^ + 2 x^^ = 0 ; 

and, conversely, every point of this come is self-conjugate. 

This conic is called the fundamental conic of the polarity. All of 
its points inay be improper, but it can never degenerate, for, if so, 
the determinant |a^,| would have to vanish (cf. Ex., p. 187). By 
duality we obtain 

Theobem 8'. The self-conjugate lines of the polarity (1) are lines 
of the conic 

{*1) d" d” Aggitg “b 2 "b 2 d* 2 .^^u^Uj, = 0 , 

and, conversely, every line of this conie is self-conjugate. 

Every point X of the conic (3) corresponds in the polarity (1) to 
the tangent to (3) at X. Eor if not, a pouit A of (3) would be polar 
to a line a through A and meeting (3) also in a point B. B would 
then be polar to a line h through B, and hence the line a = AB 
would, by the definition of a polarity, be polar to al> = B, Tliis would 
require that a correspond both to A and to B 

If now we recall that the polar system of a conic constitutes a 
polarity (Theorem 18, Cor., Chap. V) in which all the points and 
lines of the conic, and only these, are self-conjugate, it follows from 
the above that every polaiity is given by the polar system of its 
fundamental conic. This and other results following immediately 
from it are contained in the following theorem: 

Thboeem 9. Every polarity is the polar system of a conie, the 
fundamental conic of the polarity. The self-conjugate points are 
the points and the self-conjugate lines are the tangents of this conic. 
Every pole and polar pair are pole and polar with respect to the 
fundamental conic. 

This establishes that Equation (4) represents the same conic as 
Equation (3). The last theorem may be utilized to develop the anar 
lytic expressions for poles and polais, and tangents to a conic. This 
we take up in the next seetion. 
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99a Poles and polars with respect to a conic. Tangents. We 
have seen that the most general equation of a conic in point cobr- 
dmates may be written 

( 1 ) a^^!Rl+ a^xl+2 2 2 a^x^^= 0 . 

The result of the preceding section shows that the equation of the 
same conic in line coordinates is 

( 2 ) ^ 22'^^2 + ^ 33^3 + 2 2 2 0 , 

where is the cofactor of in the determiiiant 

^11 ^12 ^18 
^12 ^22 ^28 * 

^13 ^28 ^88 

This result may also be stated as follows * 

Theorem 10. The necessary and sufficient condition that the line 
u,^x ^+ 0 le tangent to the conic (1) %s that Eguation (2) 
he satisfied. 

Corollary. This conditwn may also he written %n the form 



^12 

«12 


«21 

®22 

**2 S 

“2 

«21 

^32 

®22 




«S 

0 


Equation (2) of the preceding section expresses the condition that 
the pomts x^ and (a;/, a^/, x^) be conjugate with respect to the 

conic (1). If in this equation {x[y x^, xl) be supposed given, while 
(a?j, ajg, ajg) is regarded as variable, this condition is satisfied by all the 
points of the polar of (a;/, asg, xl) with respect to the conic and by no 
others It is therefore the equation of this polar. When arranged 
accordmg to the variable coordinates aj^, it becomes 

(3) (aji®/ + a^xl + a^X) + (“ 12 ®/ + * 22*2 + «22®3) ®2 

+ (ai,®/ + + (tiX) ®8 = 0 ; 

while if we arrange it according to the coordinates ®/, it becomes 

(4) + ®12®2 4" * 12 * 2 ) ®l d" (®^12®l d" ^ J2®2 H" * 22 * 2 ) ®2 

4- + <*28*2 + Vd) * 2 ' = 0- 

Now it is readily verified that the latter of these equations may 
he derived from the equation (1) of the conic by applying to the 
left-hand member of this equation, the polar operator 
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^ ^ , a 

Xa 1 ~ x,l — 

OA 


AJi - 


+ 


dm. 


(§ 89) and dividing tho resulting equation by 2. Furthermore, if 

we define the symbols ^ to be the result of substituting 

dXj d.v^ Sx^ 

(d, xl, xh for {x\, a'jj, .c,) in the expressions ~ (f being any 

dx^ ox^ ox^ 

polynomial in a!j, x^, «,), it is readily seen that Equation (3) is 
equivalent to 

'at,' 






where now / is the left-hand meniher of (1). 
This loads to the following theoreni : 


TiiEOliKM ]]. If is the eg;iiaUon of a conic in ’homogcncom 
point codrdinatGs^ the cqmtion of the polar of any point (xl^ x^, x^) is 
g%VGn by either of the equations 




8x, 




j(f the point (sc/, x^, x^) it a point on the come, either of these equa- 
tions represents the tangent to the conic f=sO at this point. 


100. Various definitions of conics. The definition of a (point) 
oonio as the locus of the intersections of homologous lines of two 
projective flat pencils in the same plane was first given by Steiner in 
1832 and used about the same time by Ghasles, The considerations 
of tho preceding sections at once suggest two other methods of defi- 
nition, one synthetic, the other analytia The former begins by the 
synthetic definition of a polarity (of. p. 263), and then defines a point 
eonie as the set of all self-conjugate points of a polaritg, and a line 
conic as the set of all self-conjugate lines of a polarity. This defini- 
tion was first given by von Stavdt in 1847. From it he derived the 
fundamental properties of conics and showed easily that his definition 
13 equivalent to Steiner’s. The analytic method is to define a (point) 
conic as the set of all points satisfying any equation of the second 
degree, homogeneous in three variables Xj, x^, as,. This definition (at 
least in its nouhomogeneous form) dates back to Descartes and Fermat 
(1637) and the introduction of the notions of analytic geometry. 
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The oldest definition of conics is due to the ancient Gieek geometeis, who 
defined a conic as the plane section of a circular cone. This definition involves 
metiic ideas and hence does not concern us at this point. We will leturn to it 
later It is of interest to note in passing, howevei, that fiom this definition 
Apollonius (about 200 B c ) derived a theorem equivalent to the one that the 
equation of a conic in point cooidinates is of the second degiee. 

The reader will find it a valuable exercise to derive for liimaelf 
the fundamental properties of polarities synthetically, and thence to 
develop the theory of conics from von Staudt's definition, at least so 
far as to show that his definition is equivalent to Steiner’s. It may 
be noted that von Staudt’s definition has the advantage over Steiner’s 
of mcluding, without reference to Proposition conics consisting 
entirely of improper points (smce there exist polarities which have 
no proper self-conjugate pomts) The reader may in this connection 
refer to the original work of von Staudt, Die Geometrie der Lage, 
Nurnberg (1847), or to the textbook of Enriques, Vorlesungen fiber 
projective Geometrie, Leipzig (1903), 

EXERCISES 

1 Derive the condition of Theorem 10 dii ectly by imposing the condition 
that the quadratic which determines the intei sections of the given lino with 
the conic shall have equal loots What is the dual of this theorem ? 

2. Verify analytically the fundamental properties of poles and polais with 
respect to a conic (Theorems 13-18, Chap. V) 

3 State the dual of Theorem 11. 

4. Show how to constiuet the correlation between a plane of points and a 
plane of lines, having given the homologous pairs A, a'] B, ?/; C, c'; D, d' 

5 Show that a correlation between two pianos is uniquely determined if 
two pencils of points in one plane are made projective respectively with two 
pencils of lines in the other, provided that in this projectivity the point of 
intersection of the axes of the two pencils of points conesponds to the line 
joining the two centers of the pencils of lines. 

6. Show that in our system of homogeneous point and line cobrdmates the 
pairs of points and lines with the same cobrdinates are poles and polars with 
respect to the conic = 0. 

7 On a general line of a plane in which a polaiity has been defined the 
pairs of conjugate points form an involution the double points of which are 
the (proper or improper) points of intersection of the line with the funda- 
mental conic of the polarity. 

^ 8 A polarity in a plane is completely defined if a self-polar triangle is 
given together with one pole and polar pair of which the point is not on a 
side nor the line on a vertex of the triangle# 
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9. Provo Thcoicm 3 analytically 

10. Given a simple plane pentagon, theie exists a iiolaiity in which to each 
vertex coiiesponds the oi>posite side 

11 The three points B\ (7 on the sides J3C, CA, AB oi b, triangle that 
are conjugate in a polauty to the veitices C respectively are collineai 

(cf. Ex 13, p. 125). 

12. Show that a polaiity is completely determined when the two involutions 
of conjugate points on two conjugate lines are given. 

13 Constiuct the polarity determined hy a self-polar tiiangle ABC and an 
involution of conjugate xmints on a line. 

14. Construct the polarity determined by two pole and polai pans yl, a and 
i?, b and one jiair of conjugate points C, 6". 

15 If a triangle BTU is self-polai with regard to a conic and A is any 
point of there are throe triangles having A as a vertex which aie inscribed 
to (7 and circumscribed to STU (Sturm, Die Lehre von den geometnschen 
Verwandtschaften, Yol I, p. 147) 

101, Pairs of conics. If two polarities, i,e. two conics (proper or 
improper), are given, their product is a collineaiiou which leaves 
invariant any point or line which has the same polar or pole with 
regard to both conics. Moreover, any point or line which is not left 
invariant by this colhneation must have different polars or poles 
with regard to the two conics. Hence the points and lines which 
have the same polars and poles with regard to two conics in the 
same plane form one of the five invariant figures of a nonxdentical 
collineation. 

Type /. If the common self-polar figure of the two conics is of 
Type /, it IS a self-polar triangle for both conics. Smee any two conics 
are projectively equivalent (Theorem 9, Chap. VIII), the coordinate 
system may be so chosen that the equation of one of the conics, is 

( 1 ) 

With regard to this conic the triangle (0, 0, 1), (0, 1, 0), (1, 0, 0) is 
self-polar. The general equation of a conic with respect to which this 
triangle is self-polar is clearly 

( 2 ) a^xl — + a^xl ^ 0 . 

An equation of the form (2) may therefore be taken as the equation 
of the other conic, if (1) and (2) have no other common self-polar 
elements than the fundamental triangle. Consider the set of conics 

(3) ^ + ^8*) - 
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The coordinates of any point which satisfy (1) and (2) also satisfy (3). 
Hence all conics (3) pass through the points common to J? and 
For the value X = — ctg, (3) gives the pair of lines 

(4) (fti - aj) xl - (a^ ~ a^) a:| = 0, 

which intersect in (0, 0, 1). The points of intersection of these lines 
with (1) are common to all the conics (3) 

The lines (4) are distinct, unless or But if = 

any point (x^, 0, xj) on the line = 0 has the polar +• = 0 

both with regard to (1) and with regard to (2). The self-polar figure 
is therefore of Type IV In order that this figure be of Type I, the 
three numbers must all be distinct If this condition is 

satisfied, the Imes (4) meet the conics (3) in four distinct points. 



The actual construction of the pomts is now a problem of the second 
degree. We have thus estabhshed (fig. 100) 

Theorem 12. If two conics have a common self ’-polar triangle [and 
no other common self-polar pair of point and line), they intersect in 
four distinct points {proper or improper) Any two conics of the 
pencil determined hy these points have the same self-polar triangle. 
Dually, two such conics have four common tangents, and any two 
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conics of the, range determined hj these coTYimon tangents have the same 
self-polar triangle 

CoiiOLLAKY Any pencil of comes of Type I can be represented by * 

(5) (.«/ - a;®) + X. « — xT) = 0. 

tlie fmr common points heingin this ease (1, 1, 1), (1, 1, — 1), (1, — 1, 1), 
and (— 1, 1, 1). 

Type 11. When the 
common seK-polar figure 
ia of Type II, one of the 
points lies on its polar, 
and therefore this polar is 
a tangent to each of the 
conies A^, B\ Since two 
tangents cannot intersect 
in a point of contact, the 
two lines of the self-polar 
figure are not both tan- 
gents. Hence the point B 
of the self-polar figure 
wliich IS on only one of the lines is the pole of the line I of the figure 
which is on only one of the points (fig 101 ), and the line a on the two 
points is tangent to both conics at the point A which is on the two lines. 

Choose a system of cooi-dinates with A = (1, 0, 0), a — [0, 0, 1], 
1, 0), and Z> = [0, 1, 0 ]. The equation of any conic bemg 

+ 2 2 2 \xgis^= 0 , 

the condition that A he on the conic is £*1 = 0; that a then be tan- 
gent is ig — O; that i then be the polar of .B is \ — 0. Hence the 
general equation of a conic with the given self-polar figure is 

( 6 ) aX + a, * 9 “ + 2 = 0 . 

* Equation (5) is typical for a pencil of conics of Type I, and Theorem 12 is a 
sort of converse to the developments of § 47, Chap. V. The reader will note that 
if the problem of finding the points of intersection of two conics is set up directly, 
it IS of the fourth degree, hut that it is here reduced to a problem of the thud 
degree (the determination of a common self-polar triangle) followed by two quad- 
ratic constructions. This corresponds to the well-known solution of the general 
biquadratic equation (of. Eine, College Algebra, p, 486). For a further discussion 
of the analytic geometry of pencils of conics, cf. Clebsoh-Lindemann, Yorlesungen 
uher Geometrie, 2d ed., Vol. I, Part I (1906), pp. 212 fE. 


B=(010) 
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Since any two conics are projectively equivalent, may be chosen 
to be 

(7) x^+x^+2x^x^^0. 

The equation of then has the form (6), with the condition that 
the two conics have no other common self-polar elements Since the 
figure in which a is polar to A and 6 to ^ can only reduce to Types 
IV or V, we must determine under what conditions each point on a 
or each point on 6 has the same polar with regard to (6) and (7). 
The polar of (as/, x^^ x^) with regard to (6) is given by 

a^x!^x^+ ttgajg'ajg-h \xlx^+ hx^x^^ 0. 

Hence the first case can arise only if — Sg ; and the second only 
if 

Introducing the condition that \ are all distinct, it is then 

clear that the set of conics 

a^xl + a^xl + 2 \x^x^ + X (£c| + x^+2 x^x^) = 0 
contains a line pair for X = — viz the lines 

(^a ^ 2 ) -}- 2 (&2 — ^ 2 ) X^X^ == 0 

Hence the conics have in common the points of intersection with (7) 
of the line 

ag) x^+2 (&2— a^) x^==0 

This gives 

Theorem 13 If two cooncs have a common self-^polar figure of 
Type //, they have three points in common and a common tangent at 
one of them. Dually ^ they have three common tangents and a common 
point of contact on one of the tangents The two conics determine a 
pencil and also a range of conics of Type II. 

Corollary. Any pencil of conics of Type II may be represented 
by the eguation x^'—xl + Xx^x^^O. The conics of this pencil all pass 
through the points (0, 1, 1), (0, 1, — 1), (1, 0, 0) and are tangent to 

Type HI. When the common self-polar figure is of Type Ilf the 
two conics evidently have a common tangent and a common point 
of contact, and only one of each. Let the common tangent be x^ ^ 0, 
its point of contact be (1, 0, 0), and let A^ be given by 

(®) xl+2x^x^^Q, 
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The general equation of a conic tangent to at ( 1 , 0 , 0 ) is 

(0) + 2 + 2 = 0, 

with regard to which the pcdar of any point (.r/, 0 ) on x^:=: 0 is 

given by 

( 1 0 ) + b^xlx^ + l^xlx^ = 0 . 

This will be identical with the polar of (a;/, 0) with regard to 

for all values of xl, if 63 = and \ — 0. Since ( 1 , 0, 0) only is to 
have the same polar with regard to both conics, we impose at least 
one of the conditions \ ^ ag, \ ^ 0, The line (10) will now be 
identical with the polar of ( 8 ) for any point (a;/, x^j, 0 ) satisfying the 
condition , , 

xl 

This quadratic equation must have only one root if the self-polar figure 
is to be of Type IIL This requires and as cannot both 

be 0 unless (9) degenerates, the equation of can be taken as 

( 11 ) xl + 2 x^x^ -h a^xl -h 2 bj^x^x^ = 0 , ( 6 ^ ^ 0 ). 

The conics ( 8 ) and (11) now evidently have in common the points of 
intersection of ( 8 ) with the 
line pair 

and no other points. Since 
is a tangent, this gives 
two common points. If the 
second common point is taken 
to be ( 0 , 0 , 1 ), the set of „ ^ 

conics which have in com- 
mon the points (0, 0, 1) and (1, 0, 0) = ^ and the tangent a at A, 
and no other points, may be written (fig, 102 ) 

( 12 ) xl + 2 (x^x^ + Xx^x^ 0 . 

Thkoeem li. If two conics ham a common self-polar figiire of 
Type Ilf they ham two points in common dni a common tangent 
at one of them) and one other common tangent They determine a 
pencil and a ^range of conics of Type IIL 

^ ^ ' 1 1 t ^ s' ■* 



■ 

A-(lOO) a=[00l] 
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CoROLLAKY A penal of conies of Type III can he represented hy 
tike equation a® + 2 =0. 

Type IV. When the common self-polar figure is of Type IV, let tlie 
line of fixed points he a!g= 0 and its pole be (0, 0, 1) The coordinates 
being chosen as they were for Type I, the conic has the equation 

xl— a® 4- aJ,®= 0 ; 


and any other conic having m common with A® the self-polar tri- 
angle (1, 0, 0), (0, 1, 0), (0, 0, 1) has an equation of the form 

aiX^+a^x^+ a^x^= 0 . 




The condition that every point on ajg = 0 shall have the same polar 
with regard to this conic as with regard to is = — Hence B 
may be written xt+\xl= 

Any conic of this form has the same tangents as A? at the points 
(1, 1, 0) and (1, — 1, 0) (fig. 103). Hence, if X is a variable parameter, 

the last equation represents 
a pencil of conics of Type IV 
according to the classification 
previously made. 

Theorem 15. If two conics 
have a common self-polar 
figure of Type IV, they have 
two points in common and 
the tangents at these points. 
They determine a pencil {which is also a range) of conics of Type IV 
Corollary. A pencil of comes of Type IV may be represented hy 
the equahooi 



Pig. 103 


and also by the eguation 


+Xa3|= 0; 

xl + = 0 . 


Type V. When the common self-polar figure is of Type V, let the 
point of fixed lines be (1, 0, 0) and the line of fixed points be 0. 
As in Type III, let A^ be given by 

( 8 ) xl+2x^x^^Q. 

1 

We have seen, in the discussion of that type, that all points of ajg = 0 
have the same polars with respect to (8) and (9), if in (9) we have 
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7>jj — cf>Q and — 0. Hcnco, if A"" and J{^ are to have a coininoii self- 
polar figure of Type V, the equation of must have tlie form 

(1 1») “I" ^ = 0 

From the form of equations (8) and 
(13) it is evident that the conies have 
in common only the point (1, 0, 0) and 
the tangent = 0, and that every point 
on = 0 has the same polar with re- 
spect to both conics (fig. 104). ITeneo 
they determine a pencil of Typo K 

Tiikorkm 1G. If Pm conics have a mnmon self -polar figure of 
Type V, they have a lineal element (and no other elements) in com- 
mon and determine a pencil (which is also a range) of conics of 
Type V according to the classification already g%ven. 

Corollary. A pencil of conics of Type V can he represented hy the 
equation 

4 " 2 + \Xq 0 



Fig. 104 


As an immediate consequence of the corollaries of Theorems 12—16 
we have 

Tiieorrm 17. Any pencil of conics may he written in the form 

f+\(J:=z 0, 

where f^ 0 and g^Q are the eg%tations of two conics (degenerate or 
oiot) of the pencil. 


EXERCISES 

1. Provo analytically that tho polars of a point P with respect to the 
conics of a pencil all pass through a point Q. Tho points P and Q aie double 
points of the involution determined by the conics of tho pencil on the line PQ 
Give a linear construction for Q (of. Ex. 3, p. 130). Tho coirespondence 
obtained by letting every point P correspond to the associated i>oint Q is a 
‘‘(piadiatio birational transformation,” Detei'mine tho equations r(qiresentiug 
this transformation. The point Q, which is conjugate to P with regard to all 
the conics of the pencil, is called the conjugate of P with respect to the pencil. 
The locus of the conjugates of the points of a line with legard to a i)encil of 
conics 13 a conic (cf. Ex, 31, p, 140). 

One and only one conic passes through four given points and has two 
given iiomds as conjugate points, provided the two given points are not con- 
jugate with respect to all the conics of the pencil determined by the given 
set of four. Show how to construct this conic. 
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3 One conic in general, or a pencil of conics in a special case, passes 
through three given points and has two given pairs of jioints as conjugate 
points. Give the construction 

4 One conic in geneial, oi a pencil of conics in a special case, passes 
thiough two given points and has thiee pans of given points as conjugate 
points ; or passes thiough a given point and has four jiairs of given points as 
conjugate points ; or has five given pans of conjugate points. Give the cor- 
responding constructions for each case 

102, Problems of the third and fourth degrees.* The problem of 
constructing the points of intersection of two conics in the same 
plane is, in general, of the fourth degree according to the classifi- 
cation of geometric problems desenbed m § 83 Indeed, if one of 
the coordinates be eliminated between the equations of two conics, 
the resulting equation is, m general, an irreducible equation of the 
fourth degree. Moreover, a little consideration will show that any 
equation of the fourth degree may he obtained in this way. It 
results that every problem of the fourth degree in a plane may 
he reduced to the problem of constructing the common points (or 
by duality the common tangents) of two conics. Further, the prob- 
lem of findmg the remaining intersections of two conics in a plane 
of which one point of intersection is given, is readily seen to he of 
the third degree, in general; and any problem of this degree can he 
reduced to that of finding the remaining intersections of two conics 
of which one point of intersection is known. It follows that any 
problem of the third or fourth degree in a plane may be reduced 
to that of findmg the common elements of two conics in the 
plane. I 

A problem of the fourth (or third) degree cannot therefore he 
solved by the methods sufficient for the solution of problems of the 
first and second degrees (straight edge and compass) :j: In the case 
of problems of the second degree we have seen that any such prob- 
lem could be solved by linear constructions if the intersections of 

* In this section we have made use of Amodeo, Lezioni dl Geometna Projettiva, 
pp, 436, 437. Some of the exercises are taken from the same hook, pp. 448-461. 

t Moreover, we have seen {p. 289, footnote) that any problem of the fourth 
degree may he reduced to one of the third degree, followed hy two of the second 
degree. 

X ’With the usual representation of the ordinary real geometry we should require 
an instrument to draw conics 
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every line in the plane with a fixed conic in that plane were assumed 
known. Similarly, any problem of the fourth (or third) degree can 
be solved by linear and quadratic constructions if tbe intersections 
of every conic in the plane with a fixed conic in this plane are 
assumed known. Tliis follows readily from the fact that any conic 
in the plane can be transformed by linear constructions into the 
fixed conic. A problem of the third or fouiili degree in a plane 
will then, in the future, be considered solved if it has been reduced 
to the finding of tlie mtersections of two conics, combined with 
any linear or quadratic constructions. As a typical problem of the 
third degree, for example, we give the following: 

To find doiiUe points of a nonperspective eoUineation in a plane 
which is determined hi/ four pairs of homologous points. 

Solution. When four pairs of homologous elements are given, we 
can construct linearly the point or Ime homologous with any given 
point or line m the plane. Let the eoUineation be represented by II, 
and let A be any point of the plane which is not on an invariant 
line. Let TL{A)=:A' and IL{A')—A". The points A, A', A" are then 
not coUinear. The pencil of lines at 
A is projective with the pencil at 
A', and these two projective pencils 
generate a conic which passes 
through aU the double points of II, 
and which is tangent at A' to the 
line A'A" (fig. 106). The conic U* is 
transformed by the eoUineation 11 
into a conic Cl generated by the pro- 
jective pencils of lines at A' and A”. 

Cl also passes through A' and is tangent at this point to the line 
AA'. The double points of II are also points of U*. The point A' 
is not a double point of II by hypothesis. It is evident, however, 
that every other point common to the two conics C* and Cl is a 
double point. 

If U* and Cl intersect again in three distinct points L, M, N, the 
latter form a triangle and the eoUineation is of Type J. If (7® and Cl 
intersect in a point iV, distinct from A', and are tangent to each other 
at a third point the eoUineation has M, N for double points 
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and the line MJHf and the common tangent at M lor double lines 
(fig. 106), it IS then of Type II. If, finally, the two conics have 
contact of the second order at a point L = M=N, distinct from 
the coUineation has the smgle double Ime which is tangent to the 
conics at this pomt, and is of Type III (fig. 107). 




I’m. 106 



EXERCISES 

1. Give a discussion of the problem above without making at the outset 
the hypothesis that the collineation is noniieispective. 

2 Construct the double pans of a correlation in the plane, which is not 
a polaiity. 

3. Given two xiolanties in a plane, construct their common pole and 
polar pail 3 

4- On a line tangent to a conic at a jicint A is given an involution I, and 
fiom any jiair of conjugates P, P' of I aie drawn the second tangents p, to 
the conic, their i:>oints of contact being Q, Q' i esiiectively . Show that the locus 
of the pomt pp' is a line, Z, x>assing through the conjugate, A\ of A in the invo- 
lution I, and that the line QQ' passes through the pole of I with les^iect to 
the conic. 

5. Construct the conic which is tangent at two points to a given conic and 
which passes through three given iioints 13iiali/e 

6. The lines joining pairs of homologous points of a noninvohitoric p>ro- 
jectivity on a come aie tangent to a second conic B'^ which is tangent to 
A^ at two points, or which hyperosculates A^. 

7. A xicncil of conics of Type II is determined by ilmee jioints d, (7 
and a line c through C. What is the locus of the xiomts of contact of the 
conics of the pencil with the tangents drawn from a given point P of c? 

8. Construct the conics which pass through a given point P and which are 
tangent at two points to each of two given conics. 

9. If/=0, ^=0, 74 = 0 are the equations of thice conics in a jilaiie not 
belonging to the same xiencil, the system of conics given by the equation 

X/+ pg + vh = 0, 
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X, /A, V being vanablo paiaineterH, is called a hnmUe of comes Thioiigli evoiy 
point of the plane passes a p(*ncil of conies belonging to iJiis bundle ; thiough 
any two distmet pointH passes in geneial one and only one eoine of the bundle 
If the conies y, /y, h have a jionit m common, this point is common to all the 
conics of the bundle. Give a noualgebiaic definition of a bundle of conics. 

10 The set of all conics in a plane passing through the vertices of a triangle 
form a bundle. If the eipiations of the sides of this tiiangle are f = 0, ?« = 0, 
n = 0, show that the bundle may be represented by the e<j[uation 

Xwm + ijLiil + vim = 0. 

What are the degenerate comes of this bundle?^ 

11. The sefc of all conics in a ]>lane which have a given tiiangle as a self- 

polai triangle forms a Imndle. If the equations of the sides of this tiiangle aie 
^ = 0, = 0, n = 0, show that the bundle may be represented by the equation 

What are the degenerate conics of this bundle ? 

12. The conics of the bundle described in Ex. 11 which iiass through a 
general point P of the plane pass thiough the other three veitices of the 
quadrangle, of which one vertex is P and of which the given triangle is the 
diagonal triangle. What happens when P is on a side of the given triangle ? 
Dualize. 

13. The reflections whose centeis and axes aie the vertices and opposite 
sides of a triangle foim a commutative gioup. Any point of the jilane not 
on a side of the triangle is transformed by the operations of this group into 
the other three vertices of a complete quadrangle of which the given triangle 
is the diagonal triangle If this tiiangle is taken as the reference triangle, 
what are the equations of transformation ? What conics are transformed into 
themselves by the group, and how is it associated with the quadrangle- 
quadrilateral configuration ? 

14. The necessary and suflicient condition that two reflections be com- 
mutative is that the centei of each shall be on the axis of the other* 

15. The invariant figure of a collineation may he regarded as composed of 
two lineal elements, the five types corresponding to various special relations 
between the two lineal elements. 

16. A correlation which transforms a lineal element Aa into a lineal 
element Bh and also transforms Bb into Aa is a polarity 

1*7 IIow many collmeatious and correlations are in the group geneiated 
by the reflections whose centers and axes are the vertices and opposite sides 
of a triangle and a polarity with regard to which the triangle is self-iiolai ? 

* In connection with this and the two following exercises, of. Castelnuovo, 
Lezioni di Geometria AnaUtioa e Frojettiva, Voh I, p. 896. 



CHAPTER XI 

FAMILIES OF LINES 

103. The regulus. The following theorem, on which depends the 
existence of the figures to be studied in this chapter, is logically 

equivalent (in the presence of Assump- 
tions A and E) to Assumption P. It 
might have been used to replace that 
assumption 

Theorem 1. If are three 

mutually skew lines, and %f 

are four lines each of which meets 
each of the lines l^, l^, then any line l^ 
which meets three of the lines m,^, 
mg, also meets the fourth. 

Proof The four planes l^m^, 
l^m^, of the pencil with axis are 
perspective through the pencil o£ points 
on l^ with the four planes l^m^, l^m^, 
pencil with axis l^ 
(fig. 108). Tor, by hypothesis, the lines 
of intersection m^, of the 

pairs of homologous planes all meet 
The set of four points in which the four planes of the pencil on \ 
meet l^ is therefore projective with the set of four points in which 
the four planes of the pencil on meet l^. But l^ meets three of the 
pairs of homologous planes in points of their lines of intersection, 
since, by hypothesis, it meets three of the lines m^, m^, Hence 

in the projectivity on there are three invariant points, and hence 
(Assumption P) every point is invariant Hence l^ meets the remain- 
ing Ime of the set m^, 

* All the developments of this chapter are on the basis of Assumptions A, E, P, Hq. 
Bat see the exercise on page 261 
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Definition. If are three lines no two of which ate in the 

same plane, the sot of all lines which meet each of the three given Im^ 
IS called a regidns The lines are called direetriGes of this regains. 

Id is clear that no two lines of a regulus can intersect, for other- 
wise two of the directrices would lie in a plane. The next theorem 
follows at once from the definition. 

Theorem 2. Tf I ijj, arc three lines of a regulus of which 
mjj are directrices, are lines of the regulus of which 

l^, l„, /jj are directrices 

It follows that any three lines no two of which lie in a plane are 
directrices of one and only one regains and are hnes of one and only 
one regulus. 

Definition. Two reguli which are such that every line of one 
meets all the lines of the other are said to be conjugate. The lines of 
a regulus are called its generators or rulers ; the lines of a conjugate 
regulus are called the directrices of the given regulus. 

Theorem 3. JEmry regtdus has one and only one conjugate regxdus. 

This follows immediately from the precedmg. Also from the proof 
of Theorem 1 we have 

Theorem 4 The correspondence Theorem 4'. The correspond- 
established ly the lines of a regu- ence established by the lines of a 
lus between the points of two hnes regulus between the planes on any 
of its conjugate regulus is projec- two lines of its conjugate regulus 
tive. is projective. 

Theorem 5. The set of all lines Theorem 6'. The set of all lines of 
joining pairs of homologous 'points intersection of pairs of homologous 
of two projective pencils of points planes of two projective pencils of 
on shew lines is a regulus, planes on shew lines is a regulus. 

Proof We may confine ourselves to the proof of the theorem on 
the left. By Theorem 6, Chap, III, the two pencils of points are 
perspective through a pencil of planes. Every line joining a pair of 
homologous points of these two pencils, therefore, meets the axis of 
the pencil of planes. Hence all these lines meet three (neces^sarily 
skew) lines, namely the axes of the two pencils of points and of the 
pencil of planes, and therefore satisfy the definition of a regulus. 
Moreover, every hne which meets these three lines joins a pair of 
homologous points of the two pencils of points. 
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Theorem 6. If \_p\ are the lines of a regnlus and q is a directrix 
of the regulus, the pencil of points q [p] is projective with the pencil 
of planes q\_p\ 

Proof Let f be any other directrix By Theorem 4 the pencil of 
points g[^] IS perspective with the pencil of points g!{p\ But each 
of the points of this pencil lies on the corresponding plane qp. 
Hence the pencil of points f[p'] is also perspective with the pencil 
of planes q{p\ 


EXERCISES 

1. Every point which is on a line of a regulus is also on a line of its 
conjugate regulus 

2. A plane which contains one line of a legulus contains also a line of its 
conjugate regulus. 

3 Show that a regulus is uniquely defined by two of its lines and thiee 
of its points,* provided no two of the latter aie coplanar with either of the 
given lines 

4 If four lines of a legulus cut any line of the conjugate regulus in points 
of a harmonic set, they aie cut by every such line in points of a harmonic 
set. Hence give a construction for the harmonic conjugate of a line of a 
regulus with respect to two other lines of the legulus 

5. Two distinct reguli can have in common at most two distinct lines. 

6 Show how to construct a regulus having in common with a given 
regulus one and but one luler 

104 . The polar system of a regulus. A plane meets every line of 
a regulus in a point, unless it contains a line of the regulus, in which 
case it meets aU the other hnes in pomts that are collmear. Since 
the regulus may be thought of as the lines of intersection of pairs of 
homologous planes of two projective axial pencils (Theorem 5'), the 
section by a plane consists of the points of intersection of pairs of 
homologous lines of two projective flat pencils. Hence the section 
of a regulus by a plane is a point conic, and the conjugate regulus 
has the same section. By duality the projection of a regulus and its 
conjugate from any point is a cone of planes. 

The last remark implies that a line conic is the «« picture in a plane ol 
a regulus and its conjugate For such a picture is clearly a plane section of 
the piojection of the object depicted from the eye of an observer. Fig. 108 
illustrates this fact. , 


* By a point of a regulus is meant any point on a line of the regulus. 



§X04] 


THE EEaULUS 


30 


The section of a regains by a plane containing a line of the regi 
lus IS a degenerate conic of two lines. The plane section can neve 
degenerate into two coincident lines because the lines of a reguli 
and its conjugate are distinct from each other. In like manner, th 
projection from a point on a line of the regulus is a degenerate cor 
of planes consisting of two pencils of planes whose axes are a ruh 
and a directrix of the regulus. 

Definition, The class of all points on the lines of a regulus 
called a BttrfacG of the second order or a quadric surface. The plane 
on the lines of the regulus are called the tangent planes of the su 
face or of the regulus. The point of intersection of the two lines c 
the regulus and its conjugate in a tangent plane is called the poi^ 
of contact of the plane. The lines through the point of contact in 
tangent plane are called tangent Uqus^ and the j)oint of contact of th 
plane is also the point of contact of any tangent line. 

The tangent lines at a point of a quadric surface include the line 
of the two conjugate roguli through this point and all other line 
through this point which meet the surface in no other point. An 
other Ime, of course, meets the surface in two or no points, since 
plane through the line meets the surface in a conic. The tanger 
Imes are, by duality, also the lines through each of which passes onl 
one tangent plane to the surface. 

Theorem 7 The tangent planes at the points of a plane section q 
a quadric surface pass through a point and constitute a cone of plane 
Dually^ the points of contact of the cone of tangent planes through 
point are coplanar and form a point conic. 

Proof It will suffice to prove the latter of these two dual theorem 
Let the vertex P of the cone of tangent planes be not a point of th 
surface. Consider three tangent planes through P, and their points c 
contact. Tlie three lines from these points of contact to P are tax 
gent lines of the surface and hence there is only one tangent plan 
through each of them. Hence they are lines of the cone of lines ass( 
oiated with the cone of tangent planes. . Let tt be the plane throng 
their pomts of contact. The section by tt of the cone of j>lanes throng 
P is therefore the conic determined by the three points of conta( 
and the two tangent Imes in which two of the tangent planes me( 
TT. The plane tt, however, meets the regulus in a conic of which tt 
three points of contact are points. The two lines of intersection wit 
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TT of two of the tangent planes through P are tangents to this conic, 
because they cannot meet it in more than one point each The section 
of the surface and the section of the cone of planes then have three 
points and the tangents through two of them in common. Hence these 
sections are identical, which proves the theorem when P is not on 
the surface. 

If P is on the surface, the cone of planes degenerates into two Imes 
of the surface (or the pencils of planes on these Imes), and the points 
of contact of these planes are all on the same two lines. Hence the 
theorem is true also in this case 

Definition. If a point P and a plane tt are so related to a regulus 
that all the tangent planes to the regulus at points of its section 
by TT pass through P (and hence all the points of contact of tangent 
planes through P are on tt), then P is called the pole of tt and tt the 
polar of P with respect to the regulus. 

COKOLLARY. A tangent plane to a regulus is the polar of %ts point 
of contact 

Theorem 8. The polar of a point P not on a regulus contains all 
points P' such that the hne PP' meets the surface in two points which 
are harmonic conjugates with respect to P, PJ 

Proof Consider a plane, a;, through PP' and containing two lines 
a, 6 of the cone of tangent lines through P. This plane meets the 
surface in a conic to which the lines a, 6 are tangent. As the polar 
plane of P contains the points of contact of a and 6, its section by a 
IS the polar of P with respect to C\ Hence the theorem follows 
as a consequence of Theorem 13, Chap. V. 

Theorem 9. The polar of a point of a plane tt with respect to a 
regulus meets tt in the polar line of this point with regard to the conic 
which is the section of the regulus 'by ir. 

Proof By Theorem 8 the line in which the polar plane meets tt 
has the characteristic property of the polar line with respect to a conic 
(Theorem 13, Chap. V). This argument applies equally well if the 
conic is degenerate. In this case the theorem reduces to the following 

Corollary. The tangent lines of a regulus at a point on it are 
paired in an involution the double lines of which are the ruler and 
directrix through that point Each line of a pair contains the polar 
points of all the planes on the other line. 
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Theorem 10 The polar s with regard to a regulus of the points of 
a line I are an axial pencil of planes po^ojcctiDe with the pencil of 
points on L 

Proof In case the given line is a line of the regulus this reduces 
to Theorem 6. In any other case consider two planes through I In 
each plane the polars of the points of I determine a pencil of lines 
projective with the range on I Hence the polars must all meet the 
line joining the centers of these two pencils of lines, and, being per- 
spective with either of these pencils of lines, are projective with the 
range on h 

Definition A line V is polar to a line I if the polar planes of the 
points of I meet on V. A line is conjugate to I if it meets V. A point 
P is conjugate to a point P if it is on the polar of P. A line p is 
conjugate to P if it is on the polar of P. A plane tt' is conjugate to 
a plane tt if tt' is on the pole of tt, A line p is conjugate to tt if it 
IS on the pole of tt. 


EXERCISES 

Polar points and planes with respect to a regulm are denoted hy corresponding 
capital Roman and small Greek letters* Conjugate elements of the same kind are 
denoted hy the same letters with primes 

1 If IT IS on Ri then P is on p* 

2. If I is polar to then I is polar to L 

3. If one element (point, line, or plane) is conjugate to a second element, 
then the second element is conjugate to the first, 

4* If two lines intersect, their two polar lines intersect. 

6. A ruler oi a dixectrix of a regulus is polar to itself. A tangent line is 
polar to its harmonic conjugate with regard to the ruler and directrix through 
its point of contact. Any other line is skew to its polar. 

6. The points of two polar lines are conjugate. 

7. The pairs of conjugate points (or planes) on any line form an involu- 
tion the double points (planes) of which (if existent) are on the regulus. 

8. The conjugate lines in a fiat pencil of which neither the center nor the 
plane is on the regulus form an involution. 

9. The line of intersection of two tangent planes is polar to the line 
joining the two points of contact. 

10 A line of the regulus which meets one of two polar lines meets the other. 

11. Two one- or two-dimensional forma whose bases are not conjugate or 
polar are projective if conjugate elements correspond. 

12. A line I is conjugate to I' if and only if some plane on I is polar to 

some point on ■ 
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13 Show that theie are two (proper or improper) lines r, s meeting two* 
given lines and conjugate to them both Show also that r is the polar of s, 

14 If a, 6, c aie thiee generators of a legulus and a', h\ c' three of the con- 
jugate regulus, then the three diagonal lines joining the points 

(he') and (h'c), 

(o' a) and (ca'), 

(ah') and (a'h) 

meet in a point S which is the pole of a plane containing the lines of intersec- 
tion of the pairs of tangent planes at the same vertices. 

15 The SIX lines a, 6, c, h' ^ c' of Ex. 14 determine the following tiios 

of simple hexagons 

(hc'ah'ca ') , (ha'ac'ch'), (hh'aa'cc'), 

(hc'aa'cb')i (hh'ac'ca')^ (ha'ah'cc'). 

The points S determined by each trio of hexagons aie collmear, and the two 
lines on w'hich they lie are polar with legard to the quadric suiface * 

16 The section of the figuie of Ex 14 by a plane leads to the Pascal 
and Biiancbon theorems , and, in like manner, Ex 15 leads to the theoiem 
that the 60 Pascal lines corresponding to the 60 simple hexagons foimed 
fiom 6 points of a conic meet by threes in 20 points which constitute 10 
pairs of points conjugate with regaid to the conic (cf. Ex. 19, p 138). 

105. Projective conics. Consider two sections of a regnlns by 
planes which, are not tangent to it. These two conics are both per- 
spective with any axial pencil of a pair of axial pencils winch generate 
the regulus (cf. § 76, Chap. VIII). The correspondence established 
between the conics by letting correspond pairs of points which lie on 
the same ruler is therefore projective On the hne of mtersection, Z, 
of the two planes, if it is not a tangent line, the two conics determine 
the same involution I of conjugate points Hence, if one of them inter- 
sects this Ime in two points, they have these two points in common. 

If one IS tangent, they have one common point and one common 
tangent. The projectivity between the two conics fully determines a 
projectivity between their planes in which the line I is transformed 
into itself. The involution I belongs to the projectivity thus deter- 
mined on I The converse of these statements leads to a theorem 
wliich is exemplified in the familiar string models : 

Theorem 11, The lines pining corresponchng points of two pro- 
jecHre conics in different planes form a regulus, provided the two 
comes determine the same inmlutwn, I, of conjugate points on the 

* Cf Sanma, Lezioni di Geometna Projettiva (Naples, 1896), pp. 262-263. 
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line of intersection, I, of the two planes; a'tid provided tlie eollineation 
hetwcen the two planes determined hy the eorrespondemee of the conies 
transforms I into itself hy a 2 >rojectivity to which I belongs (in par- 
tieular, if the co7iics meet in two which are self -corresponding 

in the projeetimty). 

Proof. Let L be the pole with regard to one coiuc of the hue of 
iutersectiou, I, of the two planes (fig. 109). Let A and B he two 




points of this conic coUineai’ with L and not on 1. The conic is gen- 
erated by the two pencils A\P] and B[P'] where P and P' are con- 
jugates in the involution I on I (cf. Ex. 1, p. 137). Let A and 
B be the points homologous to A and B on the second conic, and let 
A be the point in which the second conic is met by the plane con- 
taining A, A, and the tangent at and let B be the point in which 
the second conic is met by the plane of B, B, and the tangent at B. 

The line AB contains the pole of I with regard to the second conic 
because this hue is projective with A B. Smee the tangents t^ the 
first conic at A and B meet on I, the complete qnaikangle AABB has 
one diagonal point, the intersection of AA and BB, on I ; hence the 



306 


FAMILIES OF LINES 


[Chap. XI 


opposite side of the diagonal triangle passes through the pole of L 
Hence it intersects AB m the pole of I But the intersection of AB 
with AB is on this diagonal line. Hence AB meets AB in the pole 
of L Hence the pencils A [P] and B [P'] generate the second conic. 
Hence, denoting by a and 6 the hues AA and BB, the pencils of planes 
a [P] and I [P'] are projective and generate a xegulus of which the 
two conics are sections 

* The projectivity between the planes of the two conics established 
by this regulus transforms the Ime I into itself by a projectivity to 
which the involution I belongs and makes the pomt A correspond 
to 2. The projectivity between two conics is fully determined by 
these conditions (cf. Theorem 12, Cor. 1, Chap. VIII). Hence the 
Imes of the regulus constructed above join homologous points in the 
given projectivity. Q e.d. 

It should be observed that if the two conics are tangent to Z, the 
projectivity on I fully deternunes the projectivity between the two 
conics. For if a pomt P oil corresponds to a pomt Q of Z, the unique 
tangent other than Z through P to the first conic must correspond to 
the tangent to iJie second conic from Q. If the projectivity between 
the two conics is to generate a regulus, the pfojectmty on Z must be 
parabolic with the double point at the point of contact of the comes 
with Z. For if another point P is a double point of the projectivity 
on Z, the plane of the tangents other than Z, through D to the two 
Bonics meets each conic in one and only one point, and, as these 
pomts are homologous, contains a straight line of the locus generated. 
As this plane contains only one point on either conic, it meets the 
locus in only one hne, whereas a plane meeting a regulus m one 
line meets it also in another distinct hne. 

Smee the parabohe projectivity on Z is fully determined by the 
double point and one pair of homologous points, the projectivity be- 
tween the two conics is fully determmed by the correspondent of one 
point, not on Z, of the first conic 

To show that a projectivity between the two conics which is para- 
bolic on Z does generate a regulus, let A be any point of the first 
conic and A^ its correspondent on the second (fig, 110). Let the 
plane of A^ and the tangent at A meet the second conic in A^K 
Denote the common point of the two conics by P, and consider the 
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two conics as generated by the flat pencils at A and J? and at A^^ 
and II The correspondence established between the two flat peucilf 
at />* by letting correspoiKl lines joining B to homologous points ol 
the two conics is pei’spective because tlie line I corresponds to itself. 
Hence there is a pencil of 
planes whose axis, h, passes 
through J3 and whose planes 
contain homologous pairs 
of lines of the flat pencils 
at 7> The correspondence 
established in like manner 
between the flat pencil at A 
and the flat pencil atyFmay 
be regarded as the product 
of the projectivity between 
the two planes, which car- 
ries the pencil at A to the 
pencil at A^, followed by 
the projectivity between the 
pencils at A^ and -4" generated by the second conic. Both of these 
projectivities determine parabolic projectivities on I with B as inva- 
riant point. Hence their product determines on I either a parabolic 
projectivity with B as invariant point or the identity. Tins product 
transforms the tangent at A into the line As these lines meet 
I in the same point, the projectivity determined on I is the identity. 
Hence corresponding lines of the projective pencils at A and A" meet 
on Z, and hence they determine a pencil of planes whose axis is a A 

The axial pencils on a and 5 are projective and hence generate a 
regulus the lines of which, by construction, pass through homologous 
points of the two conics. We are therefore able to supplement 
Theorem 11 by the following 

COROLLAEY 1. The lines joining corresponding points of two pro- 
jective conics in dijferent planes form a reguhts^ if the two conics 
have a common tangent and point of contact and the projectivity 
determined letween the two planes ly the projectivity of the conics 
transforms their common tangent into itself and has the common 
point of the two conics as its only fixed point 
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Tlie generation of a regulus by projective ranges of points on skew 
lines may be regarded as a degenerate case of tins theorem and cor- 
ollary. A further degenerate case is stated in the first exercise 

The proof of Theoieni 11 given above is moie complicated than it would 
have been if, under Pioposition Kg, we had made use of the points of intei- 
section of the line I with the two conics But since the discussion of linear 
families of lines in the following section employs only pioper elements and 
depends in part on this theoiem, it seems more satisfactory to piove this 
theorem as we have done It is of comse evident that any theoiem i elating 
entirely to proper elements of space which is jiroved with the aid of Pi oposi- 
tion Ku can also be proved by an argument employing only pioper elements. 
The latter form of pi oof is often much moie difficult than the foimer, but it 
often yields more information as to the constructions related to the theoiem. 

These results may be applied to the problem of passmg a quadric 
surface through a given set of points in space. Proposition Kg will be 
used m this discussion so as to allow the possibility that the two con- 
jugate regull may be improper though intersecting in proper points. 

Corollary 2. If three jplanes £*:, 7 meet in three lines a = ^87, 

c — and contain three comes (7^ of which and (f 

meet in two •points P, P' of a, (f and A? meet in two points of 6, 
and A? and B^ meet in two points B^B! of c, then there is one and hut 
one quadric surface * containing the points of the three conics. 

Proof Let M be any pomt of (7®. The conic is projected from 
Jf by a cone which meets the plane a m a conic which intersects A® 
in two pomts, proper or improper or coincident, other than B and P'. 
Hence there are two lines m, m', proper or improper or coincident, 
through M which meet both A® and P®. The projectivity determined 
between A® and P® by either of these lines generates a regulus, or, 
in a special case, a cone of lines, the lines of which must pass through 
all pomts of (7® because they pass through P, P', Q, and M, all of 
which are points of C®. 

The conjugate of such a regulus also contains a line through M 
which meets both A® and P®. Hence the lines m and determine 
conjugate reguh if they are distinct. If coincident they evidently de- 
termine a cone. The three conics being proper, the quadric must con- 
tam proper points even though the Imes m, m^ are improper. 

* In this corollary and in Theorem 12 the term quadnc surface must he taken 
to include the pomts on a cone of lines as a special case. 
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ir SIX points 1, 2, 3, 4, 6, 6 are yivon, no four of whidi are eo- 
planar,''' there evidently exist two planes, or and /3, each contaminpr 
three of the points and liavuig none on their line of intersection. 



Assign the notation so that 1, 2, 3 are in a. A quadric surface which 
contains the six points must meet the two planes in two conics A®, 
jy® which meet the line in. a common point-pair or point of 

contact ; and every pomt-pair, proper or improper or coincident, of e 
determines such a pair of conics. 

Let us consider the problem of determining the polar plane a of 
an arbitrary pomt 0 on the line c. The polar hnes of 0 with regard 
to a pair of comes A® and A® meet c in the same point and hence 
determine a. If no two of the points 1, 2, 3, 4, 6, 6 are collinear 
with 0, any line I in the plane a determines a unique conic A® with 
regard to which it is polar to 0, and which passes through 1, 2, 3. 
A* determines a unique conic P® which passes through 4, 5, G and 
meets c in the same points as A®; and with regard to tliis conic 0 

• The contraction ol a quadric surface through nine points bv the method used 

in the text is given in Bohn and Papperitz, Darstellende Geometrie. Vol 11 
(lAipzig, 1896), §§676, 677 “Bine, voi. ii 
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has a polar lino m. Thus there is established a one-to-one corre- 
spondence n between the hues of a and the lines of This corre- 
spondence IS a collineation For consider a pencil of lines [/] in a. 
The conics determined by it form a pencil. Hence the point-pairs 
in which they meet c are an involution Hence the conics i?® deter- 
mined by the point-pairs form a pencil, and hence the lines [m] form 
a pencil. Since every line I meets its corresponding line m on c, the 
correspondence II is not only a collineation but is a perspectivity, 
of which let the center be C. Any two corresponding lines I and m 
are coplanar with C. Hence the polar planes of 0 with regard to 
quadrics through 1, 2, 3, 4, 5, 6 are the planes on C, 

This was on the assumption that no two of the points 1, 2 , 3, 4, 5, 6 
are coUinear with 0 If two are colhnear with 0, every polar plane 
of 0 must pass through the harmonic conjugate of 0 with regard to 
them. This harmonic conjugate may be taken as the point C. 

Now if nine points are given, no four being in the same plane, the 
notation may be assigned so that the planes a:= 123, ^ = 456, 7 = 789 
are such that none of their lines of intersection a = ^ 7 , 
contams one of the nine points Let 0 be the point 0:^7 (or a point 
on the Ime if yS, and 7 are in the same pencil) By the argu- 
ment above the polars of 0 with regard to all quadrics through the 
six points in a and y8 must meet in a point C, The polars of 0 with 
regard to all quadrics through the six points in yS and 7 must simi- 
larly pass through a point A, and the polars with regard to aU quad- 
rics through the six pomts in 7 and a must pass through a point B. 

‘If A, B, and 0 are not collinear, the plane (o^ABG must be the 
polar of 0 with regard to any quadric througli the nine points. The 
plane m meets y 8 , and 7 each in a line which must be polar to 0 
with regard to the section of any such quadric But this determines 
three conics A? m a, B^ bi yS, and in 7 , which meet by pairs in 
three point-pairs on the lines a, 6 , c. Hence if a:, y 8 , 7 are not in the 
same pencil, it follows, by Corollary 2, that there is a unique quadric 
through the nine points. If a, yS, 7 have a line in common, the three 
conics meet this line in the same point-pair. Consider a 

plane or through 0 which meets the conics C® in three point- 

pairs. These point-pairs are harmonically conjugate to 0 and the 
trace, s, on cr of the plane co. Hence they lie on a conic which, 
with A^ and B^, determines a unique quadric. The section of this 
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quadric by the plane y has in common with two point-pairs and 
the polar pair 0, s. Hence the quadric has as its section by y, 

.. In case A, B, and C are collinear, there is a pencil of planes q> which 
meet them. There is thus determined a family of quadrics which is 
called a pencil and is analogous to a pencil of conics. In case A, B, 
and 0 coincide, there is a bundle of possible planes o) and a quadric is 
determined for each one. This family of (piadrics is called a bundle. 
Without inquiring at present under what conditions on the points 
1, 2, • -,9 these cases can arise, we may state the following theorem : 

Theorem 12. Through nine pomts no four of which are coplmiar 
there passes one quadric surface or a pencil of quadrics or a bundle 
of quadrics. 

EXERCISES 

1. The lines joining homologous points of a jirojoctive conic and stiaight 
line foim a regulus, ijrovided the line meets the conic and is not coplanar 
with it, and their point of intersection is self-csorresponding. 

2. State the duals of Theorems 11 and 12. 

3. Show that two (proper or impxoper) conjugate leguli pass through t^^o 
conics in different jilanes having two points (proper or improiicr or coincident) 
in common and through a jioint not in the plane of either conic. Two such 
conics and a point not in either plane thus determine one quadric surface. 

4 . Show how to constmct a regains passing through six given points 
and a given line 

106. Linear dependence of lines. Definition, If two lines are co- 
plauar, the lines of the flat pencil containing them both are said to 
he linearly dependent on them. If two lines are skew, the only lines 
linearly dependent on them are the two lines themselves. On three 
skew lines are linearly dependent the lines of the regulus, of which 
they are rulers. If Zg, • • • , I,, are any number of lines and - • * , 

are lines such that is linearly dependent on two or three of Zg, • • ■ , 

and is linearly dependent on two or three of • • •, m^, and 

•so on, being linearly dependent on two or three of Zg,* • *, Z,^, 

??^ 2 , - - *, then is said to be linearly dependent on Z^ Zg, * • • , Z„. 
A set of n lines no one of which is linearly dependent on the n — 1 
others is said to be Imearly independent 

As examples of these definitions there arise the following cases of 
linear dependence of lines on three linearly independent lines which 
may be regarded as degenerate cases of the regulus. (1) If lines a 
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and h intersect in a point P, and a line c skew to both of them meets 
their plane in a point Q, then m the first place all lines of the pencil 
ah are linearly dependent on a, 6, and c ; since the line QP is in this 
pencil, all lines of the pencil determined by QF and c are m the set 
As these pencils have in common only the line QF and do not con- 
tain three mutually skew lines, the set contains no other lines. 
Hence in this case the lines Imearly dependent on a, 6, c are the flat 
pencil ah and the flat pencil (c, QF). (2) If one of the lines, as a, meets 
both of the others, which, however, are skew to each other, the set df 
Imearly dependent lines consists of the flat pencils ah and ac This 
is the same as case (1) (3) If every two intersect but not all in the 
same point, the three lines are coplanar and all lines of their plane 
are hnearly dependent on them. (4) If all three intersect m the same 
point and are not coplanar, the bundle of Imes through their common 
point is Imearly dependent on them. The case where all three are 
concurrent and coplanar does not arise because three such lines are 
not independent. 

This enumeration of cases may be summarized as follows : 

Theorem 13, Definition. The set of all hues hnearly dependent 
on three linearly independent hues is either a regidns, or a hnndle of 
hnes^ or a plane of lines, or two flat pencils having different centers 
and planes hut a common Line. The last three sets of lines are called 
degenerate reguli. 

Definition. The set of all lines linearly dependent on four linearly 
independent lines is called a linear congruence The set of all lines 
linearly dependent on five linearly independent lines is called a linear 
complex * 

107. The linear congruence. Of the four lines a, h, c, d upor 
which the hues of the congruence are linearly dependent, 6, c, d, 
determine, as we have ]ust seen, either a regulus, or two flat pencils 
with different centers and planes but with one common line, or a 
bundle of lines, or a plane of hues. The lines &, c, d can of course be 
replaced by any three which determine the same regulus or degen- 
erate regulus as J, c, d 

* The terms corigruence and complex are general terms to denote two- and three- 
parameter families of lines respectively For example, all lines meeting a curve or 
all tangents to a surface form a complex, while all lines meetmg two curves or all 
common tangents of two surfaces are a corgruence. 
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So in case J, c, d determme a noudegenerale regulus of which a is 
nol a directrix, the congruence can be regarded as deternimed by four 
mutually skew lines. In case is a directrix, the hues linearly de- 
pendent on &, e, d clearly include all tangent lines to the regulus 
hcd, whose points of contact are on a. But as a is in a flat pencil 
with any tangent whose point of contact is on a and one of the 
rulers, the family of lines dependent on a, 6, c, d is the family de- 
pendent on &, c, d and a tangent line which does not meet &, c, d. Hence 
in either case the congruence is determined by four skew lines. 

If one of the four skew hues meets the regulus determined by the 
other three in two distinct points, F, <3, the two directrices j?, q 
through these points meet all four lines. The line not in the regulus 
determines with the rulers through P and Q, two flat pencils of lines 
which join P to all the points of q, and Q to all the points of p 
From this it is evident that all hues meeting hoth p and q are linearly 
dependent on the given four. For if is any point on p, the line 
FyQ and the ruler through determine a flat pencil joining to 
all the points of q\ similarly, for any point of g. No other lines 
can be dependent on them, because if three lines of any regulus 
meet p and g, so do all the lines. 

If one of the four skew lines is tangent to the regulus determined 
by the other three in a point P, the family of dependent lines in- 
cludes the regulus and all lines of the flat pencil of tangents at P. 
Hence it includes the directrix p through P and hence all the tangent 
lines whose points of contact are on p By Theorem 6 this family 
of hnes can be described as the set of all lines on homologous pairs 
in a certain projectivity 11 between the points and planes of jp. Any 
two lines in this set, if they intersect, detenmne a flat pencil of lines 
in the set. Any regulus determined by three skew lines m, n of 
the set determines a projectivity between the points and planes on p^ 
but this projectivity sets up the same correspondence as H for the 
three points and planes determined by Z, and n. Hence by the 
fundamental theorem (Theorem 17, Chap. IV) the projectivity deter- 
mined by the regulus Imn is the same as 11, and aU lines of the 
regulus are in the set. Hence^ when one of four ehew lines is tangent 
to the regulus of the other three^ the family of dependent lines consists 
of a regulus and all lines tangent to it at pomts of a direetrico. The 
directrix is itself in the family. 
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II no one of the four skew lines meets the regnlus of the other 
three m a proper pomt, we have a case studied more fully below. 

" In case I, c, d determme two fiat pencils with a common hue, a 
may meet the center A of one of the pencils The hneardy dependent 
hues, therefore, mclude the bundle whose center is A The plane of 
the other flat pencil passes through A and contains three noncon- 
current Imes dependent on m, h, c, d. Hence the family of lines also 
includes all hues of this plane. The family of all Imes through a 
pomt and all hues in a plane containmg tliis point has evidently 
no further hues dependent on it This is a degenerate case of a con- 
gruence If a is in the plane of one of the flat pencils, we have, by 
duality, the case ]ust considered. If a meets the common line of the 
two flat pencils m a point distinct from the centers, the two flat 
pencils may be regarded as determmed by their common luie d' and 
by hues i' and e', one from each pencil, not meeting a. Hence the 
famil y of lines indudes those dependent on the regulus ah'c' and its 
du-ectnx d'. This case has already been seen to yield the family of all 
Imes of the regulus cih'c' and all Imes tangent to it at pomts of d'. 



If a does not meet the common line, it meets the planes of the 
two pencils in points C and D. Call the centers of the pencils A and 
£ (fig. 112). The first penal consists of the Imes dependent on Mi* 
and A£, the second of those dependent on AS and BC. As CJD is 
the line a, the famdy of Imes is seen to consist of the lines which 
are linearly dependent on AB, BC, CD, DA Since any point of JBD 
is joined by lines of the family to A and C, it is jomed by hues of 
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the family to every point of J C Hence this (lase gives tlie family 
of all lines meeting both AC ami BD, 

In case h, c, d determine a bundle of lines, a, being independent of 
them, does not pass through the center of the bundle. Hence the 
family of dependent hues includes all lines of the plane of a and the 
center of the bundle as well as the bundle itself. 

Lastly, if J, 0 , d are coplauar, we have, by duality, the same case as 
if c, d were concurrent. We have thus proved 

Theorem 14. A linear congruence is either (1) a set of hnes 
linearly dependent on four linearly independent sheio lines, such that 
no one of them meets the regulus containing the other three in a proper 
point, or (2) it is the set of all lines meeting hvo shew lines; or (3) 
it is the set of all riders and tangent lines of a given regulus which 
meet a fixed directrix of the regulus , or (4) it consists of a bundle 
of lines and a plane of lines, the center of the bundle being on the 
plane, 

Deeinition. a congruence of the first kind is called of the 

second kind, hyperbolic ; of the third \m(\, 2 >arahoUc , of the fourth 
kind, degenerate, A line which has points iii common with all lines 
of a congruence is called a directrix of the congruence. 

Corollary. A parabolic congruence consists of all lines on corre- 
sponding points and planes in a project ivity between the points and 
planes on a line. The directrix is a line of the congruence. 

To study the general nondegenerate case, let us denote four Imearly 
independent and mutually skew lines on which the other lines of the 
congruence depend by a, b, c, d, and let tt^ and tt^ he two planes in- 
tersecting in a. Let the points of intersection with tt^ and tt^ of 6, c, 
and d be C^, and and B„, G^, and Dg respectively By letting 
the complete quadrilateral a, B^C^, correspond to the 

complete quadrilateral a, B^C^, CJB^, JD^B,^, there is established a 
projective collmeation 11 between the planes tt^ and tTq in which 
the lines b, e, d ]oin homologous pomts (fig. 113). 

Among the lines dependent on a, b, c, d are the lines of the reguli 
abo, acd, adh, and all reguli containing a and two lines from any 
of these three reguli. But all such reguli meet and m lines 
(e.g. BJ)^, BfD^ because they have a in common with tt^ and 
TTg. Furthermore, the lines of the fundamental reguli join points 
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wliicli correspond in II (Theorem 5 of this chapter and Theorem 18, 
Chap. IV) Hence the reguh which contain a and hues shown by 
means ot such reguh to be dependent on a, &, c, d are those gen- 
erated by the projectivities determmed by 11 between Imes of tt^ 



Now consider reguh containing triples of the lines already shown 
to be in the congruence, but not containing a Three such lines, I, 

m, n, ]om three noncolhnear pomts of tt^ to the points 

L JL, iV„ of 7 r« which correspond to them in the coUmeation 11 The 
regulus containing I, m, and n meets ir^ and tr^ m two conics wliicli 
are projective in sucli a way tliat L^, con’espond to L^, M^, iVg. 

The projectivity between the conics determines a projectivity between 
the planes, and as this projectivity has the same effect as 11 on the 
quadrilateral composed of the sides of the triangle and the 

hne a, it is identical with 11. Hence the lines of the regulus Imn 
jom pomts of and which are homologous under II and are 
therefore among the lines already constructed. 

Ammig the hnes linearly dependent on the family thus far con- 
structed are also such as appear in flat pencils containmg two inter- 
sectmg lines of the family If one of the two lines is a, the other 
must meet a in a double point of the projectmty determined on a by 

n. If nmther of the two lines is a, they must meet and Wj, the 
first in pomts ij, and the second in points Q^, and these four 
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points are clearly distinct from one another. But as the given lines of 
the congruence, and intersect, so must also the lines and 
of TT^ and intersect, and the projectivity determined between 
and by 11 is a perspectivity. Hence the common point of 

and IS a point of a and is transformed into itself by H. 

Hence, if lines of the family intersect, IT has at least one double point 
on a, which means, by § 105,^ that the line a meets the regulus hcd 
and the congruence has one or two directrices. Thus two lines of a 
nondegenerate congruence intersect only in the parabolic and hyper- 
bolic cases , and from our previous study of these cases we know that 
the lines of a congruence through a point of intersection of two lines 
form a flat pencil 

We have thus shown that all the lines linearly dependent on 
a, h, c, d, with the exception of a flat pencil at each double point of 
the projectivity on a, are obtained by joining the points of tt^ and tTj 
winch are homologous under 11. From this it is evident that any four 
linearly independent lines of the congruence could have been taken 
as the fundamental lines instead of a, 5, c, d These two results are 
summarized as follows : 

Tiieoeem 15. All the lines of a linear eongrnenee are linearly 
dependent on any linearly independent four of its lines No lines not 
in the congruence are linearly dependent on four such lines 

Theorem 16 If two planes meet in a line of a linear congruence 
and neither contains a directrix, the other lines of the congruence meet 
the planes in homologous points of a project%vity, Conversely , if two 
planes are projective in sibch a way that their line of intersection cor- 
responds to itself, the lines joinmg homologous points are in the same 
linear congruence, 

* If there are two double points, JS, F, on a, the conic BiCiDiJBF must he trans- 
formed hy n into the conic B 2 C 2 B 2 FF, and the lines Joining corresponding points of 
these conics must form a regulus contained in the congruence. Ah F and F are 
on lines of the regulus hcd, there are two directrices p, q of this regulus which 
meet F and F respectively, The lines p and q meet all four of the lines a, 6, c, d. 
Hence they meet all lines linearly dependent on a, 6, c, d. 

In the parabolic case the regulus bed must he met hy a m the single invariant 
point JET of the parabolic projectivity on a, because the conic tangent to a at iT and 
passing through BiCiBi must he transformed hy H into the conic tangent to a at H 
and passing through B 2 C 2 F 2 ; and the lines joining homologous points of these conics 
must form a regulus contained in the congruence As XT, a point of a, is on a line 
of the regulus hcd, there is one and only one directrix p of this regulus which meets 
all four of a, h, c, d and hence meets all lines of the congruence. 
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The dual of Theorem 16 may be stated in the following form . 

Theorem 17. From two points on the same line of a hnear congm- 
ence the latter w projected hy two projective buiidles of planes. Con- 
versely^ two bundles of planes projective in such a way that the line 
joining their centers is self -corresponding^ generate a linear congruence 

Definition A regulus all of whose rulers are in a congruence is 
called a regulus of the congruence and is said to be in or to be con- 
tained in the congruence 

Corollary If three lines of a regulus are in a congruence^ the 
regulus is in the congruence 

In the hyperbohc (or parabolic) case the regulus bed (in the notation 
already used) is met by a in two pomts (or one pomt), its points of 
intersection with the directrices (or directrix) In the elliptic case the 
regulus bed cannot be met by a in proper points, because if it were, 
the projectivity 11, between and TTg, would have these points as 
double points. Hence no Ime of the congruence meets a regulus of 
the congruence without bemg itself a generator Hence through each 
pomt of space, without exception, there is one and only one line of 
the congruence. The involution of conjugate points of the regulus 
bed on the Ime a is transformed mto itself bj H, and the same must 
be true of any other regulus of the congruence, if it does not con- 
tam a. Smee there is but one involution transformed mto itself by a 
nomnvolutonc projectmty on a line (Theorem 20, Chap VIII), we 
have that the same involution of conjugate points is determined on 
any hne of the congruence by all reguli of the congruence which do 
not contain the given line This is entirely analogous to the hyper- 
bolic case, and can be used to gam a representation in terms of proper 
elements of the improper directrices of an elhptic congruence. 

The three kmds of congruences may be characterized as follows : 

Theorem 18. In a parabolic linear congruence each line is tangent 
at a fixed one of its points to all reguli of the congruence of which it is 
not a ruler On each line of a hyperbolic or elliptic congruence all reguli 
of the congruence not containing the given line determine the same 
involution of conjugate jioints Through each point of space there is 
one and only one line of an elhptic congruence For hyperbolic and 
parabolic congruences this statement is true except for points on a 
directrix. 
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EXERCISES 

1. All lines of a congruence can be consiiucted from four lines by means 
of reguli all of which have two given lines in common. 

2. Given two involutions (both having or both not having double points) 
on two skew lines Thiough each point of space there are two and only two 
lines which are axes of peispectivity projecting one involution into the othei, 
1 e. such that two planes through conjugate pans of the hist involution pass 
through a conjugate pair of the second involution. These lines constitute 
two congruences. 

3. All lines of a congiucnce meeting a line not in the congiuence form 
a regulus. 

4. A linear congruence is self-iiolar with regaid to any regulus of the 
congruence. 

5. A degenerate linear congruence consists of all lines meeting two inter- 
secting lines. 

108 . The linear complex. Theorem 19. A linear complex con- 
of all lines linearly dependent on the edges of a simple shew 
pentagon,^ 

Proof. By definition (§ 106) the complex consists of all lines 
linearly dependent on five independent lines Let a be one of these 
which, does not meet the other four, e\ eL The complex consists of 
all lines dependent on a and the congruence Vc^d^d, If this con- 
gruence IS degenerate, it consists of all lines dependent on three sides 
of a triangle ede and a line 6 not in the plane of the triangle 
(Theorems 14, 15). As 6 may be any line of a bundle, it may be 
chosen so as to meet a ; o may be chosen so as to meet J, and e may 
be so chosen as to meet a. Thus in this case the complex depends 
on five lines a, 6, c, e not all cojilanar, forming the edges of a simple 
pentagon. 

If the congruence is not degenerate, the four hues 6", e” upon 
which it depends may (Theorem 16) be chosen so that no two of 
them intersect, but so that two and only two of them, 1” and e'', 
meet a. Thus the complex consists of all lines linearly dependent 
on the two flat pencils and ad^ and the two lines and d^K Let 
6 and e be the Imes of these pencils (necessarily distinct from each 
other and from a) which meet c" and # respectively. The complex 
then consists of all lines dependent on the flat pencils a&, ld\ ae, ed!K 

* The edges of a simple skew pentagon are five lines in a given order, not all 
coplanar, eaoli line intersecting its predecessor and the last meeting the first. 
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Finally, let c and d be two intersecting lines distinct from h and e, 
which, are in the pencils 6c'' and The complex consists of all lines 
Unearly dependent on the flat pencils al, be, cd, de, ea. Not all the 
vertices of the pentagon abede can be coplaiiar, because then all the 
lines would be in the same degenerate congruence. 

Theorem 20. Definition There are two classes of comjplexes such 
that all complexes of either class are projectwely egiLwalent, A com- 
plex of one class consists of a line and all lines of space which meet 
it These are called^ special complexes. A complex of the other class 
IS called general. No four vertices of a pentagon which determines it 
are coplanar. 

Proof. Given any complex, by the last theorem there is at least 
one skew pentagon abede which determines it If there is a lineZ 
meeting the five edges of this pentagon, this line must meet all lines 
of the complex, because any hue meeting three hnearly independent 
lines of a regulus (degenerate or not) meets all lines of it. Moreover, 
if the Ime I meets a and b as well tis c and d, it must either ]oin 
their two points of intersection or be the hue of intersection of their 
common planes If I meets e also, it follows in either case that four 
of the vertices of the pentagon are coplanar, two of them being on e, 
(That all five cannot be coplanar was explamed at the end of the 
last proof) Conversely, if four of the five vertices of the skew 
pentagon are coplanar, two and only two of its edges are not in this 
plane, and the Ime of intersection of the plane of the two edges with 
the plane of the other three meets all five edges. 

Hence, if and only if four of the five vertices are coplanar, there ex- 
ists a line meeting the five lines Since any two skew pentagons are pro- 
tectively equivalent, if no four vertices aie coplanar (Theorem 12, 
Chap. Ill), any two complexes determined by such pentagons are 
protectively equivalent. Two simple pentagons are also equivalent 
if four vertices, but not five, of each are coplanar, because any simple 
planar four-point can be transformed by a colhneation of space into 
any other, and then there exists a collineation holding the plane 
of the second four-point pointwise invariant and transforming any 
point not on the plane into any other point not on the plane. There- 
fore all complexes determined by pentagons of this kind are projec- 
tively equivalent But these are the only two kinds of skew pentagons 
Hence there are two and only two kinds of complexes 
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In case four vertices of the pentagon are coplaiiar, we have seen 
that there is a lino I meeting all its edges Since this line was 
determined as the intersection of the plane of two adjacent edges 
with the plane of the other three, it contains at least two vertices. 
It cannot contain three vertices because then all five would be 
coiilanar. As one of the two planes meeting on I contains three 
independent lines, all lines of that plane arc lines of the complex. 
Tlie line I itself is therefore m the complex as well as the two lines 
of the other plane. Hence all lines of both planes are in the complex. 
Hence all lines meeting I are in the complex But as any regulus 
three of whose lines meet I has all its lines meeting I, the complex 
satisfies the requirements stated in the theorem for a special complex. 



A more definite idea of the general complex may be formed as 
follows Lot PiPzPuPJ'^G (fig. 114) be a simple pentagon upon whose 
edges all lines of the complex are linearly dependent. Let q he the 
lino of the flat pencil p^p^ which meets p^^ and let M be the point of 
intersection of q and Denote the vertices of the pentagon by 
Pg, the subscripts indicating the edges which meet in a 

given vertex. 

The four independent lines determine a congruence of lines 

all of which are in the complex and whose directrices are 
and a' = In like manner, qp^p^Pi determine a congimence whose 

directrices are 6 = and — The complex consists of all 
lines linearly dependent on the lines of these two congruences. The 
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directrices of tlie two congruences intersect at R and respectively 
and determine two planes, ab = p and a’V = tt, which meet on g. 

Through any point P of space not on p or tt there are two Imes 
Z, m, the first meetmg a and a', and the second meeting b and V 
(fig. 115) All lines m the flat pencil Im are in the complex by defi- 
nition This flat pencil meets p and tt in two perspective ranges of 



points and thus determmes a projectivity between the flat pencil ab 
and the flat pencil a^b\ in which a and a', b and V correspond and g 
corresponds to itself. The projectivity thus determined between the 
pencils ab and a^V is the same for all points P, because a, b, g always 
correspond to a\ b\ g'. Hence the complex contains all lines %% the 
flat pencils of lines which meet homologous lines in the projectivity 
determined by 

abg-j^a'Vg 

Denote this set of lines by S, We have seen that it has the properly 
that all its lines through a point not on p or tt are coplanar. If a 
point P is on p but not on g, the Ime PR has a corresponding line jp' 
in the pencil a^V and hence S contains all lines joining P to points 
of p\ Similarly, for pomts on tt but not on g. By duality every plane 
not on g contams a flat pencil of lines of S. 

Each of the flat pencils not on g has one line meeting g. Hence 
each plane of space not on g contains one and only one line of S 
meeting g. Applymg this to the planes through not contain- 
ing g, we have that any hne through and not on p is not in the 
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set S. Lei I be any such Ime. All lines of S in each plane through 
I form a flat pencil P, and the centers of all these pencils lie on a line 
l\ because all lines through two points of I form two flat pencils each 
of which contains a line fiom each pencil P Hence the lines of S 
meeting I form a congruence whose other directrix evidently lies on 
p. The point of intersection of with q is the center of a flat pencil 
of lines of S all meeting I Hence all hues of the jflanc Iq form, a flat 
pencil Since I is any line on and not on tt, this establishes that 
each plane and, l)y duality, each jioiiit on q, as well as not on q, con- 
tains a flat pencil of lines of S. 

We can now prove that the complex conta%)is no Imcs not %n S 
To do so we have to show that all lines linearly dependent on lines 
of S are in S If two lines of S intersect, the flat pencil they deter- 
mine is by detinition in S. If three hues of S are skew to 

one another, not more than two of the directrices of the regulus con- 
taining them are in S, For if three directrices were in S, all the tan- 
gent lines at points of these three lines would be in S, and hence any 
plane would contain three nonconcurrent lines of S. Let ^ be a 
directrix of the regulus which is nob in S, By the ‘argu- 

ment made in the last paragraph all lines of S meeting I form a con- 
gruence. But this congruence contains all linos of tlic regulus 
and hence all lines of this regulus are in S. Hence the set of lines S 
IS identical with the complex. 

Th’Eorem 21 (Sylvester’s theorem^). If two projective flat pencils 
with different centers and planes have a line q in conmM which w 
self-corresponding^ all liius meeting homologous pairs of lines in these 
two pencils are in the same linear complex This complex consists of 
time lines together with a paralolie congruence whose directrix is q. 

Proof. This has all been proved in the paragraplis above, with the 
exception of the statement that q and the lines meeting q form a 
linear congruence Take three skew lines of the complex meeting q , 
they determine with q a congruence C all of whose Hues are in the 
complex. There cannot be any other lines of the compflex meeting q, 
because there would be dependent on such lines and on the congru- 
ence C all lines meeting q, and hence all lines meeting q would be m 
the given complex, contrary to what has been piroved above. 

^ Of. Comptes Bendus, VoL LII (1861), p. 741. 
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Another theorem proved in the discussion above is : 

Theorem 22. Definition of Null System. All the lines of a 
linear complex which pass through a point F lie in a plane tt, and all 
the lines which lie in a plane tt pass through a point P. In case of 
a special complex^ exception must le made of the points and planes on 
the directrix. The point F is called the null point of the plane tt and 
TT IS called the null plane of F with regard to the complex. The cor- 
respondence between the points and planes of space thus established is 
called a null system or null polarity. 

Another direct consequence, remembering that there are only two 
kinds of complexes, is the f ollowmg . 

Theorem 23. Any fire linearly independent lines are in one and 
only one complex. If the edges of a simple pentagon are in a given 
complex, the pentagon is skew and its edges linearly independent. If 
the complex is general, no four vertices of a simple pentagon of its 
lines are coplanar. 

Theorem 24. Any set of lines, K, in space such that the lines of the 
set on each point of space constitute a flat pencil is a linear complex. 

Proof (a) If two lines of the set K intersect, the set contams all 
Imes linearly dependent on them, by definition 

(&) Consider any hue a not m the given set K Two points A, B on 
a have flat pencils of hnes of K on different planes ; for if the planes 
coincided, every bne of the plane would, by {a), be a line of K Hence 
the Imes of K through A and B all meet a hue a' skew to a. From 
this it follows that all the Imes of the congruence whose directrices 
are a, o! are in K. Similarly, if b is any other line not m K but meet- 
ing a, all lines of K which meet b also meet another line V. More- 
over, since any Ime meetmg a, 5, and 6' is m K and hence also meets 
a}, the four Imes a, a\ b, V he on a degenerate regulus consisting of the 
flat pencils ab and a^V (Theorem 13). Let g (fig. 116) be the common 
Ime of the pencils ab and a^V. Through any point of space not on one 
of the planes ab and a'6' there are three coplanar Imes of K which 
meet q and the pairs aa^ and bV. Hence K consists of lines meeting 
homologous lines in the projectivity 

qab qa^V, 

and therefore is a complex by Tlieorem 21. 
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Corollary. Any (1, 1) correspondence between the ptoints and the 
planes of space such that each point lies on its correspmuhng plane 
is a wall sysie'i'iu 

Theorem 25 Two hiicar complexes ham in common a linear 
congmence. 

Proof. At any point of space the two flat pencils belonging to the 
two complexes have a Ime in common. Obviously, then, there are 
three linearly independent lines 1^^ Iq common to the complexes* 
All lines in the regulus 1^7 definition, in each complex. But 

as there are points or planes of space not on the regulus, there is a 
line common to the two complexes and not belonging to this regulus. 
All Imes linearly dependent on 1^, 1.^ m*e, by definition, common 
to the complexes and form a congruence. ITo further line could be 
common or, by Theorem 23, the two complexes would be identical. 

Corollary 1. The lines of a complex meeting a line I not in tho 
complex form a hyperbolic congruence, 

Proof. The line is the directrix of a special comiflex which, by the 
theorem, has a congruence in coininou with the given complex. The 
common congruence cannot be parabolic because the lines of the first 
complex in a plane on I form a flat pencil whose center is not on 
since I is not m the complex. 

Corollary 2. The lines of a complex meeting a line I of the com- 
plex form a parabolic congruence. 

Proof The centers of all pencils of lines in this congruence must 
be on I because I is itself a line of each pencil. 

Definition. A line / is a polar to a line V with regard to a 
complex or null system, if and only if I and V are directrices of a 
congruence of lines of the complex. 

Corollary 3. If I is polar to ?, V is polar to h A line is polar 
to itself if and only if it is a line of the complex. 

Theorem 26, .4 null system is a projective correspondence betweerk 
the points and planes of space. 

Proof The points on a line I correspond to the planes on a line V 
hy Corollaries 1 and 2 of the last theorem. If I and V are distinct, 
the correspondence between the points of I and planes of V is a per- 
spectivity. If ^ the correspondence is projective by the corollary 
of Theorem 14. 
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EXERCISES 

1, If a point P IS on a plane p, the null plane tt of Pis on the null point P of p 

2 Two pans of lines polai with i egard to the same null system ai e always m 
the same legulus (degenerate, if a line of one pan meets a line of the other pan) 

3 If a line I meets a line m, the polai of I meets the iJolar of m 

4. Pairs of lines of the regulus in Ex. 2 which aie polar with i egard to 
the complex aie met by any diiectrix of the legulus in pans of points of an 
involution. Thus the complex determines an involution among the lines of 
the regulus, 

5. Conversely (Theorem of Chasles), the lines meeting conjugate pans of 
lines in an involution on a legulus aie in the same complex. Show that 
Theoiem 21 is a special case of this. 

6 Find the lines common to a linear complex and a regulus not in the 
complex 

7. Three skew lines 1,1, m determine one and only one complex contain- 
ing & and having I and vi as polai s of each othei 

8 . If the numhei of points on a line is n + 1, how many reguli, how many 
congruences, how many complexes are there in space? How many lines aie 
there in each kind of regulus, congiuence, complex ? 

9 Given any general complex and any tetiahedion whose faces are not 
null planes to its vertices The null planes of the veitices constitute a second 
tetrahedron whose veitices he on the planes of the fiist tetiahedron The 
two tetrahedia are mutually inscribed and ciicumscnbed each to the other* 
(cf. Ex, 6, p. 105). 

10. A null system is fully determined by associating with the three vertices 
of a triangle three planes through these veitices and having their one common 
point in the plane of the triangle but not on one of its sides 

11 A tetrahedron is self-polar with regard to a null system if two opposite 
edges are polar. 

12 Every line of the complex determined by a pair of Mobius tetrahedra 
meets their faces and projects their vertices in projective throws of iiomts and 
planes 

13 If a tetrahedron T is inscribed and circumscribed to and also to T^, 
the lines joining corresponding vertices of Tj and and the lines of intersec- 
tion of their corresponding planes are all in the same complex 

14 A null system is determined by the condition that two pairs of lines 
of a regulus shall be polar 

16 A linear complex is self -polar with regard to a regulus all of whose 
lines are in the complex. 

16 The lines from which two projective pencils of points on skew lines 
are projected by involutions of planes are all in the same complex Dualize 

* This configuration was discovered by Mobius, Journal fur Mathematik, Vol. Ill 
(1828), p 273 Two tetrahedra in this relation are known as Mohius tetrahedra. 
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109. The Pliicker line coordinates. Two points whose coordinates are 

rBj, .' Bg , 

(Uv Vi) 

determine a line L The coordinates of the two points determine six 
numbers 


Px^== 

»1 a!j 

2 /i ya 

9 i^i 3 

*l *3 

2/1 2/3 

• Px,= 

tU, x^ 

2/1 2/4 

Pu = 

*j *a 

2/3 2/4 

II 

*4 *2 

Vi 2/2 

> jP'^a ^ ■ 

1 

*2 *3 

2/3 2 /« 


which are known as the PlUcker coordinates of the line. Since the 
coordinates of the two pomts are homogeneous, the ratios only of the 
numbers p^j are determined Any other two points of the line deter- 
mine the same set of line coordinates, since the ratios of the are 
evidently unchanged if (ajj, is replaced by ^C 2 + ^ 2 ^ 2 , 

^8 + ^2/a> ^ 4 + ^ 2 / 4 )- six numbers satisfy the equation^ 

( 1 ) Mu + + Mu = 0 - 

This is evident on expanding in terms of two-rowed minors the 

identity 

^ M m rvt 

1^2 

Vx Vi y^y* =Q 

®i ®ii ®4 

yx 2/a 2/a y^ 

Conversely, if any six numbers, are given, which satisfy Equa- 
tion (1), then two points P = {x^, x^, x^, 0), Q — {y^, 0, y,,, yj can be 
determined such that the numbers 2 ),f are the coordinates of the line 
PQ. To do this it is simply necessary to solve the equations 

^!SJx~ PiSl> Pw 

« i 2/3 - ^^iVx “ Pxu - * 22 /* = Pii, 

*i2/*~i’i*> *a2/a~JPsB> 

which are easily seen to be consistent if and only if 
Px^U +Pl9Pu +PxiPu = 0- 

Hence we have 

Thiokem 27. Every line of space determines and is determined 
ly the ratios of six nmibers p^^, p^^^ p^^ stchject to the 

^ ITotioe that in Equation ( 1 ) tlie number of inversions in the four subscripts of 
any term is always even 
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conditwn + 0> ^f (a^i, oa^, «8, *4) 

{Vv y2> yd points on the hue. 


i’lB = 
^4 = 


Vx 

X, X, 

Vz Vx 


JPiz = 

PiZ = 


Pi Vz 

Vz Vi 


Pxx = 
Pzz~ 


«! X^ 

Vx Va 


Vz Vz 


OoHOLLAEY Four independent coordinates determine a line. 

In precisely similar manner two planes (u^, u^, n^, and (v^, v^, v^, v^) 

determine six numbers such that 


2x3 = 

“x ^3 

®1 '"3 

. 2x8 = 

«X “a 
\ ®8 

> 2X4 = 

«4 
®X -"4 

234“ 

Uz U^ 
Vz ^4 

. 243 = 

U„ 

I’i % 

. 238 = 

«a ^8 

®3 % 


The quantities satisfy a theorem dual to the one ]ust proved for 
the i?„’s 

Theorem 28. The p and q coordinates of a line are connected ty 
the equations p.^^ t p^^ : p■^^ ‘ p^^ : p^^ ' Pzs~ ^34 • 9'42 ' ffss " Sia ' ffis • 2 i 4 " 
Proof Let the p coordmates be determuied by the two points 
(iCj, JBj, x^), {y^, y^, y^, y^, and the q coordmates by the two planes 
(Mj, m„ u^, (»y ^ 3 J ^ 4 )' These coordmates satisfy the four equations 

u^x^ + u^^ + Mj®, + = 0, 

v^x^ + + v^x^ + v^x^ = 0, 

+ “si's + “8^8 + “ 4^4 = 0. 
v^y^ + + v^y^ + *4^4 = 0- 

Multiplymg the first equation by — and the second by and adding 
we obtain . , „ 

?X2®3 + ?18®8 + ?14®4=0- 

In like manner, from the third and fourth equations we obtain 

212^3 + 2x8^8 +?i4y4=0- 

Combining the last two equations similarly, we obtain 

iizPzz ixiPia ~ 

or, £is = ^. 

2x4 jPss 

By similar combinations of the first four equations we find 
Pxt Pxz 'Pn '• Pzi "2^43 "2^38“ 284 ' 3x2 ’ 233 ’ 2x2 ‘ 2x8 ' 2l4* 
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EXERCISE 

Given the tetialiedron of referenee, the point (1, 1, 1, 1), and a line ^ 
determine six sets of loin points each, whose cross latios ate the coordinates 
of / 


110* Linear families of lines. Tiikorem 29. Tha necessary and 
sufficient condition that two lines jp and intersect^ and hence are 
coplanaQ% is 

PiA +2h»PL +PuPL +2>^iPi+Pi,pL +P^2^L = 0 , 

tohere p^J are the coordinates of p and pfj of jj'. 

Proof. If the first line contains two points oc and y, and the second 
two points aj' and y\ the luxes will intersect if and only if these foiii 
points are coplanar ; that is to say, if and only if 

^8 

yi y'i yi yl 


Theorem 30. *A Jiat iyeneU of lines consuls of the hnes v^hose coordi- 
nates are if P of the pencil 


Proof. The luxes p and p^ intersect in a point A and are perspec- 
tive with a range of points X(^4- i^TK Hence their coordinates may be 
written 


XCj^ “h p>d^ XCjj -f* f^d*^ 


I, etc., 


which may be expanded in the form 


+ /A 




etc- 


Theorem 31. The lines whose coordinates satisfy one linear 
equation 

( 1 ) ^i^Pu"^ ^ 422^43 ^'20 2 ^ 23 ^ ^ 

foi^ a Ivaear complex. Those whose coordinates satisfy two independ- 
ent linear equations form a linear congruence, and those satisfying 
three independent linear equations form a regnlus. Four independent 
linear equations are satisfied hy two (distinct or coincident) lines, 
which may \e improper. 
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Proof If 62 ^ h> \) 1 ® T^omts xj 

which lie on lines through b^, & 2 > ^4 satisfying ( 1 ) must satisfy 



L ^ 1 


\h 5,1 


6 , K 


K J 4 


^4 h 


bo K 


1^1 ^2 

+ “ 13 ] 

"l *'3 1 

k'l 

+ «14 

1 4 
X^ 

+ “S4 

u6*3 X^ 

+«42 

^4 *2 

+ «23 

2 8 

•*^2*3 


or 

(2) + «X4&4) + (- + ^oj, - %A) ^2 

+ (- ^10^1 ~ ^2zh + ^’8 + {- + «42^i - = 0, 

which IS the equation of a plane. Hence the family of Imes repre- 
sented by ( 1 ) has a flat pencil of lines at every point of space, and so, 
by Theorem 24, is a linear complex. 

Since two complexes have a congruence of common lines, two linear 
equations determme a congruence Since a congruence and a complex 
have a regulus in common, three linear equations determme a regulus. 
If the four equations 

^34/^34 4" ^^42^^42"^ ^25^^23” 

^14^^14”^ ^34^^34 4" ^42^^42 4* ^23^^23^ 
fh>i2+«l3K+<>i4+«,4'^34+ <'i?23= 0> 

«12i?12+ «13>13+ ^Ji4>i4+ <>34+ O 42 + <>23= 

are independent, one of the four-rowed determinants of their coeffi- 
cients IS different from zero, and the equations have solutions of the 
form ^ 

^'l3=^P/a + MK.• •■ 

If one of these solutions is to rejiresent the coordinates of a line, it 
must satisfy the condition 

i^l2i^34+Pl5i^42 + i^l4^23= 

which gives a quadratic equation to determine X//a. Hence, by Propo- 
sition K^, there are two (proper, improper, or coincident) Imes whose 
cubrdmates satisfy four hnear equations. 

Corollary 1. The lines of a Te(i\dus are of the form 

Pi = ^iPi + ^ + ^sPi 

where are Urns of the regulus. In Wee manner ^ the lines of 

a congruence cm of the form 

P. = \pI + + \P['^ + ^ 

* Of Bocher, Introduction to Higher Algebra, Chap IV. 
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mid of a complex of the form 

p,= x,pi+\pI’+ \pI"+ \pr+\p:. 

All of these fonmdas oimst he taken in mnncchon with 

Pnlh\^ ® 

Corollary 2. As a transforynation from points to planes the null 
system determined Inj the complex whose equation is 

^^ 12^12 ^ViPvA~^ ^uPu"^ ^24^^42"!" ^28^^23 ~ ^ 

IS 

U ^ =: 0 ~|“ ^] 2"^2 ^^ 14 ^ 4 > 

u,, = - + 0 + 

-Mg = - + 0 + «34i»4, 

'^^4 " ^24*^2 ^34''^8 

Tlie first of these corollaries simply states the form of the solu- 
tions of systems of homogeneous linear equations in six variables. 
The second corollary is obtained by inspection of Equation (2) the 
coefficients of which are the coordinates of the null plane of the 
point (&i, 62 , & 3 , \) 

Coiollary 1 shows that the geometric definition of linear dependence of 
lines given in this chapter corresponds to the conventional analytic concep- 
tion of linear dependence. 

111. Interpretation of line coordinates as point coordinates in S^. 
It may be shown without difficulty that the method of introducing 
homogeneous coordinates in Chap. VII is extensible to space of any 
number of dimensions (cf. Chap. I, § 12), Therefore the set of all sets 
of SIX numbers 

{Pw Pvi> Pw pMi Piv i^ 2 a) 

can be regarded as homogeneous point coordinates in a space of five 
dimensions, Sg. Since the coordinates of a line in Sg satisfy the 
quadratic condition 

(1) J’i2P«4+i’iaJP42 + i’ui’M=0. 

they may be ^garded as forming the pomts of a quadratic locus or 
spread * L®, in Sj. The lines of a linear complex correspond to the 
points of interseotion with this spread of an that is determined by 
one linear equation The lines of a congruence correspond, therefore, 
to the intersection with of an $„ the lines of a regains to the 


* This is a generalizalioa of a conic section. 
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ntersection witli of an S^, and any pair of lines to the intersec- 
Aon with. of an S^. 

Any point {p[^, jp'a, of has as its polar ^ S^, with 

regard to L®, 

(2) Ki’ia + fLPiz + pUfii + + pLp^ = 0, 

which is the equation of a linear complex in the original Sg Hence 
any ])o%nt in Sg can he ihotcght of as represeoiting the complex of hncs 
represented hy the points of S^%n which %ts polar meets 

Since a Ime is represented by a point on a special complex is 
represented by a pomt on LI, and all the lines of the special complex 
by the pomts in which a tangent meets L|. 

The points of a hue, a + \6, in Sg represent a set of complexes 
whose equations are 

(3) • • • = 0, 

and aU these complexes have m common the congruence common to 
the complexes a and h. Their congruence, of course, consists of the 
Imes of the origmal Sg represented by the points in which L® is met 
by the polar Sg of the hue a + \h 

A system of complexes, a + X&, is called a pencil of complexes, and 
their common congruence is called its hase or hasal congruence. It 
evidently has the property that the null planes of any point with 
regard to the complexes of the pencil form an axial pencil whose 
axis is a line of the basal congruence Dually, the null pomts of 
any plane with regard to the complexes of the pencil form a range 
of pomts on a line of the basal congruence 

The cross ratio of four complexes of a pencil may be defined as 
the cross ratio of their representative points m Sg From the form of 
Equation (3) this is evidently the cross ratio of the four null planes 
of any pomt with regard to the four complexes. 

A pencil of complexes evidently contains the special complexes 
whose directrices are the directrices of the basal congruence Hence 

* Equation (2) may be taken as the definition of a polaj* S4 of a pomt with 
regard to Two points are conjugate with regard to if the polar S4 of one 
contains the other The polar S4’s of the points of an (2 = 1, 2, 3, 4) all have an 
$4-1 in common which is called the polar S4_t of the Sj These and other obvious 
generalizations of the polar theory of a conic or a regains we take for granted 
without further proof. 
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there are two improper, two proper, one, or a flat pencil of lines which 
are the directrices of special complexes of the pencil. These cases 
arise as the representative line a + Xb meets in two improper 
points, two proper points, or one point, or lies wholly on Lf Two 
points 111 which a representative line meets are the double points 
of an involution the pairs of which are conjugate wdtlx regard to L®. 

Two complexes p, whose representative points are conjugate 
with regard to Lf are said to lie conJiujatG or m involution. They 
evidently satisfy Etiuation ( 2 ) and have the property that the null 
points of any plane witli regard to them are harmonically conjugate 
with regard to the directrices of their common congruence. Any 
complex a is m involution with all tlie special complexes whose 
directrices are lines of a. 

Let be an arbitrary complex and % any complex conjugate to 
(in involution with) it. Then any representative point in the polar 
with regard to of the representative line represents a complex 
conjugate to and Lei be any such comidex. The represent- 
ative points of form a self-conjugate triangle of Any 

point of the representative plane polar to the plane with 

regard to L| is conjugate to Let such a point be In like 

manner, and can be determined, forming a self-polar 6 -point of 
L®, the generalization of a self-polar triangle of a conic section The 
six points are the representatives of six complexes, each pair of which 
is in involution. 

It can be proved that by a proper choice of the six points of refer- 
ence in the representative Sg, the ectuation of may be taken as any 
quadratic relation among six variables. Hence the lines of a three- 
space may be reiDresented analytically by six homogeneous coordinates 
subject to any quadratic relation. In particular they may be repre- 
sented by (iCj, • • •, where 

Oi)l+ x^+ ml+ + 0 .*^ 

In this case, the six-point of reference being self-polar with regard 
to L®, its vertices represent complexes which are two by in 
involution. 

^ These are known as Klein’s ootirdinates. Most of the ideas in the present sec- 
tion are to he found in F. Klein, Zm Theorie der Linienoomplexe des ersten und 
ssweiten Grades, Mathematisohe Annalen, Vol. It (1870), p. 198, 
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EXERCISES 

1 If a pencil of complexes contains two special complexes, the basal con- 
giuence of the pencil is hypeibolic oi elliptic, according as the special com- 
plexes aie piopei or inipropei 

2. If a pencil of linear complexes contains only a single special complex, 
the basal congruence is iiarabolic. 

3 If all the complexes of a pencil of linear complexes aie special, the 
basal congruence is degenerate. 

4 Define a iiencil of complexes as the system of all comiilexes having a 
common congiuence of lines and derive its piopeities synthetically 

5. The polais of a line with legard to the complexes of a pencil form 
a legulus. 

6. The null points of two planes with regaid to the complexes of a pencil 
generate two piojective pencils of points 

7 If (7= 0, (7'= 0, 0 aie the equations of three linear complexes 

which do not have a congmence in common, the equation C + XC' + /jlC" = 0 
IS said to lepresent a bundle of complexes The lines common to the thiee 
fundamental complexes C, C', C" of the bundle form a legulns, the con- 
jugate legulus of which consists of all the diiectiices of the special com- 
plexes of the bundle. 

8 Two lineal complexes = 0 and = 0 aie in involution if and 

only if we ha\e 

^ 12^34 ^ 13^42 ^ 14^^23 ® 34^12 ^ 42^^13 ^ 28^14 ~ 

9 Using Klein’s cooidinates, any two complexes are given by 'S^a^x^ = 0 
and = 0 These two aie in involution if = 0 

10 The SIX fundamental complexes of a system of Klein’s coordinates 
inteisect in pans in fifteen linear congiuences all of whose directrices are diS; 
tinct. The directrices of one of these congruences are lines- of the remaining 
four fundamental complexes, and meet, theiefore, the twelve directrices of 
the SIX congruences determined by these four complexes. 
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Abelian j>;roux>, 07 
Abscissa, 170 
Abstract science, 2 

Addit. 2'n *^''neins 

on, IJ 1 1 1 o I d I I ' 0 ! 107, 

Exh 3, 4 

Adjacent sides or vortices of simple 
n-hno, 37 . 

Alf?obraic curve, 260 
Alffebraic problem, 288 
Alf^’cbraici surface, 25i) 

Alipnnont, assiuiipt-i<^iJ« I consist- 
' ency ol assumptions of, 17 ; theorems 
of, for the plane, 17-20 , theorems of, 
for 8-space, 20-24 ; theorems of, for 
4-space, 26, Ex. 4, theorems of, for 
7 i-space, 20-38 
Amodeo, F., 120, 204 
Anliarmomc ratio, 160 
Apollonius, 280 

Associative law, for corrospmidenccs, 
6(5, for* addition of points, 148; for 
multiplication of points, 14(5 
Assumption, Ho, 46; Ho, rOle of, 81, 
261, of 06; of projec- 

tivity, r . i ' ' ‘ - of, 106, 1Q6, 

Exs. 10-12 , 208 

Assumptions, arc nooossary, 2; exam- 
ples of, for a mathematical science, 
2; consistency of, 8; indepimdimco 
of,\ 0,; catogdricalncss of, 6 ; of align- 
ment, 10; of aligniuont, consistency 
' of, 17; of extension, 18, 24; of clo- 
sure, 24 , for an n-siDaco, 88 
Axial pencil, 66 
Axial porspectivity, 67 
Axis, of perspoctivity, 8(5; of pencil, 
j 66 ; of perspective colliuoation, 72 ; of 
homology, 104; of coftrdinates, 160, 
191'; of projectivity on conic, 218 

•Base, of idane of points or lines, 66 ; of 
pencil iof complexes, 882 
Bilinear 0 (iuaUf)n, binary, represents 
projectivity on a line, 166; ternary, 
represents correlation in a plane, 267 
Binary form, 261, 262, 264 
BOcher, M., 166, 272, 289, 880 
Braikenrldge, 119 
Brianchon point, 111 
Brianchon's theorem, 111 


Bundle, of planes or linos, 27, 66; of 
conics, 297, Exs. 9-12, of <iuadrica, 
811 ; ol complexes, 384, Ex 7 
Buriibido, W., 160 
Bussey, \V. II., 202 

Canonical forms, of collinoations in 
plane, 274-276, of correlations in a 
X»laino, 281 ; of jioncils of coiuos, 287- 
298 

Castolnuovo, G., 180, 140, 287, 297 
Categorical sot of assumptions, 0 
Cayley, A., 62, 140 

Center, of p(»rHpectivitY, 30, of flat pen- 
cil, 66, of bundle, 66, of imrspecUvo 
colliiieation in plane, 72 , ot pm’spec- 
tivo colliiieation ni space, 76; of 
h - d H.-'. rf r'^drdniatos, 170; 

(, . • , . • I • . . . .-c, 218 
( I V '!! -I* “'7 

( . . I ( » .- I 1 ' ' of parabolic 

proj’ectivity, 207 

Characteristic ociuation of matrix, 106 
Characteristic throw and cross ratio, of 
one-dimensional projectivity, 206, 211, 
ExH. 2, 8, 4; 212, Exs. 5, 7 ; of involu- 
tion, 206; of parabolic projectivity, 
206 

Cluisles, 125 

Class, notion of, 2; olmneiils of, 2; re- 
lation {)f belonging to a, 2 ; subclass of 
a, 2 ; undefined, 16 ; notation for, 67 
Clebsoh, A., 289 
Cogredioni n-lino, 84, Ex. 18 
Cogrcdient triangle, 84, Exs. 7, 10 
Colliiieation, defined, 71 ; perspective, in 
plane, 72; perspective, in space, 76; 
transforiMng a quadrangle into a 
quadrangle, 74; transforming a five- 
point Into a five-point, 77 ; transform- 
ing a conic into a conic, 382 ; in piano, 
analytic form of, 189, 190, 208; be- 
tween two planes, analytic form of, 
190; in space, analytic, form of, 200; 
-leaving conic Invariant, 214, 220, 286, 
Ex. 2 ; is the product of two polar- 
ities, 206; which is the product of 
two reflections, 282, Ex. 6 ; double ele- 
ments of, in plane, 271; charactor- 
ifitio equation of, 272 ; Invariant figure 
of, is self-dual, 272 
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Gollineatioiis, types of, in piano, 106, 
273, associated with two conics of 
a pencil, 131, Exs 2, 4, 6 , 135, 
Ex. 2 , 136, Ex 2 , group of, iii plane, 
268, represented by matiices, 268” 
270 , two, not in general commuta- 
tive, 268 , canonical forms of, 274- 
276 

Commutative coirespondence, 66 
Commutative group, 67, 70, Ex 1 , 228 
Commutative law of multiplication, 
148 

Commutative projectmties, 70, 210, 228 
Compass, constructions with, 246 
Complete nrlme, in plane, 37, on point, 38 
Complete n-plane, in space, 37 , on point, 
38 

Complete n-point, m space, 36 , in plane, 
37 

Complete quadrangle and quadrilat- 
eral, 44 

Complex, linear, 312, determined by 
skew pentagon, 319 , general and spe- 
cial, 320 , determined by two piojec- 
tive flat pencils, 323 , determined by 
five independent lines, 324, deter- 
mined by coirespondence between 
points and planes of space, 324 , null 
system of, 324 , generated by involu- 
tion on regulus, 826, Ex. 5 , equation 
of, 329, 331 

Complexes, pencil of, 332, in involu- 
tion, 333 , bundle of, 834, Ex. 7 
Concrete representation or application 
of an abstract science, 2 
Concurrent, 16 

Cone, 118 , of lines, 109 , of planes, 109 , 
section of, by plane, is conic, 109, 
as degenerate case of quadiic, 308 
Configuration, 38, symbol of, 38, of 
Desargnes, 40, 51, quadrangle-quad- 
rilateral, 44 , of Pappus, 98, 249 , of 
Mobius, 326, Ex. 9 

Congruence, linear, 312 ; elliptic, hyper- 
bolic, paiabolic, degenerate, 315 , de- 
termined by four independent lines, 
317 , deteimined by pro 3 ective planes, 
317 , determined by two ^complexes, 
325 , equation of, 829, 330 
Como, 109, 118 , theorems on, 109-140 , 
polar system of, 120-124, equation 
of, 185, 245, projectivity on, 217, 
intersection of line with, 240, 242, 
246 , through four points and tangent 
to line, 250, Ex 8 , through three 
points and tangent to two lines, 260, 
Ex. 9 , through four points and meet- 
ing given line m two points harmomo 
with two given points, 260, Ex 10, 
determined by conjugate pomts, 293, 
Ex. 2 , 294, Exs 3, 4 
Come section, 118 


Conics, pencils and ranges of, 128-136, 
287-293 , projective, 212, 304 
Conjugate groups, 209 
Conjugate pair of involution, 102 
Conjugate points (lines), with legard to 
conic, 122 , on line (point), form invo- 
lution, 124 , with regal d to a pencil of 
conics, 136, Ex, 3 , 140, Ex. 81 , 293, 
Ex 1 

Conjugate projectivities, 208; condi- 
tions for, 208, 209 
Conjugate subgroups, 211 
Consistency, of a set of assumptions, 8 , 
of notion of elements at infinity, 9 , 
of assumptions of alignment, 17 
Construct, 45 

Constructions, linear (first degree), 236 , 
of second degree, 245, 249-260, 
Exs , of third and fourth degiees, 
294-296 

Contact, point of, of line of line conic, 
112, of second order between two 
conics, 134, of third older between 
two conics, 136 
Conwell, G M , 204 

Coordinates, nonhomogeneous, of points 
on line, 152 , homogeneous, of points 
on line, 163, nonhomogeneous, of 
points in plane, 109, nonhomogene- 
ous, of lines in plane, 170 , homogene- 
ous, of points and lines in plane, 174, 
m a bundle, 179, Ex 3 , of quadran- 
gle-quadrilateral configuration, 181, 
Ex. 2, nonhomogeneous, in space, 
190 , homogeneous, in space, 194 , 
Pluckei’s line, 327 , Klein’s line, 333 
Goplanar, 24 
Copunotal, 16 

Correlation, between two-dimensional 
forms, 262, 263, induced, 262, be- 
tween two-dimensional foims deter- 
mined by four pairs of homologous 
elements, 264, which interchanges 
vertices and sides of tiiangle is polar- 
ity, 264 , between two planes, analytic 
representation of, 266, 267, repie- 
sented by ternaiy bilinear form, 267 
represented by matiices, 270 , double 
paiis of a, 278-281 
Conelations and duality, 268 
Correspondence, as a logical term, 6 
perspective, 12 , (1, 1) of two figures 
35, geneial tlieoiy of, 64-66; iden 
tical, 65, inverse of, 65, period of 
66, periodic or cyclic, 06, involutoru 
or reflexive, 66 , peispective betweei 
two planes, 71 , quadratic, 139, Exs 
22, 24, 293, Ex, 1 

Correspondences, resultant or produc 
of two, 66, associative law for, 66 
commutative, 66 , groups of, 67, leav 
mg a figure mvariant form a group, 6J 
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CorroRponding oloiiiouts, 86, doubly, 

Coviiriant, 257 , cxamplo of, 268 
Cremona, L., 137, 138 
Cross latio, 16{), ot haiuionic set, ISi), 
101 , dctmition of, 100 , c*xi)rosHiou foi, 
100 , 111 liomogonooiis foi)r(luiates, 
105, theorems on, 107, 108, Kxs , 
cliaraet eristic, ot piojectivity, 205, 
chai act eristic, of involution, 200, as 
an invariant of two <iuailratic hinary 
forms, 254, Ex, 1 , of four couiplexos, 
882 

Cross ratios, the six, tlulluecl by four ele- 
ments, 101 

Cuvv(^, ot third order, 217, Exs. 7, 8, 0 ; 

al'jfohraic, 250 
Cyclic correspondence, 00 

Darhoux, G,, 06 
Degeuerate conics, 120 
Degenerate regulus, 811 
Degree of geometric problem, 280 
Derivative, 255 

Desargiies, conliguration of, 40, 61 ; the- 
orem on perspective triangles, 41, 
180 ; theorem on conics, 127, 128 
Descartes, K,, 285 

Diagonal point (line), of comiilete ijuad- 
rangh ht 44; of com- 
plete 7 -pi 1 ( ) • plane, 44 

Diagonal triangle ot (piadranglo ((piad- 
rilateral), 44 
Dickson, L. E., 00 
Difference of two points, 148 
Differential operators, 250 
Dimensions, space of three, 20 ; space of 
n, 80 j assuinjitionH for space of n, 88 j 
space of live, 881 

Directrices, of a regulus, 200 ; of a con- 
gruence, 815 j of a special complex, 
824 

Distributive law for multiplication with 
respect to addition, 147 
Division of points, 141) 

Domain of rationality, 288 
Double element (point, line, plane) of 
correspondence, 08 
Double pairs of a correlation, 97 
Double points, of a projectivity on a 
line satisfy a quadratic equation, 166 ; 
of projectivity on a line, homogeneous 
coordinates of, 164; of iirojeotlvity 
always exist In extended space, 242 ; 
of projectivity on a line, oonstruotioii 
of, 246 ; of involution determined by 
covariant, 288 ; and lines of colllnoa- 
tlon in plane, 271, 296 
Double ratio, 159 
Doubly parabolic point, 274 
Duality, in three-space, 28, in plane, 
29; at a point, 29, in fournspace, 29, 


Ex. ; a consGciueuce of existence of 
correlations, 208 

Edge of ii-pomt or n-plane, 36, 37 
Elation, m piano, 72 , m space, 75 
Element, undefined, 1, of a figure, 1, 
fundamental, 1, ideal, 7, simifio, of 
space, 84; Invariant, or double, or 
fixed, 68 , lineal, 107 
Elovon-point, plane section of, 68, Ex. 16 
Enruiues, F., 66, 286 
Equation, of hue (point), 174, of conic, 
186,246; ol plane (point), 103, 198, 
rediieilile, iiToducible, 230; quadiatic, 
has roots m extended space, 242 
Eiiuivaleiit uuiiihm’ systems, 160 
Extended space, 2 12, 265 
Extension, assumptions of, 18, 24 

Pace of 7i-point or n-plaiio, 80, 37 
Fermat, P., 286 

Fielil, 140 , points on a line form a, 161 , 
fimt(‘, modular, 201, oxtondod, in 
which any polynomial is reducible, 260 
Figure, 34 

Fine, II. B., 265, 260, 261, 280 
Finite spaces, 201 

Five-point, plane section of, in space, 
80 ; in space may be translonnod into 
any other hy projective oollineation, 
77 , diagonal points, lines, and planes 
of, m space, 204, Exs 16, 17, 18; 
simple, m space determines linear 
congruence, 310 

Five-points, perspootivo, in four-space, 
64, Ex. 25 

Fixed element of correspondence, 08 
Flat pencil, 55 

S'onufi. le of one, two, 

and M* i ' 1 .i- ( - Ik ono-dunen- 
sional, of secimd degree, 109; linear 
binary, 251 ; quadratic binary, 262 , 
of nth degree, 254 ; polar f onns, 266 ; 
ternary Inlhuuir, leprosonts correla- 
tion in piano, 267 
Four-space, 25, Ex. 4 
Frame of roferinico, 174 
Fundamental elements, 1 
Fundamental points of a scale, 141, 281 
Fundamental propositions, 1 
Fundamental theorem of projectivity, 
94-97, 218, 264 

General point, 129 

Geometry, object of, 1; starting point 
of, 1 ; distinction heLweon projective 
and metric, 12; finite, 201; associated 
with a group, 269 
Gergonne, J. D., 29, 128 
Grade, geometric forms of first second, 
third, 66 

Group, 66 } of correspondences, 67 ; gen- 
eral projective, on line, 68, 200; 
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examples of, 69, 70 , commutative, 70 , 
general projective, in plane, 268 

Ho, assumption, 46 , r6le of, 81, 261 
Harmonic conjugate, 80 
Harmonic homology, 223 
Harmonic involutions, 224 
Harmonic set, 80-82 , exercises on, 83, 
84 , cross ratio of, 159 
Harmonic transformations, 230 
Harmonically related, 84 
Hesse, 125 
Hessenherg, G , 141 

Hexagon, simple, mscrihed in two inter- 
secting lines, 99 , simple, insciibed in 
three concunent lines, 250, Ex 5, 
simple, inscribed m conic, 110, 111 
Hexagram, of Pascal {hexagramma. mys- 
ticum), 138, Exs 19-21, 304, Ex 16 
Hilbeit, D , 3, 95, 148 
Holgate, T. F , 119, 125, 189 
Homogeneous coordinates in plane, 
174 

Homogeneous coordinates, in space, 11, 
194 , on line, 163 , geometrical signifi- 
cance of, 165 
Homogeneous forms, 264 
Homologous elements, 35 
Homology, in plane, 72, m space, 75, 
axis and center of, 104, harmonic, 
223, 275, canonical foim of, in plane, 
274, 275 

Hyperosculate, applied to two conics, 136 

Ideal elements, 7 
Ideal points, 8 
Identical coirespondence, 65 
Identical matrix, 157, 269 
Identity (correspondence), 65, element 
of group, 67 

Improper elements, 239, 241, 242, 255 
Improper transformation, 242 
Impropeily projective, 97 
Independence, of assumptions, 6 , neces- 
sary for distinction between assump- 
tion and theorem, 7 

Index, of subgroup, 271 ; of group of col- 
Imeations in general projective group 
in plane, 271 

Induced correlation in planar field, 262 
Infinity, points, lines, and planes at, 8 
Inscnbed and circumsciibed triangles, 
98, 250, Ex. 4 

Inscribed figure, in a conic, 118 
Invanant, of two linear binary forms, 
252 , of quadratic binary forms, 252- 
254, Ex. 1; of binaiy form of nth 
degree, 257 
Invariant element, 68 
Invanant figure, under a correspond- 
ence, 67 , of collmeation is self-dual, 
272 


Invanant subgroup, 211 
Invariant triangle of collineation, rela- 
tion between projectivities on, 274, 
276, Ex 6 

Inverse, of a conespondence, 66, of 
element in gioup, 67, of piojectivity 
is a piojectivity, 68, of piojectivity, 
analytic expiession for, 157 
Inverse opeiations (subtraction, divi- 
sion), 148, 149 

Involution, 102 , theorems on, 102, 103, 
124, 127-131, 133, 134, 136, 206, 209, 
221-229, 242-243 , analytic expression 
for, 157, 222, 254, Ex, 2, character- 
istic cross latio of, 206 , on conic, 222- 
230 , belonging to a projectivity, 226 , 
double points of, in extended space, 

242 , condition foi, 254, Ex 2 , dou- 
ble points otf determined by co vali- 
ant, 258 , complexes in, 333 

Involutions, any projectivity is product 
of two, 223 , haimonic, 224 , pencil 
of, 225, two, have pair in common, 

243, two, on distinct lines are per- 
spective, 243 

Involutonc conespondence, 66 
Ineducible equation, 239 
Isomorphism, 6, between number sys- 
tems, 150 , simple, 220 

Jackson, D . 282 
Join, 16 

Kantoi, S , 250 
Klein, F , 95, 333, 334 

Ladd, C , 138 
Lage, Geometrie dei, 14 
Lennes, N J , 24 
Lmdemann, F , 289 

Line, at infinity, 8 , as undefined class 
of points, 15 , and plane on the same 
three-space inteisect, 22 , equation of, 
174, and conic, inteisection of, 240, 
246 

Line conic, 109 

Line coordinates, in plane, 171; in space, 
327, 333 

Lineal element, 107 

Linear binary forms, 251 , invariant of, 
251 

Linear dependence, of points, 30, of 
lines, 311 

Linear fractional tiansforination, 162 
Linear net, 84 
Linear operations, 236 
Linear transformations, in plane, 187, 
in space, 199 

Lines, two, in same plane intersect, 
18 

Luroth, J , 96 
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Maclaunii, C., 110 
MacN(3iHh, II F., 46 
Mathematical fecienco, 2 
Matrices, product of, 166, 268 , clolermi- 
iiant pioduot of two, 260 
Matrix, as symbol for coiiHf^iiration, 38 , 
deiiiution, 166, used to denote pro- 
jectivity, 166, identical, 167, 260, 
clmraotoiistio equation of, 166, 272; 
conju#?ate, transposed, adjoint, 260, 
as operator, 270 
Meiuecliums, 126 
Metric ^roonietry, 12 
Midpoint oi pair of xioints, 2»30, Ex. 6 
Mobius tctraliodra, 106, Ex. 6 j 826, 
Ex. 0 

Multiplication of points, 146, 281 , the- 
oienis on, 146-148; commutative law 
of, IS etpuvalent to* Assumption P, 
148 , other definitions of, 107, Exs. 
8,4 

n-line, complete or snnido, 87, 88, in- 
scribed 111 conic, 188, Ex. 12 
n-plano, complete in space, 87 ; on point, 
88 , simple in space, 87 
n-point, complete, in space, 86 ; complote, 
in a piano, 87, simple, in space, 37, 
simple, in a plane, 37; plane ficction of, 
in space, 68, Exs. 18^ 16 , 64, Ex. 18; 
m-space section of, m (n + 1)-Hpace, 
64, Ex. 10 , section hy throe-space of, 
m foui*-8pace, 64, Ex, 21 ; mscribocl 
m conic, 110, Ex 6; 260, Ex, 7 
, n-points, in d liferent planes and per- 
spective from a point, 42, Ex. 2, in 
same plane and perspective from a 
line, 42, Kx, 4; two complete, m a 
plane, 68, Ex. 7 ; two perspective, in 
(n— l)-spaoe, theorem on, 64, Ex. 
26; mutually inscribed and circum- 
scribed, 260, Ex, 6 

Net of rationality, on line (linear net), 
84 ; theorems on, 86 j in plane, 86 ; 
theorems on, 87, 88, Exs. 02, 08; in 
space, 80 ; theorems on, 80-02, Exs. 02, 
08 , in plane (space) left invariant by 
perspective oolllneatlon, 98, Exs. 9, 
10; in space is properly projective, 
07 ; cofirdinates in, 162 
Newson, H. B., 274 
Nonhomogeneous coordinates, on aline, 
162 ; in plane, 160; in space, 100 
Null system, 824 
Number system, 140 

On, 7, 8, 16 

Operation, one-valued, commutative, as- 
sociative, 141; geometric, 286; linear, 
286 

Operator, differentia), 2^6 ; represeni»|i 
by matrix, 270; pmar^ S84 


Opposite sides of complote quadrangle, 
44 

Opposite veitex and side of simple 
n-point, 37 

Opposite veitices, of complete quadiilat- 
eral, 44 , of simple n-point, 37 
Oppositely placed quadi angles, 60 
Order, 00 
Ordinal e, 170 
Origin of coordinates, 100 
Osculate, applied to two conics, 134 


Padoa, A., 3 
Papperitz, E , 300 

Pappus, configuration of, 08, 90, 100, 
126, 148 

Parabolic congruence, 816 
Parabolic point of collineation m plane, 
274 


Parabolic projoctivities, any two, are 
conjugate, 200 

Parabolic projeoiivity, 101 , charac- 
teristic cross ratio of, 206; analytic 
expi*essioiifor,207 ; oliaiactenstic con- 
stants, 207 ; gives II{MA\ AA"), 207 
Parametric representation, of points 
(linos) of pencil, 182; of conic, 234; of 
roguluH, congruence, complex, 330,831 
Pascal, B,, 36, 00, 111-110, 123, 120, 
127, 188, 180 

Pencil, of points, planes, lines, 56; of 
conics, 120-186, 287-208; of points 
(lines), cofirdinatos of, 181 , paiamet- 
rio representation of, 182; base points 
of, 182 ; of involutions, 226 ; of com- 
plexes, 832 

Period of correspondence, 00 
Perspective collineation, in piano, 71 ; 
in space, 76 ; in plane dofined when 
center, axis, and one pair of homol- 
ogous points are given, 72 , leaving 
(S®) invariant, 08, Exs, 9, 10 
Perspective conic and pencil of lines 
(points), 216 

Perspective correspondence, 12, 18 ; be- 
tween two planes, 71, 277, Ex. 20 
Perspective figures, from a point or 
from a plane. 86 ; from a line, 80 ; if 
A, B,0 and A\ B', C' on two coplanar 
lines are perspective, the polntjs (AB\ 
BA'), (AC', GA'), and (BC', OB') are 
collinear, 62, Ex. 8 
Perspective geometric forms, 66 
Perspective n-llnes, theorems on, 84, 
Exs» 18, 14 ; five-points in four-space, 
64, Ex. 26 

Perspective (n + l)-polntB In n-spaoe, 
64»|lxs.20,26 
Perspective tetraliedra, 48 
Perspective triangles, theorems on, 41, 
68, Exs. 0, 10, IX; 64, Ex. 28; 84^ 
^ Exs, 7, XO, 11 ; 246 ; sextuply, 246 



340 


INDEX 


Perspectivity, center of, plane of, axis 
of , 36 , notation for, 57 , central and 
axial, 57 , between conic and pencil 
of lines (points), 215 
Fieri, M , 95 
Planar field, 55 
Planar net, 86 

Plane, at infinity, 8 , defined, 17 , deter- 
mined uniquely by three noncollinear 
points, or a point and line, or two in- 
tersecting lines, 20 , and line on same 
tluee-space are on common point, 
22 , of perspectivity, 36, 75, of points, 
55, of lines, 55, equation ot, 193, 
198 

Plane figure, 34 
Plane section, 34 

Planes, two, on two points X, B are on 
all points of line AB, 20, two, on 
same three-space are on a common 
line, and conversely, 22 , three, on a 
thiee-space and not on a common 
line aie on a common point, 23 
Plucker’s line coordinates, 327 
Point, at infinity, 8 , as undefined ele- 
ment, 15 , and line determine plane, 
17, 20 , equation of, 174, 193, 198 , of 
contact of a line with a conic, 112 
Point conic, 109 
Point figure, 34 

Points, thiee, determine plane, 17, 20 
Polar, with respect to triangle, 46, 
equation of, 181, Ex 3 , with respect 
to two lines, 52, Exs 3, 5 , 84, Exs. 7, 
9 , with respect to tiiaiigle, theorems 
on, 54, Ex. 22 , 84, Exs 10, 11 , with 
respect to n-line, 84, Exs 13, 14 , with 
respect to conic, 120-125, 284, 285 
Polai forms, 256 , with lespect to set of 
n-pomts, 256, with lespect to regu- 
lus, 302 , with respect to linear com- 
plex, 324 

Polar reciprocal figuies, 123 
Polai ity, in planai field, 263, 279, 282, 
283 , m space, 302 , null, 324 
Pole, with respect to triangle, 46 , with 
respect to two lines, 52, Ex 3 , with 
respect to conic, 120 , with respect to 
regains, 302, w'lth respect to null 
system, 324 

Poncelet, J V , 29, 36, 58, 119, 123 
Problem, degree of, 236, 238 , algebraic, 
transcendental, 238, of second de- 
giee, 245 , of projectivity, 250, Ex 14 
Product, of two correspondences, 65, 
of points, 145, 231 

Project, a figure from a point, 86 , an 
element into, 58, ABC can be pro- 
jected into A'B'C'^ 59 
Projection, of a figure from a point, 34 
Projective collineation, 71 
Piojective conics, 212, 304 


Projective correspondence or transform 
mation, 13, 58 , general group on line, 
68 , in plane, 268 , of two- or three- 
dimensional forms, 71, 152 
Projective geometry distinguished from 
metric, 12 

Projective pencils of points on skew 
lines are axially perspective, 64 
Projective projectivities, 208 
Projective space, 97 
Projectivity, definition and notation for, 
58, ABC-^A'B'C\ 59; ABCD-jc 
BABC^ 60 , in one-diinensional forms 
IS the lesultof twopeispectivities, 63 , 
if ir{12, 34), then 1234 -x 1243, 82, 
fundamental theorem of, for linear 
net, 94 , fundamental theorem of, for 
line, 95, assumption of, 05, funda- 
mental theorem of, for plane, 96 , for 
space, 97 , principle ot, 97 , necessaiy 
and sufficient condition for MNAB -x 
MNA'B' is Q(MAB, N'B'A'), 100, 
necessary and sufficient condition 
foi MMAB X MMA'B' is Q (MAB, 
MB' A'), 101 , parabolic, 101 , ABCD 
implies H(AB^ CJD), 103, 
nonhomogeneous analytic expiession 
for, 154-157, 206, homogeneous ana- 
lytic expression for, 164, analytic 
expiession for, between points of dif- 
ferent lines, 167 , analytic expression 
for, between pencils in plane, 183, 
between two conics, 212-216, on 
conic, 217-221, axis (centei) of, on 
conic, 218, involution belonging to, 
226, problem of, 250, Ex. 14 
Projectivities, commutative, example of, 
70 , on sides of invariant triangle of 
collineation, 274, 276, Ex 5 
Projector, 35 

Pi operly projective, 97, spatial net is, 97 

Quadrangle, complete, 44, quadrangle- 
quadrilateral configuiation, 46, sim- 
ple, theorem on, 52, Ex. 6 , complete, 
and quadulateial, theoiem on, 63, 
Ex 8, any complete, may be trans- 
formed into any other by piojective 
collineation, 74, opposite sides of, 
meet line in pans of an involution, 
103 , conics thiough vertices of, meet 
line in pairs of an involution, 127 , 
inscribed in conic, 137, Ex. 11 
Quadrangles, if two, correspond so that 
five pairs of homologous sides meet 
on a line Z, the sixth pair meets on 
I, 47, perspective, theorem on, 63, 
Ex. 12 , if two, have same diagonal 
tiiangle, their eight vertices are on 
conic, 137, Ex. 4 

Quadrangular set, 49, 79 , of lines, 79 j of 
planes, 79 
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Quadrangular Roction by l.ranwvoihal of 
quadrangular set of linos is a quad- 
rangulai set of points, 71); of eleinanls 
pr{)jective with quadrangular set is 
a quadrangular set, 80; 

NB'A') IS t.ho condition for MNA B-x 
MNA'B\ 100 , q(MA B, MB' A') is the 
condition for MMAB-jcMMA'B', 101 , 
QiABC, A'B'C') implies q(A'B'C\ 
ABC), 101, QiABC, A'B'(J') is the 
condition thatyl/l", BB'^ CC'iuv in in- 
volution, 10:i , Q(i\ l\ Po, 7*00 l\,Pv h?/) 
IS lu'oohSciry and sulhcuuit foi l\ -h 

QiPojPo'Ph ^^oPyPtif) 

IS necessary and sullicieiit for Px • iV 

Quadrangularly related, 80 
Quadratic binary lorm, 25iJ; invariant 
of, 27)2 

Quadratic correspondonco, 180, Kvs. 
22, 24 

Quadric spread in Sf„ 331 

Quadric surface, 301 ; degonorato, 308 ; 

determined by nine points, 311 
Quadrilateral, complete, 44 , if two quad- 
rilaterals coxTcspond so that ilve of the 
lines joining pairs of homologous vi'r- 
tices pass through a point 7*, the hue 
joining the sixth pair of vortices will 
also pass through 40 
Quantic, 264 
Quaternary forms, 268 
Quotient of points, 140 

Kange, of points, 65; of conics, 128-130 
Katio, of points, 140 
Hational operations, 140 
national spaise, 08 

nationality, net of, on lino, 84, 86 ; planar 
net of, 80-88; spatial not of, 80-03; 
domain of, 238 
nationally related, 80, BO 
neducihle equation, 230 
neflection, point-line, projoctivo, 223 
nollexive covrfu^Hm'le''*'" 00 
llcgulus, i.i ,e' ' ■ ‘ I X r-H ^ 208 ; 

directrices of, 200 ; genoralora or 
rulers of, 200; conjugate, 200; gen- 
erated by projective ranges or axial 
pencils, 200 ; generated by projective 
comes, 304, 307 ; polar system of, 300 ; 
picture of, 800 ; degenerate cases, 31 1 , 
of a congruence, 318 
llolatod hgures, 36 

liesultant, of two correspondences, 06 j 
equal, 06; of two projectivities is a 
projeotivity, 08 
neye, T,, 126. 180 
nohn, K., 800 

Salmon, G., 188 
Sannia, A., 804 


Scale, defined by Uiroo points, 141, 231 , 
on a conic, 231 
Schrulci, IT., 188, 281 
Selmr, F , 05 

Science, ahsUact mathematical, 2, con- 
crete application or represenUUion of, 2 
Scott, C A, 208 

Section, of figure by plane, 34 , of idano 
liguio by hue, 35, conic section, 101) 
Segre, C., 280 

Sol f-eou jugate siibgroiq), 211 
Self-eonjiigatt‘ triangle with respect to 
conic, 123 

Self-polar triangle with respect to conic, 
128 


ir>eb, syuoiiYuious wu.n ciass, a , quauran- 
gular, 4h, 71) , ot elements projective 
with quadrangular sot is quadrangu- 
lar, 80, harmonic, 80; theorems on 
luummuc sets, 81 

Soven-pomt, piano section of, 63, Kx. 14 
Seydowitx, IT , 281 
Sheaf of planes, 65 

Side, of n-pomt, 87 ; false, of comploto 
d r 11 


s • ■ . (piailrangles, 60 

Simple eieiiuuir. of space, 30 
Simple n-poiiit, urluio, n-plano, 87 
Singly parabolic iiomt, 274 
Singular point and lino lu nonhmuoge- 
neous cooidmates, 171 
Six-point, plane section of, 64, Ex. 17 ; 
in four-space section by throe-spaco, 
64, Kx. 24 

Skew hues, 24, projective pencils on, 
are perspective, 106, Kx. 2 ; foui, are 
iii(‘t by two hncH, 260, Ex. 18 
Spae.e, luialytic projective, 11 ; of three 
dimensions, 20; theorem of duality 
for, (»f three dhmmsioiis, 28, n-, 80; 
assumption for, of n diinonsious, 88 ; 
as equivalent of three-siiace, 84 ; 
properly or iinproi>orly projective, 
07; rational, 08; Unite, 201, 202; 
exUmded, 242 

Spat.ial net, 80; theorems on, 80-02; 

is properly projei'tivo, 07 
von Staudt, IC. G. G., 14, 06, 126, 141, 
161, 168, 100, 280 

Steiner, ,T., 100, 111, 126, 188, 180, 286, 
280 

Steiner point and lino, 188, Ex, 10 

SteinitK, K., 201 

Sturm, Gh., 120 

Sturm, U,, 231, 260, 287 

Subolasa, 2 

Subgroup, 08 

Subtraction of points, 148 

Sum of two points, 141, 281 

Surface, algebraic, 260; quadric, 301 

Sylvester, J. J., 828 

System axEeoted by a correspondence, 85 
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Tangent, to conic, 112 
Tangents to a point conic form a line 
conic, 116 , analytic proof, 187 
Taylor’s theorem, 265 
Ternary foims, 258, bilinear, repre- 
sent correlation in a plane, 267 
Tetrahedra, perspective, 43, 44 , config- 
uration of perspective, as section of 
six-pomt in four-space, 64, Ex, 24, 
Mobius, 106, Ex, 6 , 326, Ex, 9 
Tetiahedron, 37, four planes joining 
line to vertices of, projective with 
four points of inteisection of line 
with faces, 71, Ex 5 
Three-space, 20, determined uniquely 
by four points, by a plane and a point, 
by two noninteisecting lines, 23 , the- 
orem of duality foi, 28 
Throw, definition of, 60 , algebra of, 141, 
157 , characteristic, of proiectivity, 
205 

Throws, two, sum and product of, 158 
Trace, 35 

Transform, of one piojectivity by an- 
other, 208 , of a group, 209 
Transform, to, 58 

Tiansfoniiation, perspective, 13, pio- 
jective, 13 , of one-dimen&ional forms, 
68, of two- and thiee-dimeiisional 
forms, 71 

Tiansitive group, 70, 212, Ex 6 
Triangle, 37 ; diagonal, of quadrangle 
(quadrilateral), 44 , whose sides pass 
through three given collinear points 
and whose vertices are on three given 
hnes, 102, Ex 2, of reference of 
system of homogeneous coordinates 


in plane, 174, invariant, of collinea- 
tion, ib^^ation between projectivities 
on sides of, 274, 276, Ex. 6 
Triangles, perspective, from point are 
perspective from line, 41, axes of 
perspectivity of three, in plane per- 
spective from same point, are con- 
current, 42, Ex. 6 , perspective, theo- 
rems on, 53, Exs. 9, 10, 11 , 106, Ex. 
9 ; 116, 247 ; mutually inscribed and 
circumscribed, 99, perspective, from 
two centers, 100, Exs. 1, 2, 3, from 
four centers, 106, Ex 8 , 138, Ex 18 , 
from six centers, 246-248 , inscribed 
and ciicumscribed, 260, Ex. 4 
Triple, point, of hnes of a quadrangle, 
49 , of points of a qiiadrangulai set, 49 
Triple, triangle, of lines of a quadran- 
gle, 49; of points of a quadrangular 
set, 49 

Triple system, 3 

Undefined elements in geometry, 1 

United position, 16 

Unproved propositions in geometry, 1 

Varitable, 68, 160 
Veblen, 0 , 202 
Veronese, G., 52, 63 
Vertex, of ?i-points, 36, 37 , of n-planes, 
37, of flat pencil, 55, of cone, 109, 
false, of complete quadrangle, 44 

Wiener, H , 66, 96, 230 

Zeuthen, H. G,, 95 



NOTES AND CORRECTIONS 


Page 22. In tlio proof of Theorem 9, under the heading 2, it is assumed that 
is not on a. But if A. were on a, the theorem would bo venlierl. 

Page 34. In the definition of projection^ after “P,” in the last line on the page, 
insert “ , together with the lines and planes of F through P,”. ’ 

Page 34. In the definition of section, after “ in the last line on the page, insert 
“ together with the lines and points of F on tt,”. 

Page 35. In the definition of section of a plane figure P by a line Z, the section 
should include also all the points of F that are on I 

Page 44, line 6 from bottom of page. The triple system referred to does not 
of course, satisfy It is not difficult, however, to build up a system of triples 
which does satisfy all the assumptions A and P. Such a finite would contain 
15 “points” and 16 “planes” (of which the given triple system is one) and 35 
“lines” (triples). See Ex. 8, p. 26, and Ex. 16, p. 203. 

Page 47, Theorem 3, Add the restriction that the lino I must not contain a 
vertex of either quadrangle. 

Page 49 In the definition of quadrangular set, after “a lino Z” insert not 
containing a vertex of the quadrangle,”. 

Page 62, Ex. 1. The latter part should road* . of an edge joining two 
vertices of the five-point with the face containing the other three vertices ? ” 

Page 63, Exs. 14, 16, 10. The term circumscribed may bo explicitly defined as 
follows ; A simple n-pomt is said to bo circumscribed to another simple n-point 
if there is a one-to-one reciprocal correspondence between the lines of the first 
7i-point and the points of the second, such that each lino passes through its corre- 
sponding point. The second n-point is then said to be inscribed in the first. 

Page 63, Ex. 16. The theorem as stated is inaccurate. If m is the smallest 
exponent for which mod. n, the vertices of tho plane section may be 

•divided into - simple n-points, which fall into 2Llll cycles of m n-noints 
2 2m 

each, such that the nrpoints of each cycle oirctimsoriho each other cyclically. 
Thus, when n = 17, there are two cycles of 4 n-points, tho n-points of each cycle 
circumscribing each other cyclically. 

Page 85, Theorem 9. If the quadrangular set contains one or two diagonal 
points of the determining quadrangle, these diagonal points must be among the 
five or four given points. 

Page 88, Theorem 12. To complete the proof of this theorem the pexspectivity 
mentioned must be used in both directions— i.o. it also makes the points of or 
Eg perspective with the points of on I 

Page 99, Theorem 22, See note to p. 58, Exs. 14, 16, 16. 

Page 108, Theorem 29, tinder Type III, the proviso should be added that the 
hne PQ is not on the center of F and the point pg is nob on the axis of F. 

Page 119, Ex. 6. The latter part of this exercise requires a quadratic constroo- 
fion. BeeOhap. IX. 

P^e 137, Ex. 7 (Miscellaneous Exercises). The two points must not he collinear 
With a ve|t(^::^ j or, if oolUnear with a vertex, they must be harmonic with respect 
to the vertex and the opposite side. 


848 
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NOTES AND CORRECTIONS 


Page 166, last paragraph. The point (—1, 1) forms an exception in the definition 
of homogeneous coordinates subject to the condition + ojg = 1. An exceptional 
point (or points) will always exist if homogeneous coordinates aie subjected to a 
nonhomogeneous condition 

Page 168, Ex 10. The points A, J5, O, D must be distinct 
Page 182, bottom of page We assume that the center of the pencil of lines is 
not on the axis of the pencil of points (cf. the footnote on p. 183) 

Page 186 While the second sentence of Theorem 7 is literally correct, it may 
easily be misunderstood If the left-hand member of the equation of one of the 
lines m = 0, n = 0, or p = 0 be multiplied by a constant p, the value of k may 
be changed without changing the conic In fact, by choosing p properly, k may be 
given an arbitrary value (5^ 0) for any conic. 

As pointed out in the review of this book by H, Beck, Archiv der Mathematik, 
Vol. XVIII (1911), p. 85, the equation of the conic may be written as follows 
Let (Oj, Ugi “s) arbitrary point in the plane of the conic, and let 

rrix = + wigrCg + wigXg, 

llx = TliX^ + ^^3^2 “1* ^3^89 

then the equation of the conic may be written 

k(^fti(iiX(iPx — '^■yP^fXxfhx ” 6 

AVhen the equation is written in this form, there is one and only one conic for 
k 

every value of the ratio 

K 

Page 301. The fiist sentence is not correct under oui oiiginal definition of section 
by a plane. We have accordingly changed this definition (cf note to p. 34) 

Page 301. In the sentence before Theorem 7 the tangent lines referred to are 
not lines of the quadric surface 

Page 303, Ex 5 The tangent line must not be a line of the surface. 

Page 303, Ex. 7. The line must not be a tangent line. 

Page 304. Theorem 11 should read • “ . . form a legulus or a cone of lines, pro- 
vided . . In case the collineation between the planes of the conics leaves every 
point of I invariant, the lines joining corresponding points of the two conics form 
a cone of lines. In this case A = A and i? = and the lines a and h intersect 

Page 306, line 7 After “sections,” insert unless a and 6 intersect, in which 

case they generate a cone of lines ” (cf. note to p 304). 

Page 308, proof of Corollary 2. Let A\ be the projection on a of from the 
point M Aj might have double contact with A^ at E and JB', or might have con- 
tact of the second order at R or R' However, if is not degeneiate, it is possible 
to choose M for which neither of these happens Por if all conics obtained from 
[M] had either of the above properties, they would form a pencil of conics of 
which A^ is one There would then exist a point M for which Af and A^ would 
coincide would m this case have to contain three collinear points and would 
then be degenerate. 

Page 810, paragraph beginning “Now if mne points . . ”. It is obvious that 
no line of intersection of two of the planes or, p, 7 will contain one of the nine 
points, no matter how the notation is assigned. 

Page 315, line 12 from bottom of page. Neither nor tt^ must contain a directnx. 

Page 319, Ex 2. If the two involutions have double points, the points on the 
lines joining the double points are to be excepted in the second sentence. 
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Pages 320, 321, In the proof of Theorem 20 the possibility that thioo of the 
vertices of the simple pentagon may bo collinear is overlooked. Theiefoic the 
third sentence of the last paragraph of page 320 and the tinrd sentence of 
page 321 are incoriect It is not haid to restate the pxoof coirectly, as all the 
facts needed aie given in the (ext, but this restatement requiies several verbal 
changes and is thereioie left as an exercise to the reader 



